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ABSTRACT

The global spread of COVID-19 highlighted the necessity of control strategies that are not only
epidemiologically effective but also economically viable. Designing such interventions requires
balancing transmission reduction with associated implementation costs. Many existing
mathematical models rely on continuous control mechanisms and do not explicitly connect cost-
effectiveness analysis with observed epidemiological data. In this work, we first formulate a
SEIAR compartmental model and subsequently extend it to a vaccination-incorporated SEIAVR
framework. To capture the realistic implementation of sudden public health measures, we employ
a Bang—Bang optimal control approach. The basic reproduction number is derived and the local
stability of the equilibria is rigorously analyzed. The optimal control structure is characterized
using the Pontryagin Maximum Principle. Model validation and policy assessment are carried out
through numerical simulations calibrated with COVID-19 data from the United Kingdom. The
findings indicate that the integration of vaccination with Bang-Bang interventions significantly
suppresses infection peaks and reduces the duration of the overall outbreak. From an economic
perspective, the combined strategy achieves improved cost-effectiveness compared to non-
vaccination scenarios. Although the model assumes homogeneous mixing and simplifies certain
operational aspects of intervention deployment, it offers a mathematically grounded and
practically relevant framework for rapid-response policy design, contributing to the integration of
epidemiological dynamics and economic optimization in infectious disease modeling.

Keywords: Optimal Control, Bang-Bang Control, Cost-Effectiveness, Stability Analysis, Hamiltonian
Equation, Pontryagin’s Maximum Principle

1. Introduction social stability, and economic sustainability [1]. The
The global spread of infectious diseases continues COVID-19 pandemic, caused by the SARS-CoV-2
to pose severe challenges to public health systems, Vvirus, has become one of the most destructive public
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health crises in modern history due to its rapid
spread, the presence of asymptomatic carriers,
delays in testing and diagnosis, and the continuous
emergence of viral variants [2, 3, 4]. Since its
emergence in late 2019, COVID-19 has caused
unprecedented morbidity, mortality, and severe
economic losses worldwide [5]. Despite large-scale
implementation of pharmaceutical and non-
pharmaceutical interventions, including vaccination,
lockdowns, and mass testing and treatment
programs, many countries continue to face
challenges in balancing effective disease control
with limited medical resources and economic
constraints [6, 7]. These challenges highlight the
necessity of establishing a mathematically grounded
framework capable of evaluating intervention
strategies not only in terms of epidemiological
effectiveness but also from an economic feasibility
perspective [8]. In this context, mathematical
epidemiological models incorporating optimal
control theory provide a powerful tool for
understanding disease transmission dynamics and
for designing timely, cost-effective intervention
policies under real-world resource constraints [9,
10]. In practice, such mathematical models serve as
essential decision-support tools for public health
authorities by enabling policymakers to predict
outbreak scenarios, compare intervention strategies,
and make informed decisions under uncertainty.

To study the dynamic evolution of COVID-19,
various compartmental epidemiological models
have been proposed, including SEIAR frameworks
that incorporate susceptible individuals , exposed
individuals, asymptomatic  carriers, infected
populations, and recovery compartments [3, 11].
Many studies employ optimal control theory to
assess intervention strategies such as vaccination,
isolation, treatment, social distancing, and public
awareness campaigns [8]. Continuous optimal
control approaches based on the Pontryagin
maximum principle have been widely used to
minimize infection prevalence while reducing
intervention related costs [9]. Meanwhile, cost-
effectiveness analysis (CEA) has become an
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important tool for comparing alternative control
strategies using indicators such as the average cost-
effectiveness ratio (ACER) and the incremental
cost-effectiveness ratio (ICER) [12]. These methods
enhance decision-making by explicitly quantifying
trade-offs between health outcomes and economic
costs. However, most existing studies assume
smooth and continuous variations in control
intensity, which may not adequately capture the
abrupt and frequent policy shifts observed in real-
world public health responses [13]. Over the past
several years, substantial attention has been given to
vaccination-based control strategies, early case
detection, and treatment optimization in the context
of COVID-19 and related infectious diseases [11,
14, 8]. These studies have clarified the importance
of intervention timing and coverage levels in
shaping outbreak trajectories. Nevertheless, certain
modeling aspects remain insufficiently explored. In
particular, the distinction between mild or
asymptomatic infections and severe cases is often
overlooked when estimating treatment demand and
the associated economic burden. This simplification
may lead to an incomplete assessment of healthcare
resource allocation.

Another practical concern is the widespread reliance
on continuously varying control functions. Although
mathematically convenient, such strategies do not
always reflect the way public health measures are
implemented in reality. Governments frequently
introduce or withdraw interventions abruptly for
example, through emergency lockdowns, rapid
treatment expansion, or sudden policy relaxation.
Furthermore, cost-effectiveness considerations are
commonly appended to epidemiological analyses
rather than embedded directly within the control
framework. Only a limited number of studies
attempt to evaluate economic outcomes alongside
epidemiological predictions using calibrated real-
world data [12, 13].

Motivated by these observations, we develop a
vaccination-enhanced  SEIAVR  model  that
incorporates an optimal Bang-Bang control
formulation. The analytical foundation is provided



Rahman et al. / JnUJSci, Vol 12, No. Il, Dec. 2025, pp. 119—142

by the Pontryagin Maximum Principle, which
enables the derivation of necessary optimality
conditions under bounded intervention policies.
This framework is particularly appropriate for
modeling abrupt control actions and vyields
strategies with clear epidemiological interpretation.
In addition to theoretical analysis such as the
derivation of threshold conditions and stability
results numerical simulations are conducted to
examine the temporal dynamics of the system.
Model parameters are calibrated using COVID-19
data from the United Kingdom to ensure practical
relevance. By integrating treatment-oriented control,
vaccination dynamics, and cost-effectiveness
indicators such as ACER and ICER within a unified
framework, the study aims to provide a more
policy-aligned assessment of intervention strategies.
The results are intended to support evidence-based
decision-making by linking epidemic control
performance with economic evaluation in a
transparent and mathematically consistent manner.

2. Preliminaries and Model Formulation
2.1 Preliminaries

Definition 1 Consider a control function wu(t)
constrained by

Umin < u(t) < Umax, vVt € [0, T];

where uyi, and uy,., denote the minimum and
maximum  allowable control  efforts [15],
respectively. A Bang-Bang control implies that the
optimal solution u*(t) satisfies

ifd(t) > 0,

ifd(t) <0,

where ®(t) is the switching function derived from
Pontryagin’s Maximum Principle (PMP).

w(t) = {umin:

umaxr

Definition 2 Cost-effectiveness analysis (CEA) is a
method used to compare the costs and health
outcomes of different intervention strategies. It
helps determine which option provides the best
outcome for the least cost. Two key metrics in CEA
are the Average Cost-Effectiveness Ratio (ACER)
[16],
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ACER = TotalCost
" TotallnfectionsAverted’
and the Incremental Cost-Effectiveness Ratio
(ICER),
;-G
ICER = x
E, —E,

where C; and E; represent the cost and effectiveness
of strategy i. A strategy is more cost-effective if it
achieves better outcomes at a lower or reasonable
cost.

2.2 Model Formulation: Construction of the model
without vaccination

We begin by constructing a compartmental SEIAR
model to represent the transmission dynamics of
COVID-19, as shown in Fig. 1. The total population
at any time t, denoted by N (t), is divided into five
compartments.  S(t) denotes the susceptible
individuals who are healthy and at risk of infection,
E(t) represents the exposed individuals who are
infected but not yet infectious, I(t) refers to
symptomatic infectious individuals who can
transmit the virus and exhibit symptoms, A(t)
indicates asymptomatic infectious individuals who
can transmit the virus without showing symptoms
and R(t) includes those who have recovered and
acquired temporary immunity.

~gein .i!&m
\é/ b

l}lS
Figure 1: Flowchart of the COVID-19 transmission
model without vaccination

The dynamics of the system illustrated in Fig. 1 are
described by the following set of nonlinear
differential equations
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as

E=A—ﬁ%(1+k1E+k2A)—uS,

L= BTU+kE +kA) — (u+y + 0+ Q)E,
%=VE—(u+uo+w)1, 1)
G =aE—(p+mA,

4R — wI + oE + pA — uR.

dt

The model (1) starts with the following non-
negative initial conditions

S(0)=0, E(0)=0, 1(0)=0, A(=0,
R(0) = 0.

In Eq. (1), the total population is divided into five
epidemiological compartments, each representing a
different stage of COVID-19 transmission. The
susceptible population S consists of individuals at
risk of infection. Individuals enter this population at
a rate A through recruitment and exit at a rate u
through natural death.

The exposed population E represents individuals
who are infected but have not yet developed full
symptoms. These individuals may still transmit the
virus at a lower level. The infection process is
controlled by the following formula:

S

where S is the effective transmission rate, and k,
and k, are correction factors used to explain the
relative infectivity of the exposed population and
asymptomatic individuals. This model reflects
epidemiological evidence that asymptomatic and
pre-symptomatic individuals can also promote the
spread of COVID-19.

After the incubation period, exposed individuals
may develop symptomatic infections (Category 1) at
a rate of y, asymptomatic infections (Category A) at
a rate of a, or recover directly without showing
obvious symptoms at a rate of g. The parameter o
represents individuals who clear the infection during
the incubation period, i.e., mild or undetected cases.

Symptomatic individuals recover at a rate of w or
die from the disease at a rate of p,, while
asymptomatic individuals recover at a rate of p. A
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recovered individual is defined as an individual who
has acquired immunity after infection.

This baseline SEIAR model provides a structured
description of the transmission dynamics of
COVID-19, highlighting in particular the role of
asymptomatic and latent infections. In the next
section, the model will be extended to incorporate
vaccination and “one-hit-kill” control strategies to
assess their epidemiological and economic impacts.
For ease of further analysis, model parameters,
baseline values, and corresponding data sources are
summarized in Table 1.

2.3 Stability of the Disease-Free Equilibrium

We now analyze the qualitative dynamics of the
system of Eq. (1), focusing on the disease-free
equilibrium (DFE). The feasible region for the
system is defined by

0={GEALR)ERLS+E+A+I+R s;—‘} @)

The region Q is positively invariant and attracting,
ensuring that any trajectory starting in Q remains in
Q for all t > 0. Therefore, the model is both
mathematically and biologically well-posed within
this domain.

To examine the local stability of the DFE, we set
the right-hand sides of system of Eq. (1) to zero.
The unique disease-free equilibrium is;

A
E, = (S°E® A% I°R%) = (;,0,0,0,0).

We apply the next-generation matrix method [22] to
determine the basic reproduction number R,. The
infectious compartments are E,[,A. Let x=
(E,1,A)T. The vector of new infections F(x) and
the transition terms V(x) are given by:

SO
ﬂﬁ(l + kE + kyA)

F= )
0
0
w+y+o+a)E
V=|—-vE+WUu+pu +w)l)
—aE + (p + WA

Linearizing F and V at the DFE E,, we obtain the
matrices F and V:
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<ﬁk1 B ﬁkz>
F={o o0 0 |
0 00

u+y+o+a 0 0

- 0 pt+u
Then, the next-generation matrix is FV ™1, and the
basic reproduction number R, is the spectral radius
p(FV~1). Direct computation yields:

T uty+o+a \utpotw P+
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This  expression  represents the  combined
contributions to new infections from three pathways:
Direct exposure infectiousness k;, Secondary
infections from symptomatic individuals I(¢),
Infections caused by asymptomatic individuals A(t).

The disease-free equilibrium E, is locally
asymptotically stable if R, <1 and unstable if
Ry > 1.

2.4 The Vaccination-Enhanced COVID-19 Model
(SEIAVR)

Table 1: The parameters are outlined in the table below.

Notation | Description Values Refs.
S(0) Initial number of susceptible individuals 10 Crore Proposed
E(0) |Initial number of exposed individuals 05 Crore Proposed
1(0) Initial number of infectious individuals 05 lacs Proposed
A(0) |Initial number of asymptomatic individuals 02 lacs Proposed
R(0) Initial number of recovered individuals 0 Proposed

A Recruitment/immigration rate (per day) 0.004371 [17]
u Natural death rate (per day) 1/(74.87 * 365) [17]
Uo Disease-induced death rate (per day) 0.02320 [18]
B Effective contact rate (per day) 0.26000 [19]
k, Infectiousness factor of exposed individuals 0.51310 [20]
k, Infectiousness factor of asymptomatic individuals 0.42113 [20, 21]
A Exposure rate (per day) 0.04545 [20]
y Progression rate from E to I (per day) 0.00437 [18]
o Recovery rate from E (per day) 0.00122 [18]
a Transition rate from E to A (per day) 0.00900 [19]
W Recovery rate from I (per day) 0.52000 [19]
p Recovery rate from A to R (per day) 0.00850 [19]

The SEIAR framework, as discussed In Eq.(1),
provides a foundation for studying COVID-19
transmission in the absence of vaccination.
However, vaccination has proven to be one of the

most effective measures in reducing infection rates
and mitigating severe outcomes. To incorporate this
intervention, we extend the baseline model by
introducing a vaccinated class, resulting in the
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SEIAVR formulation. This modification enables a
more realistic assessment of epidemic control and
the evaluation of vaccination strategies in
combination control  measures.

with  optimal

Figure 2: Schematic diagram of the COVID-19
transmission model incorporating vaccination.

Fig. 3 shows the schematic diagram of the extended
COVID-19 model that incorporates vaccination.
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total population is given by
N =S +E@Q)+IE)+A@®) +V(E)+R@®). (4)
Both vaccinated individuals V(t) and recovered

individuals R(t) may lose immunity over time and
return to the susceptible class S(t). Transmission

occurs through contact between susceptible
individuals and infectious individuals from the
E(t), I(t), and A(t) compartments. The

modification parameters k; and k, represent the
relative infectiousness of the exposed and
asymptomatic classes, respectively. The force of
infection is defined by

/11(1,') — ﬁl(t)+kllliv((tt))+k2A(t), (5)
where S denotes the effective contact rate. The
SEIAVR model is governed by the following

Where S(t), E(t),I(t), A(t) and R(t) has the same system of nonlinear differential ~ equations
meaning as Eq. (1) and V(t) stands for vaccinated
individuals with partial or waning immunity. The
EL=A=BU® +IE® +kA@) 33+ 1V (0 +6R©) = (§, + WS(),
ZO = pUt) + K E() + kA1) f;((?) (U+V+6+0+a)E(®),
d;—(j) = VE() = (4 + o + @)I(©), ©
LE = aB(t) = (p + pr + WA(L),
‘W“) = $uS(t) + E(6) + prA(6) = (1 + )V (©),
dif) wI(t) + GE(t) + pA(t) — (4 + O)R(D).
The Eq. (6) starts with the following non-negative initial conditions S(0) >0, E(0) >0, I(0) =0,

A(0) =0, V(0)=0, R(0)=0.

Table 2: Model parameters with their descriptions, values, and references.

Notation Description Values Refs.
V(0) |Initial number of Vaccinated individuals 0 Proposed
A Exposure rate (per day) 0.04545 [23]
b, Vaccination rate (per day) 0.08000 [20]
€, Progression rate from E to V (per day) 0.00200 [24]
D1 Transition rate from A to V (per day) 0.02763 [25]
My Waning rate of vaccine-induced immunity 0.01957 [26]

For simplification, we rewrite the system using the force of infection 4, (t) from Eq. (6)
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L0 = A= 2,OS(®) + 1,V () +OR(E) — (b, + S O),

dz_iﬁ =4LOSE) —(u+y+e+o+a)ER),

4O — YE(E) — (u+ po + 0)I(E),

A "
== aE@) = (p+py + WA,

O = §,5(t) + €E() + prA(H) — (u+ 1)V (),

RO = wI(t) + 0E(t) + pA(t) — (1 + OR(L).

dt

We simulate the SEIAVR shown in Eq. (7) to

actively capture the dynamic interactions among all
10 T

8
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0 50 100 150 200
Time(t)
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compartments. The graphical presentation plays a
vital role here, as it visually demonstrates the
temporal changes in susceptible, exposed, infected,
asymptomatic,  vaccinated, and recovered
populations. Such visual representation not only
makes the scenario more transparent but also
enhances the understanding of the overall disease
progression and the relative impact on each
compartment.
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Figure 3: Scenario of state variables without control.



126

In the absence of any control interventions, the
SEIAVR model simulation shown in Fig. 3
demonstrates a rapid and severe epidemic wave
within the first month. The susceptible population,
initially close to 10 crore, decreases rapidly and is
nearly depleted by approximately day 25,
suggesting an intense early transmission phase in
which individuals transition quickly to either
infection or vaccination. The exposed class
increases sharply from zero and reaches a peak of
nearly 6.8 crore around day 18. Thereafter, it
steadily declines and becomes negligible before day
200.

In  comparison, the symptomatic infectious
population remains relatively small throughout the
simulation, attaining a maximum of about 0.055
crore between days 20 and 25. The asymptomatic
class exhibits a slightly higher peak, approximately
0.09 crore during a similar time interval, indicating
the greater relative contribution of asymptomatic
transmission. The vaccinated population rises to
nearly 4.2 crore around day 28, reflecting the rapid
implementation of immunization  strategies.
However, this level is not sustained; the vaccinated
class gradually decreases to about 0.5 crore by the
end of the simulation, primarily due to natural
mortality and waning immunity.

The recovered population displays a delayed
response compared to the infectious classes. It
increases gradually and reaches a maximum of
approximately 0.15 crore around day 38, after
which it declines slowly to about 0.08 crore by day
200. Overall, the dynamics illustrate a sharp initial
outbreak followed by progressive stabilization of all
epidemiological compartments. Overall, the results
indicate that without control measures, the infection
spreads explosively, rapidly depletes the susceptible
pool, and leaves only a small fraction of the
population vaccinated or recovered by the end of the
200 days.

3. Stability Analysis of the DFE

To examine the local stability of the DFE, we
employ the next-generation matrix method, a widely
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used framework for deriving the basic reproduction
number RY. This threshold parameter quantifies the
expected number of secondary infections produced
by a single infectious individual in a fully
susceptible population. In the SEIAVR model 6, the
primary transmission dynamics involve the
compartments E(t), I(t), A(t), and V (t). The force
of infection contributing to the exposed class E (t)
is modeled as

BUW® + I E®) +pAD) 3 2. (®)
Although  V(t) represents the vaccinated

population, it is included in the infected subsystem
to capture the effects of waning immunity and
delayed vaccine efficacy, which may influence
transmission. The vector of new infection terms is
then given by

f=[BU® +KE® + kA®) 52

22,00 o ©
The vector V, representing transitions among
infected compartments other than new infections, is
formulated as

(u+y+e,+0+a)E(L)

—YE@®) +yI(t)

—aE(t) + (p + p1 + WA(L)

—¢uS(t) — 2E(t) + p1A(E) — (1 + 1)V (E)
where y = u + py + w denotes the total removal
rate of symptomatic individuals.

Let the infected state vector be [E,I,AV].
Evaluating the Jacobian matrices of f and V at the
DFE, we obtain

,(10)

So So So
Bkq LA Bk, Yo
F=]|0 0 0 0 (11)
0 0 0 0
0 0 0 0

At equilibrium, the susceptible population is given
by S. = Ax

07 nx+gy)’

this into F, we have

kq

Ax 0

Nou(x+¢p) \ O
0

where x = p +n,. Substituting

F=p (12)

S O O
o oo X

N
(=]
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The total equilibrium population is

Ax Ap, A
Wt By)  RG By B
The Jacobian matrix of V, evaluated at the DFE, is

NOZSO+V0=

ut+ty+e;+o+a 0 0 0
V= -y y 0 0
| —a 0 p+p+p 0Ff
—€, 0 —p; x
The inverse of V is given by
/; 00 o\
uty+te,+ota
v 1 |
P S — -0 0
a_|wtytetota)y y
vi=| 1 |
: |
ptprtu

a
wry+e+o+ta)p+pi+u)
€2 P1 1/
0 —_
mt+y+e+o+a)p+p+wx x(p+pit+p) x

Multiplying F and V1, the next-generation matrix
becomes

Bx(k1y+y+aksz) Bx Bkax 0
(uty+er+ota)(x+¢pp)y  y(x+¢y)  (x+dp)(p+p1+p)

Fyt=|0 0 0 0.
\0 0 0 0)
0 0 0 0
(13)

The basic reproduction number RY is the spectral
radius of FV 1

Ry =p(FV™1) =
Bx (k 14 a_kz)
(uty+ezta+a)(tdy) \ L + y + y
— Bx(k1y+y+aksy)
(utry+exto+a)(x+dy)y

= R. + RZ + R3.
Each term in RY captures the contribution of a
specific transmission pathway

1 Byx
Toutrteatota)(x+ )y
2 _ Bhkyx
Vo(utytetota)(x+ )
s Bak,x
T (uty+eto+a)(x+ )y

Here, Rl quantifies the contribution from

symptomatic individuals via progression from the
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exposed class, R? reflects direct transmission from
the exposed class, and R3 represents infections
arising from asymptomatic individuals through the
exposed compartment.

Theorem 1. The DFE E, of the COVID-19 model
represented by Eqg. (1) is locally asymptotically
stable if the basic reproduction number satisfies
R, < 1.

Proof. To investigate the local stability of the DFE
E, = (%,0,0,0,0), we linearize the system (1)
around this equilibrium and compute the Jacobian
matrix J (E,), which is given by

(‘ﬂ —Bky -B —Bk; 0 \
0 Bki—n B Bk, 0
JED)=10 v —(+pt+w) 0 0 |
0 a 0 —(p+u) 0 }
0 o w p —U
(15)

wheren =u+y+o+a.

It is evident that two eigenvalues of J(E,) are —p,
which are clearly negative. The remaining three
eigenvalues are determined from the submatrix
associated with the infectious compartments
(E,1,A), yielding a characteristic polynomial of the
form

AB+mA?+md+m; =0,
where the coefficients are given by
m=x+n+(p+w,
T =x(+p+ W+ +wWh- Bk,
3 = x(p + WM - Bk1) (1 - Ro),
with x = pu + po + .

(14)

Applying the Routh—-Hurwitz stability criteria, the
equilibrium E; is locally asymptotically stable if all
coefficients m; > 0, m, >0, w3 >0, and m;m, >
m5. Note that under the condition R, < 1, it follows
that n — Bk, > 0, which ensures that w5 > 0.
Consequently, all Routh—Hurwitz conditions are
satisfied. Therefore, all eigenvalues have negative
real parts, and we conclude that the DFE E, is
locally asymptotically stable if R, < 1.
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Theorem 2. The DFE E, of the represented by (1)
is globally asymptotically stable in the feasible
region £ whenever the basic reproduction number
satisfies Ry < 1.

Proof. To establish the global stability of the DFE,
we construct a suitable Lyapunov function defined
as

L= K1E+K2A +K3I,

where K, K,, and K5 are positive constants to be
determined. Taking the time derivative of L along
the trajectories of the system (1), we obtain

L' = K E + K,A' + K,I'. 17)

Using the differential equations from system (1), we
substitute the derivatives

5
L’:Kl[%(1+klE+k2A)—(y+y+a+a)E]

+K,[aE — (p + py + WAl + Ka[YE — (u+ o + w)1].  (18)

Rearranging terms in (18) gives
, BS
L= [Klﬁ_lﬁ(#"'ﬂo"‘w)]l
BS
+[K1k1W—Kl(y+y+o+a) +K2a+K3y]E
+ [Klkz % —-K(p+p + H)] A.

Since S(t) < N(t) for all t, we have % < 1. Choose
the constants as follows

Ki=u+p+tw)p+p+uw), K=ki(u+p+w) K
=ky(p+p1+ 1.

Substituting these into Eq. (19), we find that all
coefficients become non-positive when R, <1,
implying L' < 0, with equality only when E = A =
[=0.

By LaSalle’s Invariance Principle, all trajectories
approach the largest invariant set where L' =0,
which corresponds to the DFE E,. Hence, E, is
globally asymptotically stable in Q when R, < 1.

Theorem 3. The solutions of the SEIAVR model
remain non-negative for all ¢t > 0, provided the
initial conditions satisfy

S(0)=0, E()=0, 1(0)=0, A0)=0, V(0)=0, R(0)=0.
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Then, the model ensures that
S(t)=0, E(t)=0, I(t)=0, A(t)=0, V() =0, R(t)=0

forall t > 0.

Proof. We consider the SEIAVR model defined by
the system of equations in (6):

S = A= BMS +n,V +60R — (¢ + WS,

dE
mLMS—(u+y+e+o+a)E,
HLE! 2

&9

— = VE—(u+po +w)l,

aA (20)

= AE—(p+p+ WA,

av
o buS + 6E + prA— (u+n,)V,

Z—f=w1+aE+pA—(u+9)R.

We verify positivity by checking that if a
compartment becomes zero, its derivative is non-
negative
i. Positivity of S(£): If S = 0, then = = A +n,V +
6R =0
since V, R = 0. Thus, S(t) cannot become negative.

i. Positivity of E(£): If E = 0, then & = $2,5 > 0
as S > 0.

. . (19)
Hence, E(t) remains non-negative.

ii. Positivity of I(£): If 1 =0, then = =yE >0
since E > 0.
Thus, I(t) = 0.

iv. Positivity of A(t): If A =0, then 22 = aE > 0
with E > 0.
So, A(t) = 0.

v. Positivity of V(£): If V =0, then = = ¢,S +
€,E + p;A = 0 since all terms are non-negative.
Therefore, V(t) = 0.

vi. Positivity of R(t): If R =0, then % = wl +

oE + pA =0.

Thus, for non-negative initial conditions and
positive parameters, each compartment remains
non-negative for all t > 0.
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Theorem 4. Consider the SEIAVR model defined by
Eqg. (6). The DFE is locally asymptotically stable if
the control reproduction number RY < 1.
Furthermore, when RY > 1, the model admits at
least one endemic equilibrium point

E* — (S*, E*,[*,A*,V*, R*),
with all components strictly positive.

Proof. To analyze the endemic equilibrium, we set
the right-hand sides of system (6) to zero. Let the
total population at equilibrium be

N*=S"+E*+I"+ A" +V* +R". (21)
Define the force of infection at equilibrium as
1= B '1*+klfv**+k2A*- (22)
At steady state, the model equations become
0=A-2S"+n,V*"+6R" — (¢, + )S",
0=AS"—(u+y+e+o+a)E", (24)
0=yE" — (u+po+wl, (25)
0=aE”=(p+p+ WA, (26)
0=0,S"+&E" +p A" = (u+n,)V7, (27)
0=wl"+dE"+ pA* — (u+ 9)R". (28)
From equations (24), (25), and (26), we solve
. As*
J{E T uty+eytota’
x YE*
I = (29)
LA* aE*
T optprtu’

Substituting equations (29) into the remaining
equations yields a nonlinear equation in A*, typically
of quadratic or cubic form

a; (A2 + ayA* + az = 0, (30)

where the coefficients a,, a,, a; depend on model
parameters. Notably,

a; o« (1 — RY). (31)

Thus, if RS < 1, then a3 > 0, implying no positive
root A*, and the DFE is the only biologically
feasible solution. If RS > 1, then a; <0, and a
positive root A* > 0 exists, implying the presence of

129

an endemic equilibrium E* with all state variables
positive. This confirms the role of RY as a threshold
parameter separating disease extinction from
persistence.

Theorem 5. Consider the SEIAVR model given by
system of Eq. (6). The model admits a unique DFE

EQ = (S°,E% 1° A% VO R, (32)
where E°=1°=4°=0. If the vaccination
reproduction number satisfies R9 < 1, then the DFE
E? is globally asymptotically stable in the region
Q,.

Proof. Define a Lyapunov function based on the
infectious compartments

L(t) = g, E(t) + q:A() + q31(2), (33)
where q,,9,,q; > 0 are constants to be chosen.

Differentiating L(t) with respect to time @®)
substituting from system (6), we get

dL I+ kE + kA
P! BTS—(/,L+)/+62 +o0+a)E
+q2[aE = (p + py + Al + @3 [VE — (u+ o + ). (34)
Choose
¢ =(@+p+WU+p+ o),
72 =B+ u +w), (35)
a3 =Bl +p+p).
Substituting  equations (35) into (34) and
simplifying yields
L<c-@®I-D-E@, (36)

where
C=+y+e+o+a)(p+p +w)u+u+w)>0. (37)
Hence, if RS < 1, then % < 0 whenever E(t) > 0.

Equality holds ifand only if E = A =1 = 0.

By LaSalle’s Invariance Principle, all trajectories in
the region Q, approach the largest invariant set
within {E = A =1 = 0}, which corresponds to the
DFE EQ. Thus, the DFE is globally asymptotically
stable when RY < 1.

To evaluate the reliability of the SEIAVR model,
we compare the simulated infection trajectories with
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reported COVID-19 case data. This validation step
is essential to ensure that the model adequately
captures the observed transmission dynamics. By
confronting model predictions with empirical data,
we assess whether the chosen parameter set
particularly those related to vaccination produces
realistic epidemic patterns. The agreement between
simulated and reported trends increases confidence
in the model’s suitability for forecasting and policy
assessment, while also revealing possible
discrepancies that may require further refinement.

The vaccination parameter 1, represents the
effective rate at which susceptible individuals
acquire protection. Its value plays a central role in
shaping the epidemic trajectory. We determine 7,
through calibration against real infection data by
examining alternative parameter values and

SEIAVR Model Dynamics
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Time (t)

(a) Forn, = 0.3410

y T
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selecting the one that best reproduces both the early
exponential growth phase and the subsequent
decline in reported cases. This calibration procedure
not only improves the empirical consistency of the
model but also highlights the sensitivity of infection
dynamics to vaccination intensity.

Fig. 4 presents a comparison between reported
infection data from the United Kingdom [27] and
the corresponding fitted curves generated by the
SEIAVR Eg. (6) under different values of 7,. The
observed data are shown as blue markers, whereas
the solid curve represents the model prediction. The
simulations were carried out using Python,

providing a direct quantitative link between
observed epidemiological patterns and model-based
analysis.

SEIAVR Model Dynamics
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Figure 4: Curve fitting with real and fitted data of Infection for different values of 7,,.
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Beyond numerical fitting, a rigorous analytical
investigation of the SEIAVR framework is required
to understand its qualitative behavior. The
derivation of equilibrium points, computation of the
basic reproduction number, and stability analysis
yield threshold conditions that determine whether
the infection persists or dies out. These theoretical
results are independent of particular simulation
scenarios and therefore provide general insight into
the structural properties of the model.

At the same time, analytical techniques alone cannot
fully capture the transient dynamics generated by
time-dependent vaccination rates and Bang-Bang
control interventions. Owing to the nonlinear nature
of the system, closed-form solutions are generally
unattainable. Numerical simulations therefore play a
complementary role by illustrating time evolution,
exploring the impact of varying control intensities,
and supporting validation against real-world data.

The integration of analytical and numerical
approaches thus strengthens both the mathematical
foundation and the practical applicability of the

model.  Analytical results ensure theoretical
consistency, while simulations demonstrate its
relevance  for epidemic  management and

intervention planning.
4. Optimal Control Problem Formulation

dz(tt) =A— B + kiE(t) + k,A(t)) f,((t))(
@ = B + Ky E () + kpA(£) S (1 — uy (£))

N(t)
—(u + (A —-uy,(t)y+e,+0+ a)E(L),
d’_(f)

d’;ﬁ” = aE(t) = (p +py + WA(D),
O = 6,5(8) + €(DE + pyA(t) — (1 +n,)V (0),
‘“;“) = w(l + us(O)I(t) + CE() + pA(t) — uR (D).

The state variables are constrained to be non-
negative, with non-negative initial conditions. The
primary objective is to minimize the following
function

=Y —w(O)EQ®) — (4 + po + (1 +u3(O)w)I (D),
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To investigate effective strategies for minimizing
COVID-19 transmission, we apply optimal control
theory to the model defined by Eq. (6). Our aim is
to reduce the infection rate and limit the spread of
the virus within the community through the
implementation of four time-dependent control
variables. These control strategies are defined as
follows u, (t) represents isolation measures aimed
at reducing contact between susceptible and
infectious individuals, including hand hygiene,
mask usage, avoidance of crowded areas, and travel
restrictions. u,(t) denotes social awareness
interventions, such as rapid diagnostic testing,
contact tracing, and public health campaigns to
promote early detection and isolation of exposed or
infected individuals. Finally, u;(t) corresponds to
treatment strategies for diagnosed COVID-19 cases,
covering both symptomatic and asymptomatic
patients, managed in healthcare facilities or under
supervised quarantine to  mitigate  disease
progression and transmission.

These control strategies form the foundation for the
subsequent formulation of an optimal control
problem based on the modified epidemiological
model.

—w () +mV = (¢ +W)S(0),

(38)

Ty

J(utgstp,5) = f (CE®) + GV () + Gl (©)

0
+ 2 (Cu2 () + Csu3 () + Coud (1)) dt,
subject to the control system described In Eqg. (38).
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The constants C; for j = 1,2, ...,6 are the weighting
factors, while T represents the final time. Since the
cost of intervention is nonlinear, quadratic control
terms are employed, reflecting that the relationship
between intervention cost and its effect on infected
individuals is not linear. The controls introduced are
Lebesgue integrable and bounded functions. Our
objective is to determine the optimal controls u; for
i =1,..,3, such that

J (i) = minj (w).

where U represents the set of acceptable control
functions, defined as

(40)

U= {ui [0,T¢] — [0,1] |uiisLebesguemeasurable}.
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4.1 Characteristics of optimal controls

The necessary conditions that must be met for any
optimal control can be derived using Pontryagin’s
maximum principle. This principle provides a
framework for transforming the optimal control
problem into a system of differential equations
containing state variables, adjoint variables, and
optimality conditions for the control function [28].
This principle reformulates the system of equations
(38) and (39) into a problem of minimizing the
Hamiltonian point-wise with respect to the controls.
The Hamiltonian Eq. (41) is expressed as follows

H o = (CE + GV + Col) + 5 (Cuy ()2 + Csup(6)? + Cous(D)?)
+1, [A = BU + ks E + kpA) S (1= uy) + 1,V + 6R — (¢, + u)s]

2z [BU+ KiE + ko)1 —w) — (u+ (- w)y + €+ a + 0)E|

(41)

A3y (1 = u)E — (u + po + (1 + uz)w)IA4[aE — (p + py + 1)A]
+/15 [¢v5 + GZE + plA - (:u + Tlu)V]
+Alw(1 + u3z)I + oF + pA — (u+ )R],

where the symbols A4,, for

m=1,.2,..,6,

represent the associated costate variables

S(t),E(t),1(t),A(t),V(t) and R(t). The costate equations are given by

di, _ 9H

dat as

/11 [ﬁ(1+klE+k

ZA)(l_ul(t)) _ ((l) + ‘U)]
v

+1,
drp _ OH _
dt ~ 8E N
+1, [ﬁ’ﬁ(l;lul(t))

N

dc ~ aI N

dis _ 9H
dc ~ av
dle _ OH
dt ~ @R

[B(1+k1E+k2A)(1—u1(f))] + A
v
C - A, Bki(1-u4(t))

—(u+y(1—u2(t))+62+a+a)]

+A37(1 —u,(t)) + Ly + A€, + 440,
ddz _ 9H _ Cy— 2 BS(A-u4(t)
- 1

(42)

— s+ po + (1 +uz(D))w) + Aew(1 + uz(t)),

+1, 35(1—Nu1(f))
dA, OH [ﬁkzs(l—ul(t))]
e O, |BreSCon®)
dt 0A N

koS(1-
25 [P 24t p + o) + 2sps + Ap,

— =G+ 4y — As(u + 1),
= 2,0 — A(u + 6).
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The following conditions give the optimal controls

AH B(I+k E+k,A)S B(I+k E+k,A)S

m = C4u1(t) + /‘11 N /12 N 0,
w () = (12—/11)5(;251E+k214)3,

0H

= Csuz(t) + /’lzyE - A3YE = 0,
) du,(t) (43)

u2 (t) — ()-3_;-52)7’5’

0H
a3 () = C6u3(t) - /‘lgﬂ)[ + /16(1)1 = 0,
u3(t) — (16_2:)(”1.

Now we would like to examine the impact of various control strategies. The following Fig. 5 shows the
results of these interventions and their effect on infection dynamics.
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Figure 5: Comparison of infected individuals under various control scenarios, including isolation (u,),
social awareness (u,), and treatment (u5), as well as without control.

To investigate the impact of key epidemiological
parameters on infection dynamics, we consider
variations in the recovery rate w and the progression
rate y. The model is simulated under different
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parameter values while keeping other parameters
fixed as in Table 1. The corresponding infection
population trajectories are illustrated below in Fig.
6.
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Figure 6: Infection population scenarios under different parameter settings.

To explore the influence of vaccination-related
parameters on population dynamics, we analyze
variations in the vaccination rate ¢,, the waning
rate of vaccine-induced immunity n,,, the transition
rate from asymptomatic to vaccinated individuals

p1, and the progression rate from exposed to
vaccinated individuals e,. The resulting vaccination
trajectories are illustrated below in Fig. 7 under
different parameter settings, while other parameters
remain fixed as in Table 1.
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Figure 7: Scenario of Vaccination for different parameters.

To investigate the recovery dynamics of the
population, we consider the impact of different
parameter variations on the recovered class.
Specifically, we examine the influence of the

transition parameter , the treatment-related
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parameter p, and the recovery rate parameter ¢. The
recovery curves corresponding to these parameter
settings are presented in Fig. 8, while the remaining
parameters are kept fixed as listed in Table 1.
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Figure 8: Curve fitting with real and fitted data of Infection for different values of 7,

5. SEIAVR Model with Bang-Bang Control and
Cost-Effectiveness Analysis

5.1 Bang-Bang Control

To enhance both the predictive capability and
practical applicability of the SEIAVR framework,
we incorporate an optimal control formulation into
the model. In this study, particular attention is given
to a Bang-Bang control strategy, characterized by
interventions that switch between extreme values
rather than evolving continuously over time. This
type of control structure reflects the way public
health policies are often implemented in practice.
Authorities typically enforce strict measures during
periods of rapid transmission and subsequently relax
them once infection levels decline. By adopting this
on—off intervention mechanism, the model more
realistically represents abrupt policy adjustments

as

observed during epidemic outbreaks.

Let I'(t) denote the bang-bang control variable.
This parameter models temporary closure policies
or abrupt behavioral changes in response to rising
infections. The control variable I'(t) takes binary
values, where T'(t) = 1 indicates the activation of
strict intervention (such as closure or maximum
reduction of contact), and I'(t) = 0 corresponds to
the absence of such measures. By integrating I'(t)
into the system, alongside the existing continuous
controls u, (t), u,(t), and us(t), the model reflects
both gradual behavioral modifications and
immediate large-scale interventions. This combined
framework establishes the foundation for the
controlled SEIAVR model defined by Eg. (38)
described below.

de

A=B( + ke E + ke A)~

A —u(©)A—xT®)

behavioralcontrolxbang——bangclosure

+n,V

o = CE—(p+p+ WA,

av
o= DS T &E+pi A= (utm)V,

kZ_I: = w(1+uz(t))! + oF + pA — uR.

(44)

~(¢ + 1S,

= BUHKE + k) (1= u ()1 =k T(®) = [+ (1= uz(O)y
< +e, + 0 + a]E,

% =y(1 —uy())E — [t + uo + (1 + us(t))wll,

dA
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The primary objective of using Bang-Bang contrl is
to reduce the spread of infection while accounting
for the economic and social costs of implementing
interventions over the finite time horizon [0, T¢]. In
Eqg. (44) we introduced four time-dependent control

137

variables: u,(t) , u,(t) , usz(t) and I'(t), where
['(t) bang-bang closure. These controls act on
different components of the model and represent
strategies to limit disease transmission and mitigate
its impact on the population.

Jr(uy, t, us, T) = [17 (GE(E) + GV (E) + CI(t) + C,S()

+2 (Coud (1) + Csu3 () + Coud () + CeT2(D))) dt.

N()

I
I"(6) = 4o,

| N(t)

(45)

BT X()(1 =y () As(t) = 26(6)) < =3 Ca
BT X ()1 =y () (As(t) = 26(6)) > =3 Ca

ksingular(either), ifequalityholds.

The global outbreak of COVID-19 prompted rapid
adaptation and development of pharmacological
treatments. While some antiviral and anti-
inflammatory agents were specifically formulated in
response to SARS-CoV-2, others were repurposed
from pre-existing treatments originally intended for
different viral infections or autoimmune conditions.
Table 1 summarizes the invention or initial
discovery dates of major drugs utilized for treating
COVID-19, along with their original medical
applications and the year they were introduced into
COVID-19 treatment protocols.

To evaluate the effectiveness of intervention
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strategies, firstly, we consider three continuous
control variables u, (t),u,(t) and u;(t). In addition,
['(t) is introduced as a Bang-Bang(B-B) control,

which alternates between its minimum and
maximum levels to model abrupt policy
interventions or resource-driven actions. We

compare two scenarios: (i) applying only the
continuous controls u,,u, and u; and (ii) applying
all controls, including the Bang-Bang control T'(t).
This comparison highlights the added benefit of
I'(t) in further lowering the infection peak and
shortening the epidemic duration is shown in Fig. 9.
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Figure 9: Comparison of infected population under different control strategies (a) with Bang-Bang (B-B)
control and (b) without Bang-Bang(B-B) control.
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In Fig. 9(a), the blue solid curve (Bang-Bang
control) shows a lower infection peak of
approximately 0.009 crore cases, compared to the
red dashed curve (only continuous controls), which
peaks slightly higher at about 0.010 crore cases.
Moreover, the decline in infections is faster under
Bang-Bang control, reaching near zero by around
t = 80-90 days, whereas without B-B control,
infections persist until about t = 100 days. This
indicates that Bang-Bang control accelerates
recovery and reduces the overall epidemic burden.
In Fig. 9(b), the comparison is between continuous
control (blue) and no control (red). Without any
control, the peak infection reaches nearly 0.037
crore cases, which is substantially higher than the
peak under continuous control 0.024 crore cases.
Additionally, the duration of infection is much
longer in the absence of control, persisting until
nearly t = 120-130 days, while under continuous
control the epidemic subsides faster.

The inclusion of Bang-Bang (B-B) control clearly
demonstrates its  effectiveness in  epidemic
management. While continuous controls
uq (), uy(t), us(t) already reduce the infection
level compared to the no-control case, the additional
application of I'(t) (B-B control) achieves two
crucial outcomes:

« It further suppresses the infection peak, thereby
reducing the maximum strain on healthcare
resources.

e It accelerates the decline of infections,
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shortening the overall epidemic duration.

Hence, Bang-Bang control acts as a decisive
intervention strategy, complementing continuous
controls by ensuring both a lower epidemic burden
and a faster return to normalcy.

5.2 Cost-Effective Analysis

To evaluate the economic viability of different
COVID-19 intervention strategies, we conducted a
cost-effectiveness analysis based on the total
number of infections prevented, implementation
costs, and two standard economic metrics: the
Average Cost-Effectiveness Ratio (ACER) and the
Incremental Cost-Effectiveness Ratio (ICER). We
considered three strategies:

* S1: uq, u,, us controls
* S2: uq, u,, uz + Vaccination

*S3: uy,u,,u; + Vaccination + Bang-bang

control

To assess the economic performance of the
proposed intervention strategies, we compute both
the total implementation costs and the cumulative
number of infections averted over the study horizon.
Cost estimates and epidemiological reference values
are obtained from published reports in England [29],
which provide consistent data on healthcare
expenditures and COVID-19 outcomes. This
framework enables a structured comparison of the
three strategies prior to presenting the quantitative
results in Table 10.

Table 3: Cost-effectiveness comparison of intervention strategies.

Strategy Infections Averted | Total Cost ICER ACER
S1 1.274 x 10° 1.00 x 10! —0.006257 0.918302
S2 2.50 x 107 1.40 x 102 0.197754 0.197754
S3 5.594 x 10° 1.10 x 10! —0.003117 0.061833

Table 3 shows that Strategy S2, which combines
vaccination with large-scale standard control
measures, achieves the highest number of infections
averted. = However, this  improvement is
accompanied by substantially higher total cost.
Although its ICER and ACER values indicate that it

remains economically justifiable, the magnitude of
expenditure is considerably greater than that of the
other strategies.

Strategy S3, which integrates vaccination with a
Bang-Bang control mechanism, produces a notable
reduction in infections while maintaining a
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comparatively moderate total cost. Its lower ACER
value suggests improved cost-efficiency relative to
both S1 and S2. In contrast, Strategy S1 averts
fewer infections and exhibits weaker economic
performance under the adopted indicators.
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Figure 10: Bubble chart illustrating the trade-off
between total cost and infections averted for each
intervention strategy. Larger bubbles correspond to
higher numbers of cases prevented.

The  trade-off between  expenditure and
epidemiological benefit is further illustrated in
Figure 4. The relative positioning of the strategies
highlights the balance between resource allocation
and health outcomes. In particular, the Bang—Bang-
based strategy (S3) achieves a favorable
compromise between effectiveness and cost.

The economic advantage of the Bang-Bang
approach arises from its adaptive structure. Rather
than maintaining continuous intervention intensity,
the control switches between full implementation
and relaxation according to epidemic conditions.
Such a mechanism limits unnecessary expenditure
during low-risk periods while retaining strong
suppression capacity during high-transmission
phases. As a result, infection peaks are reduced
without sustaining prolonged high-cost measures.

From a resource-allocation perspective, adaptive
on—off intervention policies may be especially
relevant in settings with budget constraints. The
results suggest that coupling vaccination with a
targeted Bang-Bang control strategy can achieve
meaningful reductions in infection burden while
maintaining fiscal sustainability. This finding
supports the inclusion of adaptive control

o
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mechanisms in epidemic policy design and
economic planning.

6. Numerical Analysis

In Fig. 4(a), when 7, = 0.3410, the simulated
infections rise sharply and exceed the observed data
after approximately 100 days. This indicates that
such a high vaccination-related parameter value
does not adequately reflect the real transmission
pattern. In Fig. 4(b), for n,, = 0.0698, the predicted
trajectory increases more gradually and remains
closer to the reported data over a longer period,
although it underestimates infections during the
later phase. Among the tested values, Fig. 4(c) with
1, = 0.1240 provides the best agreement, capturing
both the early growth phase and the subsequent
acceleration of infections. These comparisons
demonstrate the strong sensitivity of the model to n,,
and emphasize the necessity of careful parameter
calibration to ensure reliable predictions.

Fig. 5 illustrates the time evolution of the infected
population under different optimal control
strategies. In Fig. 5(a), the combined use of
isolation u,; and social awareness u, substantially
lowers the infection peak and shortens the outbreak
duration compared to the uncontrolled scenario. Fig.
5(b) shows the joint implementation of isolation u,
and treatment u;, where infections decline more
rapidly, reflecting the added effect of medical
intervention. In Fig. 5(c), the combination of social
awareness u, and treatment u; also produces a
noticeable reduction in both peak magnitude and
persistence. Fig. 5(d) compares the uncontrolled
case with the scenario where all controls are
applied, clearly indicating that the absence of
intervention leads to a higher and more prolonged
infection burden. Finally, Fig. 5(e) summarizes all
strategies and shows that the simultaneous
application of isolation, social awareness, and
treatment (u,, u,, and wu3) vyields the greatest
reduction in infections.

A detailed comparison between partial and full
intervention strategies further clarifies their relative
performance. Although the combination of u,; and
u, in Fig. 5(a) reduces infections considerably, the
peak remains higher than in the full-control
scenario. The pair u, and u5 in Fig. 5(b) achieves a
faster decline than u; and u, but still does not
match the suppression obtained when all controls
are active. Similarly, u, and u5 in Fig. 5(c) perform
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effectively in the early stage yet are less efficient
over longer periods. In contrast, Fig. 5(e) confirms
that coordinating all three interventions produces
the lowest peak and the fastest reduction in cases.
This outcome aligns with the theoretical objective
of the optimal control formulation, which seeks to
minimize infections while accounting for
intervention costs.

Fig. 6 examines the influence of the recovery rate w
and the progression rate y on infection dynamics. In
Fig. 6(a), increasing « from 0.00052 (red) to
0.00942 (blue) and then to 0.04350 (green)
progressively reduces the epidemic peak and
accelerates its decline. The peak decreases from
approximately 1.3 x 1072 crore at w = 0.00052
(peak time =~ 15 days) to about 1.15 X 10™2 crore
at w = 0.00942 (peak = 14 days), and further to
nearly 9.5x 1072 crore at w = 0.04350 (peak
~ 12 days). In addition, infections approach zero
around 40 days for w = 0.04350, whereas they
persist beyond 80 days when w = 0.00052. These
results indicate that higher recovery rates
significantly reduce both the magnitude and
duration of the outbreak.

In Fig. 6(b), increasing y from y, = 0.001822
(blue) to y; = 0.004371 (green) and further to
y3 = 0.008897 (red) leads to a larger and earlier
epidemic peak. The peak rises from approximately
1.0 x 1072 crore at y, (peak = 15 days) to about
2.3x 1072 crore at y; (peak =~ 15 days), and
reaches nearly 4.2 x 1072 crore at y; (peak ~ 12
days). Thus, higher y intensifies transmission,
producing a sharper surge and prolonging elevated
infection levels.

Overall, the two parameters influence the epidemic
in opposite directions. Increasing w mitigates
transmission by lowering the peak and shortening
the infectious period, whereas increasing y
amplifies and accelerates the outbreak. The
variation in y produces a larger change in peak
magnitude compared with similar variation in w,
suggesting that the system is more sensitive to y
with respect to peak size. In contrast, w exerts
stronger influence on the tail behavior and time to
elimination. These findings highlight the importance
of interventions that reduce y, such as contact
reduction and rapid testing with isolation, together
with measures that increase w, including timely and
effective treatment. Their combined implementation
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provides the most substantial suppression of
infection. Fig. 7 illustrates the time evolution of the
vaccinated population under parameter variations in
the absence of control.

In Fig. 7(a), increasing ¢, from 0.0228 to 0.0322
and further to 0.0428 substantially elevates the
vaccinated population. For ¢, = 0.0428, saturation
is reached most rapidly, approaching 4 x 107
individuals within the first 50 days, whereas smaller
values lead to slower convergence. This confirms
that larger ¢, accelerates vaccine uptake and
increases overall coverage.

Fig. 7(b) demonstrates the effect of n,,. Raising 1,
from 0.0232 to 0.0357 and then to 0.0572
significantly increases both the growth rate and final
magnitude of vaccination. At 7, = 0.0572, the
vaccinated population exceeds 5 x 107 individuals
by approximately day 40, indicating that 7,
strongly influences vaccination effectiveness.

In Fig. 7(c), variations in p, generate comparatively
modest changes. Although increasing p; from
0.00008 to 0.02400 slightly accelerates early
growth, the trajectories converge near 4 x 107
individuals. Thus, p, plays a secondary role relative
to ¢, and n,,.

Fig. 7(d) presents the impact of €,. Larger values
increase both the equilibrium coverage and the
speed of convergence, with vaccination rising from
below 3.8 x 107 to nearly 4.2 x 107 individuals as
€, increases. Overall, n, exerts the strongest
quantitative influence, followed by ¢,,, whereas p,
and €, contribute more moderate adjustments to
vaccination dynamics.

Fig. 8 displays recovery trajectories under different
parameter values. Variations in w primarily affect
the timing and magnitude of recovery. When
w = 0.0002, recovery progresses more slowly but
ultimately reaches the highest peak (approximately
75 crore around day 150). Larger w values produce
earlier but lower peaks, indicating that increased
recovery rates shorten the infectious period but
reduce cumulative recovered totals.

The parameter p exhibits a limiting effect. At
p = 0.442, recovery rises briefly but remains below
15 crore. Reducing p to 0.0448 improves outcomes,
while p = 0.0045 vyields the highest and most
sustained recovery level (above 70 crore). This
suggests that smaller p values support long-term



Rahman et al. / JnUJSci, Vol 12, No. Il, Dec. 2025, pp. 119—142

recovery persistence.

In contrast, ¢ shows a strong positive association
with recovery magnitude. For ¢ = 0.5805, recovery
exceeds 70 crore near day 150, whereas smaller o
values result in delayed and reduced peaks.
Collectively, the sensitivity analysis indicates that
smaller p, appropriately scaled w, and larger o
values promote stronger and more sustained
recovery dynamics.

Fig. 9 presents the infected population over a 150-
day period under different intervention strategies.
Fig. 9(a) compares Bang-Bang control with a
continuous control strategy. Under Bang-Bang
control, the infection peak is approximately 9 x 10*
individuals around day 25, followed by a rapid
decline to near elimination by day 90. The
continuous strategy produces a slightly higher peak
(about 1 x 10° individuals around days 30-32) and
a slower reduction, with infections persisting
beyond day 100.

Fig. 9(b) contrasts controlled and uncontrolled
scenarios. Without intervention, infections peak at
roughly 3.7 x 10° individuals around day 35 and
persist until approximately day 140. The
introduction of control measures substantially
lowers both the peak magnitude and epidemic
duration. These results confirm that Bang-Bang
control achieves faster suppression and shorter
outbreak duration compared with both continuous
control and the uncontrolled case.

6.1 Advantages and Limitations of the Model and
Methods

The proposed model offers several advantages,
including a structured description of asymptomatic
and symptomatic transmission, integration of
vaccination and "stop-and-go" control strategies,
and inclusion of cost-benefit analysis. Analytical
techniques provide theoretical guarantees such as
stability conditions and threshold behavior, while
numerical simulations allow for evaluation and
validation of real-world scenarios using empirical
data.

However, the model also has limitations. It assumes
a homogeneous population mix without considering
spatial heterogeneity or population stratification.
Furthermore, the "stop-and-go" approach simplifies
intervention intensity to extreme levels and may not
encompass all policy changes in the real world.
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Numerical simulations rely on the accuracy of
parameter estimation, which can be affected by data
quality.

7. Conclusion

This study developed and analyzed a vaccination-
enhanced SEIAVR epidemic model to investigate
the impact of vaccination and control strategies on
the spread of COVID-19. We derived the optimal
Bang-Bang control strategy using the Pontryagin
maximum principle and validated the model using
numerical simulations with real-world data from the
UK. Combining vaccination with Bang-Bang
control significantly reduced infection peak and
shortened the duration of the epidemic. This
integrated strategy achieved good cost-effectiveness
and optimized the utilization of limited medical
resources. The analysis confirmed the threshold
conditions for the elimination of the disease under
the proposed intervention. This model assumes a
homogeneous population mix and simplifies certain
aspects of the implementation of the intervention.
Future research directions: More research could
incorporate  factors such as heterogeneous
populations, age structure segmentation, random
effects, and time delays, and assess the impact of
policies under different medical and economic
constraints. In general, this study highlights the
importance of combining vaccination with dynamic
control strategies to achieve effective epidemic
management and support evidence-based public
health policies.
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