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Abstract

Integration of the product of two functions involves steps that are often messy. Tabular methods
available in online or in the literature are not that transparent. We present it in a way that the
repeated integrals yield a series of parallel lines unless you stop at any step, and the last step yields
a hook, and hence the name hook method. We apply it to calculate higher order moments and
cumulative probability or survival functions of an exponential random variable related to service
times.
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1. Introduction

Manning (1940) discussed the method of repeated integration by parts. It occurs in many examples
in probability theory and mathematical statistics. Folley (1947) presented the integration of the
product of two functions in an excellent manner. Murty (1980), Horowitz (1990), Nelson (1991),
Gillman (1991), Kilmer (2008) and Rock (2017) used the method but Rock (2022) have simplified
the integration and named it tabular method or row method of integration. We recommend going
through Rock (2017) for the fundamentals and pedagogical issue of it. We still feel the method is
not that transparent to a learner and we present it in a way that the repeated integrals yield a series
of parallel lines unless you stop at any step, and the last step yields a hook, and hence the name
hook method. We apply it to calculate higher order moments and cumulative probability or
survival functions of an exponential random variable related to service times.

In Section 2, we discuss the method, and provide examples in Section 3. The examples include a
case that suggests us to stop the repetition of integrals. In Section 4, we calculate moments of
exponential probability model by using Hook Method. In Sections 5 and 6, we present examples of
service times, and present general contribution to probability theory that provide compact results to
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well-known incomplete gamma function representations of the Cumulative Distribution Function
or Survival Function.

2. The Hook Method

Consider differentiating the function y = uv where both U and V are functions of X. We write
(uv)' =u'v+uv' which can be arranged as
uv' = (uv)' —u'v, or,

I uv'dx = I (uv)'dx —Iu'vdx or,
j [jijdx j—(uv)dx j[%ujvdx,
_[u dv:uv—jv du.

Let u= f(X)and v=g(X), then

[ f)g(x)dx =uf g(x)dx— | d—“[jg(x)dx]dx,

[ f(0g(dx =u[ g(x)dx+ (- 1)] Ug(x)dx]dx
1= ()g(x)dx = F(x)g, () +(-1) j FOx)[g,(x)]dx,
1, = [ £ ()9 ()dx = £ ()8, + (=D O ()[g, 0]+ (D] @ (x)[g,(0]dx,
I, = (g0 = f (X)0,00+ (D 1 ([, (] + (+) f‘”(x)[gg(x)]+(—1 j F900 (g9,
1= [ 099000k =+(+2) (9 () + D F 008, 0]+ (+) F 200 [ 9 09]+ (- £V () [, (]
+(+# D[ 19009, (9)]x.
Proceeding thus, we have
1, = £00g00d = (D F (08,09 + (D) F 19,001+ (+D F 2 (0[5, (]
+H=D) O [9,(0)]+..+ (-1 F & (x)[ga(x)]+(—1)aj f @ (x)[9,(x)]dx.

The above can be written in a compact way by using summation notation as follows:

=] f(x)g(x)dx=§(—1)" 200,409 ]+ (D[ £ (0[g,()]dx.

The following method provides a picturesque view of the formula:
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0 1 2 3 a—2 a-1 a
f(x) FOx | 12 | 19x) FE2(x) | F@(x) | F@(x)
9() | 6 | 8. | (X 0a2(X) | Gaa(¥) | 9.(%)

We observe that the integral at every step, say, at I, I,, I5,...,

the summands are telescopic

products in the following table but the last summand is a product of two functions. Thus the last
two summand forms a hook in the above table, and hence we name the method “Hook Method”.

Throughout the next section we insert constant of additivity at the final answer.

3. Some Examples of Hook Method

Example 3.1 Evaluate | = I x*e®dx by the hook method.

Solution:
0 1 2 3 4
Diff 3 3x2 6X 6 0
Inte ax e e e e
a a’ a® a*

I, = (+1)(x3){§

ofS] g mfz] o]

J :ijeade{(xS)e—} {
0 a 0

Note that if a=-1, then

X

(3x*)—

<[ o] fo]
a 0 a 0 a 0

J= I x’e™dx =0—0+0+6 =6 which is known to be T'(4).

An example is presented below where we stop at an Easily Integrable Column.

+(—1)(3x2)[za:}+(+1)(6x){ }( 1)(6)[ }+1(+1)j (0)[ }
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Example 3.2 Evaluate the integral | = I(In X)X dx.

Solution:
0 1 2 3
Diff In x l __]_ E
X x? X3
Inte 4
X 1 X5 1 XG 1 X7
5 5x6 5x6x7

I, = I(In X)X dx.

l, =+ (In x)(% x5j+(—1)j(%](é x5jdx

Since the last integral is easily integrable, we stop.

_l 5 1 4
Iz_gx Inx—fgx dx+c,,

I, “Lemx-Lxsc
5 25

Note that if we do not stop at the second step, the integral may continue at the third summand or
the fourth, and so on.

An example is presented below where we stop at a column reproducing the original integral.

Example 3.3 Evaluate the integral J = Iex sin xdx.

Solution:
0 1 2 3
lef eX eX eX eX
Inte sin x —CO0S X —sin x CoS X
J= jex sin xdx,

J, = (+2)e*(—cosx) + j (=De* (—cos x)dx,
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JZ:(+DeY—cos@+(—De%—smx)+I(HD€(—§anx
Since the integral is reproducing the original integral, we better stop as the following:
J, =—e*cosx+e*sinx—J +C.
Since J, = J, we have
2J =¢e*(sinx—cosx) +C,
1 .
J =§ex(sm X—CcosXx) +C,
where C is the constant of integration.

4. Higher Order Moments by Hook Method

1
Theorem 4.1 Let X ~ G(, ) with pdf Ee‘”ﬂ where 0 < X <00, 0< ff <00, Then

E ay _ a a = (_1)k
(X*)=alp® a=12,...and u, =alp z o
k=0 :

Proof. By definition,

E(Xa)zjxa%e‘x’ﬂdx=%l, where | =Ixae‘”'gdx can be evaluated by the Hook
0 0

Method as follows:

0 1 2 a—-1 a
Diff Xa axa—l a(a _1)Xa—2 (a—l)lx al
Inte e—x/ﬁ (_ﬂ)efxlﬂ (_ﬂ)Ze—x/ﬂ (—ﬂ)a_le_X/ﬁ (—ﬂ)ae_X/ﬁ

| =O+O+...+O+(—1)aa!(—ﬂ)aTe’X’ﬂdx,
| = (_1)aa!(_ﬁ)a+1 [e—x/ﬂ:l‘: 1

| =alg*(0-1) =al g

Then we have

E(X?) =%(a!,8”‘”)=a!ﬂa, a=12,.
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By definition, s, = E[X — E(X)]a,
u, =E(X - ).

By binomial expansion, we have

e = Ei(ij(—ﬂ)k X

By linearity of expectation operator, we have

a

= Z(ij(—ﬂ)k E(X*).

k=0
By the raw moments of exponential probability distribution, we have

a

al k a—k
Hy = gm(—ﬁ) (a-k)p*™,

which completes the proof.

5. The Exponential Probability Model

The pdf of an exponential random variable X is f (X)=4 e, 0<X <o, 0< A <oo. Its
mgf (moment generating function) is given by

A t\"
M,t)=——=|1-——| ,t< A
(0= ( ij

We will denote the exponential distribution by X ~ G(1,1/ A).

Example 5.1 If X is the amount of time a customer is served and it has an has exponential
distribution with mean time 1/ A. If two customer are randomly selected, then the probability that
both are served in W = 5minutes is given by

PX+Y <w)= [ (e™)(4e™)dydx
X+y<w
P(X+Y <w)= [ [ 27 2eVdydx,

x=0 y=0
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P(X +Y <w)= J'/le‘“{ I le‘“dy}jx,
x=0 y=0

P(X+Y <w)=1-e* —1e™w,
P(X +Y <w)=1—(1+ Aw)e™*".
If we denote W = X +Y, then

R, (W) =1— 1+ Aw)e ™.

The above is the CDF (Cumulative Distribution Function) of the random variable W = X +Y.
The pdf of it is

o (W) =0—e ™ (=2) - A[{Be ™ +wde " (-A)} ],
f, (W) =2°we™, O0<w<oo, 0< <o
Observe that the above is the pdf of a gamma random variable G(2,1/ A).

If we denote W=D, then the required probability is

5
R, (5) = jx‘tzwe"wdw
0
is evaluated in the following question.

Example 5.2 If X is the amount of time a customer is served and it has an has exponential
distribution with mean time 1/ A. If N customer are randomly selected, then the probability that
all are served in W minutes is given by

P(X,+ X, +.+ X, W) = j Alg et dy dx, ... dX .

Xy +Xo +.oH X SW
The solution to the above integral is the expression in (6.2).

6. The Gamma Probability Model: The Distribution of Total Time

Let X; ~G(L1/A), j=12,...,n. 1fW =X, + X, +...4+ X, then

t -1 t -1 ¢ -1 t -n
0=t 00, 00,01 (18 1) (1] s

which is the moment generating function of a gamma random variable X ~G(n,1/ 1).
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Example 6.1 Suppose that the service time of a customer is exponentially distributed with average
3(=1/A). The probability that two 2(=N) customers together will be served in less than

5(=w) minutes can be derived by a gamma probability distribution.

Distribution Plot
Exponential, Scale=3, Thresh=0

0 8.987

If W is the total time to get served, then W ~ G(2,1/ 1) with pdf

f(w)=(Aw) le™ =2w le ™, 0<w<o, 0< A <.

5
We want P(W <5) = J‘/lzwe”l‘”dw.
0

Distribution Plot
Gamma, Shape=2, Scale=3, Thresh=0

0.4963

The above is actually the CDF of W at w=25 and is also written by
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5
Ry (5) = [ A°we *“dw, where W ~ G(2,1/ 2).
0

Transforming AW =Y we have

51 dy
F,5) =22 Yer| Y],
0 (5) !4 (4)
51
Fv(®)=[yedy
0

51
which is the CDF of F, (5) = F, (54) = I y e”Ydy where Y ~G(2,1).
0

The integral is evaluated below by Hook Method:

0 1 2
Diff y 1 0
Inte eV gy [
-1 (-1*
e’ e’ e’
=Dy x— + (D T +D] (+1){0}{W}

- 54 - 54
Fu (5) = (+1){y X—ll +(-1) {{1}>< Wl +0,

F, (5)=—-51e% —e® +1=1-2.67¢ " ~0.50

The probability is calculated below by the LIG (Lower Incomplete Gamma) Function

b
r(a,b) = J.ua*l e "du where U is a gamma random variable U ~ G(a,1).
0

5
The required probability is the CDF given by F,, (5) = J/izwe”mdw, where W ~ G(2,1/ A).
0

Transforming AW=U we have
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51 dy
F,G)=22[Lev| 2],
L©=#]Ler (2]

51
F, (5) = j u e *du where U ~G(2,1).
0

51
Fy(8) = [uedu=7(254) = 7(2,5/3) ~0.496332,

where the last step is by the following
https://www.danielsoper.com/statcalc/calculator.aspx?id=24

Theorem 6.1 Suppose that the service time X of a customer is exponentially distributed with

average time 1/ A4 minutes so that W = X, + X, +...+ X,

is the total time taken by N

customers to get served. Then S, (W) =P(W > w), the probability that N customers together

will be served in more than W minutes is

(/7LW)J

Sw (W) = Z

The above can be written explicitly as

Sw) = |10 aws AW AW (AW s
e

Proof. Since W = X, + X, +...+ X, ~G(n, 1), we have

i ﬂ“n n 1 —-Az
F, (W) =PW <w)= ! ok dz.
By substituting t = A2, we have
1— _ t"la g 7(” AW)
()= ()j ()

(6.1)

(6.2)

If N is an integer, then the lower incomplete gamma function can be evaluated in a compact form

by Hook Method of Integration, and the theorem is proved.

The integral y(@,b) is available in https://www.danielsoper.com/statcalc/calculator.aspx?id=24


https://www.danielsoper.com/statcalc/calculator.aspx?id=24
https://www.danielsoper.com/statcalc/calculator.aspx?id=24
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b
but we consider evaluating y(a,b) = _[ x*™ e *dx by the Hook Method as follows:
0

0 |1 2 3 a-2 a-1
DL | @ (@ =Dy | (a=D(a=2)x""| (a=D(a=20a=3"" | | (a=D!x | (a=1)!

Inte e—.\' (_l)e—x (_1)1 e—r (_1)3e—r (_DQ—ZG—.\' (_l)a—Le—x

y(a,b) = [xa-l(—l)e-X]z ~[(a-1x? (—1)2e-X]Z +[(a-D(a- 2)xa-3(—1)3e-X]Z -
+ (-D)**(a-1)! x(—1)a*1e*]z + (-1)“? (a—1)1(-1)*e*dx,
7(a,b) = —[ba‘l +(@-)b**+(a-1)(a-2)b*° +...+(a-1'b+(a-1) !]e‘b +(@-1!

Then we have

y(0,40) = =] (AW)"™ + (1 =D)(AW)"™? + (=D =2 (AW)"* +...+ (1-D)LAw+ (n -1 -e™) e,

}/(n,ﬂ ) :_|:(lw)n_l + (n _1) (iw)n—z + (n _l)(n_z) (/1W)n73+...+ (n _l)!/IW‘F (n _l)!(l_eAW):|elwl
I'(n) (n-9!' (n-1)! (n-D! (n-1! (n-1)!
r(n.Aw) _ —[(AW)“ st (AW)" 2 + 1 (Aw)"® +...+1W+l} e +1,
'(n) (n=-n! (n-2)! (n=3)!
7AW {MW)“ st (Aw)" 2 + 1 (Aw)" +...+lw+1}e“,
r'(n) (n=-)! (n-2)! (n=3)!

which can be written as (6.1).

We remark that S, (W) = F, (n) where W ~ G(n,1/ A) and Y is a Poisson variable with mean
AW,

7. Conclusion

We believe the gentle proof of Hook Method, some examples and applications in probability
theory would be beneficial to students and instructors of statistics. The method can be applied to
any continuous probability model.

Acknowledgement: The author sincerely thanks the reviewer for his encouraging and detailed
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