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SUMMARY

In this article, we introduce a one parameter asymmetric version of the standard Laplace
distribution, named “the alternate asymmetric Laplace distribution (AALD)”. The pro-
posed model extends the classical laplace law through the inclusion of a single shape
parameter p. While most of the existing asymmetric models rely on multiple shape pa-
rameters and lack closed-form expressions for higher-order characteristics, the AALD,
with its single parameter structure, offers analytical tractibility and flexibility. Specifically,
closed-form expressions are derived for cumulative distribution function, moment generat-
ing function, quantiles, entropy and order statistics, underscoring the theoretical richness
of the model. The location-scale extension of AALD, named “the extended alternate asym-
metric Laplace distribution (EAALD)”is introduced and studied in detail. The estimation
and testing procedures for the parameters of EAALD is discussed and the performance of
the obtained estimators is examined through a simulation study. Through applications to
two real-world data sets from distinct domains, EAALD consistently provides a superior
fit compared to the established asymmetric models, highlighting both its methodological
novelty and practical relevance.

Keywords and phrases: Asymmetric Laplace distribution, Laplace distribution, Maximum
likelihood estimation, Model selection, Simulation, Skew Laplace distribution, Generalized
likelihood ratio test

1 Introduction

The Laplace distribution was introduced by French mathematician Pierre-Simon Laplace in 1774.
It is a two-tailed version of the exponential distribution and hence, it is known in literature as the
double exponential distribution. It is quite popular due to the properties of sharp peak at the mode,
heavier than Gaussian tails, existence of all moments and infinite divisibility properties. In several
practical situations, it is considered as an important alternative to the Gaussian based stochastic
models. The classical Laplace distribution being one of the oldest distributions in the literature, is
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very popular in modelling detector relative efficiencies, extreme wind speeds, measurement errors,
position errors in navigation, stock returns etc. For details see [Hsu| (1979), Hoaglin et al.| (1983),
Dadi and Marks| (1987),[Damsleth and El-Shaarawi|(1989)), |Puig and Stephens| (2000), Chen|(2002),
Andrews and Hampel| (2015) etc.

Many researchers have made attempts to develop several extensions and variations of Laplace
distribution in different ways. It can be extended in different forms like skewed, folded, generalized
or multivariate versions that are very substantial in statistical theory and analysis. Some important
works include |Mathail (1993)), Kozubowski and Podgdrski (2000), 'Yu and Zhang| (2005), [Srivastava;
et al.|(2006)),|Arslan|(2010), Kozubowski and Nadarajah| (2010), Cordeiro and Lemonte|(201 1)), Kotz
et al.[|(2012) , | Kozubowski et al.| (2013), [Liu and Kozubowski| (2015) etc.

Through this article we propose a one parameter asymmetric version of the well-known Laplace
distribution and named it as “the alternate asymmetric Laplace distribution (AALD).”

The novelty of the proposed model lies in its parsimony and analytical tractability. While sev-
eral generalizations of the Laplace law, such as asymmetric, skew, and folded forms, have been
introduced in the literature, most involve multiple shape parameters or lack closed-form expressions
for higher-order characteristics. In contrast, the present alternate asymmetric Laplace distribution
(AALD) introduces a single shape parameter p that simultaneously governs skewness, tail thickness,
and departure from symmetry. The model seamlessly bridges the symmetric Laplace distribution
(p = 1) and asymmetric heavy-tailed forms (p > 0), thereby offering a unified and interpretable
structure. Despite its simplicity, the AALD retains closed-form expressions for the cdf, moments,
moment generating function, quantile function, entropy, and order statistics-features rarely available
in other asymmetric families. This balance between flexibility and analytical convenience makes the
proposed model both theoretically appealing and practically useful in applications involving skewed
or heavy-tailed data. The proposed model is particularly relevant for applications where skewness
and heavy tails are prominent, such as environmental-engineering, reliability analysis, financial risk
modelling, survival analysis and environmental data studies . In this paper, we have considered two
real-world data sets from distinct domains, specifically from environmental-engineering and cancer
research. The first data is from environmental-engineering and represents vinyl chloride data from
clean upgradient ground-water montoring wells with 34 observations. The second data denotes the
survival times of a group of patients who received chemotherapy treatment alone and has 46 obser-
vations. For both the datasets, we have fitted certain well-known asymmetric models available in
literature like asymmetric versions of Laplace distribution, alpha skew Laplace distribution, skew
normal distribution, skew-t distribution, skew logistic distribution, modified skew logistic distri-
bution and observed that the proposed model provides a superior fit compared to already existing
models, thereby making it a practical alternative to the existing asymmetric models.

The remainder of this paper is organized as follows: In Section [2.1, we formally define the
AALD and derive its cumulative distribution function, moments, generating functions, quantiles,
entropy, reliability measures and order statistics. In Section [2.2] we propose the location-scale
extension of AALD, named “the extended alternate asymmetric Laplace distribution (EAALD)”and
studied its important statistical properties. The estimation of parameters of the EAALD is discussed
in Section [2.3.1] followed by a testing procedure in Section 2.3.2] A simulation study, reported
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in Section [3| evaluates the performance of the maximum likelihood estimators of the parameters.
Section []illustrates the estimation and testing techniques using real-world data sets to demonstrate
the practical applicability of the model. Finally, Section [5]concludes the article with a summary of
findings and potential directions for future research.

2 Alternate asymmetric Laplace distribution

2.1 Definition and Properties

In this section, a new asymmetric version of Laplace distribution is introduced and present some of
its important statistical properties.

Definition 2.1. A continuous random variable Y is said to follow alternate asymmetric Laplace
distribution with parameter p (denoted by AALD(p)), if its probability density funnction (pdf) is of
the following form for 0 < p < oo:
%
677 <0
flysp) = O Y @.1)
I EL
Clearly, when p = 1, the pdf (2.1 reduces to standard Laplace distribution. The probability
plots of the AALD(p) for particular values of parameter p are presented in Figure[I]
To validate the fact that the proposed AALD has a valid density function, it is enough to show

that [ f(y)dy=1,ie,

0 00
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Proposition 2.1. The cumulative distribution function (cdf) of the AALD(p) is given by

= y <0
F(y;p) = { 2 2.2)

Proposition 2.2. The r'"* raw moment 1. of the AALD(p) is given by

7! 1—ptl:  risodd
1+p

!/
My =
14+ p" L riseven.

Corollary 2.1. The mean and variance of the AALD(p) are given by

py=1-p, and pp =1+ p°.
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Figure 1: Probability density plot of the AALD for various choices of p.

Proposition 2.3. The measure of skewness and kurtosis of the AALD (p) are given by

= Hs 21— p°) and’m:&— :76(14_'04)
PR BT W

Using the Proposition we have computed the values of the 2"?, 37%and 4" central moments
(2, pns and py) to obtain the expressions for the measure of skewness y; and measure of kurtosis o
of AALD. We have computed the values of mean, variance, ; and 5 of AALD for some particular
choices of p and presented in the Table[AT|in Appendix. Figure[in Appendix presents the skewness
and kurtosis plots of AALD(p). From Table [AT] and Figure [ it is observed that v; > 0 for 0 <
p<1l,711 <0forl < p < ooand~y; = 0for p =1, indicating that AALD is positively skewed
(or right-skewed) for 0 < p < 1, negetively skewed (or left-skewed) for 1 < p < oo and symmetric
for p = 1. Further, the coefficient of kurtosis of AALD, ~, is always greater than 3, indicating that
AALD is leptokurtic in nature for all values of the parameter. Also, when p=1, the AALD reduces
to standard Laplace distribution with y; = 0 and 72 = 3.

Proposition 2.4. For any r€ (—1/p, 1), the moment generating function (mgf) of the AALD(p) is
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the following:
B 1
S l=[pt?+ (1= p)t]

Corollary 2.2. For any t € R and ¢ = v/—1, the characteristic function of the AALD(p) is given
by

My (t)

1
1+ pt2 — (1 - p)it’

Py (1)
Proposition 2.5. The n'" cumulant K,, of the AALD(p) is given by

o - (n—=1D!Y1-p"); nisodd
(n—=D!Y1+4p"); niseven.

In particular, first four cumulants of the AALD are as follows

Ki=1-p,
Ky =1+p%
K3 =2(1-p°),
Kq=6(1+p").

Now we derive the expression for quantiles of alternate asymmetric Laplace distribution using the
cdf obtained in (2.2) which is available in closed form.

Proposition 2.6. The quantile function of the AALD(p) is given by

d+p)t | . o
Q) =Y, = plog[ 2 } 0<t=q5
—log[(1+p)(1—1)]; T <t<L

In particular, the first quartile of the AALD(p) is

4 ) 1
Q1 ="Yo25 = log[g(lﬂ)}’ 0<r=3
plog [%} ip> 1L
The second quartile (median) of the AALD(p) is
2 .

Q2 =Yo50 =
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and the third quartile of AALD(p) is

1 7.
Q3 =Yo7 = log[m}, bersd
plog [3%”] p>3.

Next we present the expression of a well-known entropy measure used in information theory as
a measure of variation of uncertainity. We derive the expression for Rényi entropy of the alternate
asymmetric Laplace distribution through the following proposition.

Proposition 2.7. The Rényi entropy of the AALD(p) is given by

Tr(0) =3 i o8 {7(1 +1p)“} ’

where v > 0 and v # 1.

Certain reliability measures such as survival function, hazard rate function, mean residual life
function are presented through the following propositions.

Proposition 2.8. The survival function of AALD(p) is given by

Yy
1+p—per .

=5—5 vy <0
S(y) = _(1+p)
f+'p; y > 0.

The proof immediately follows from the definition of survival function.

Proposition 2.9. The failure rate function or hazard rate function of the AALD(p) is given by

Yy
%; y<0
h(y) = { 1+o=ve?

1; y > 0.
The proof directly follows from the definition of hazard rate function and is, hence, omitted.

Proposition 2.10. The mean residual life function (MRLF) of AALD(p) is given by

p2eP —pP—py—y
= y<0
m(y) = 14+p—per

1; y > 0.

In continuous distribution theory, the tail probabilities are of considerable significance both in
theoretical and applied contexts. They describe the likelihood that a continuous random variable
takes the values in the extreme regions of its domain- far from the central tendency of the distribu-
tion. These probabilities are widely used in reliability, survival analysis, insurance, risk manage-
ment, climatology, hydrology etc. The expression for tail probabilities of the AALD is as follows.
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Proposition 2.11. The tail probability of the AALD(p) for left tail and right tail are

pe% e Y
P(Y<y)=F(y):(1+p);yS07 and P(Y >y)=1-F(y) = ;

respectively, with the corresponding tail decay rate (1/p) and 1.

The tail probability determines how quickly the tail of a distribution vanishes as y — oo or
y — —oo. The tail probabilities often becomes very small as the value of y increases. So, on a
linear scale, small probabilities near zero becomes visually compressed making it hard to see how
the tail behaves. Inorder to have better visibility, we use semilog plot (or semilogarithmic plot) to
visualize the tail probabilities of AALD and presented in Figures in Appendix. Here, z-axis is
linear and y-axis is logarithmic which effectively plots the tail probabilities versus y-values. The
slop of the plot denotes the rate of tail decay. For AALD, both left and right tails exhibit exponential
decay, but with different tail decay rates. For left tail, the tail decay rate is % and it depends on the
value of the parameter p. Also, it exhibits heavier tails for 0 < p < 1. For right tail, the tail decay
rate is 1 for all values of the parameter p. For p = 1, both tails decay at same exponential rate 1.
Therefore, AALD has heavier tails than normal distribution, whose tails decays superexponentially.

Next, we derive the distribution of order statistics and moments of k" order statistics of alternate
asymmetric Laplace distribution.

Suppose Y1, Ya, ..., Y, be a random sample of size n from AALD(p) with pdf and cdf given by
@ and @]) respectively. Let Y7., < Ys.,, < --- < Y., denote corresponding order statistics.
Then for k& > 1, the pdf and ¢*" order moment of k** order statistic Y., are presented through the
following propositions.

Proposition 2.12. The pdf of k'" order statistic of the AALD(p) is given by

pk—l ry pe% n—k
Foo () = —— are’ |- y<0
Yiin B(k,n—k+1) n—ki1) RS
e -l vz
T(m)T(n)

where B(m,n) = NCEDR

Corollary 2.3. The pdf and cdf of the largest order statistic Y;,.,, = max(Y1,Ys,...,Y,) are

n—1_,—"
_ n ptT e y<0
fYn:n(y) - (1+p)n 7y et
e ¥(l+p—e )" y=>0,
and
1 p”e%; y <0
FYn:n(y) = (1+p)n
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Corollary 2.4. The pdf and cdf of the smallest order statistic Y7.,, = min(Y7, Y5, ...,Y,,) are given
by

n—1

f () n %[1+p pen] C y<0
Y1, \Y) = (1—|—p)n -
e rLy; yZO’
and
[1+pfpe%:|n
Fy, ., (y) = L= gy ¥ <0
1= s y > 0.

Proposition 2.13. The ¢ raw moment of k*" order statistic Yy,., of the AALD(p) is given by

B¥in) = (krflqj = 1) 1+7p ; Z( ~ > p/(1+ )] (1Y [/ (G + B)] Y
Flg+1 [/ +p)] (1)
+B(k7n—k+1)(1+pnk+1z< )n—k+z+1)q+1

2.2 Location-scale extension

In this section, we present the definition and some important statistical properties of location-scale
extension of the alternate asymmetric Laplace distribution.

Definition 2.2. Let the random variable Y follows AALD(p) with pdf (2.1)), then Z=p+0Y is said
to have an extended asymmetric Laplace distribution (denoted by EAALD(p,u,0)) with parameters
p, v and o, with pdf

(z—n)
A A<
f(zipopyo) = ¢ 70D 2.3)
ﬁ% Z 2,

forp >0, —0co < < ocand o > 0.
It is to be noted that,
i) When = 0 and o = 1, the EAALD reduces to AALD.

ii) When p = 1, the EAALD reduces to classical Laplace distribution with location parameter p
and scale parameter o.

iii) When p = 1, u = 0 and 0 = 1, the EAALD reduces to standard Laplace distribution.
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Proposition 2.14. The cdf of EAALD(p,1,0) with pdf is given by

(=)
Trae 7, 2 <
F(zp,p,0) = 0P g (2.4)

_(z—p)
e o .
V=5 z2m

Proposition 2.15. The r" raw moment ji!. of the EAALD(p, u, o) is given by
I — = r r+1 H £ r+1 H
pp = ——— e »2 (=1)"(po) " T(r+ 1, ——) +eo" " T(r+1,=)|.
po o
Corollary 2.5. The mean and variance of the EAALD(p, i, o) are given by

ph=p+o(l—p), and py = o*(1+p?).

Proposition 2.16. The measure of skewness and kurtosis of the EAALD(p, i, o) are given by

ps _ 20°(1—p%) 14 6(1+ p?)
= = d = — — = ——
NEEE T e T =t

Proposition 2.17. Foranyt € (—1/p, 1), the moment generating function (mgf) of the EAALD (p, i, o)
is the following:

et/l.

1—[pt?0? + (1 — p)to]’

Mz(t) =

Corollary 2.6. For any t € R and ¢ = \/—1, the characteristic function of the EAALD(p, 1, o) is
given by

eztu

1+ pt202 — (1 — p)ito”

Dz(t) =
Proposition 2.18. The n'"* cumulant K,, of the EAALD(p, i, o) is given by
p+(n—De(l-p");n=1

Kn=19 (n—1lo"(1—p"); nisoddandn # 1

(n—Dle™(1+ p™) ;nis even.

In particular, cumulants of the EAALD are as follows

Ky = p+o(l-p),
Ky = o*(1+p%),

K3 = 20°(1—p?),
K4 = 604(1+p4)a

Kg = 50400%(1 + p®).
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Proposition 2.19. The quantile function of the EAALD(p, u, o) is given by

+ polo [(1“’)} 0<t<
0" () = 7, = 1+ po log e

p—olog[(1+ p)(1 —1)] ;1+

In particular, the first quartile of the EAALD(p, i, 0) is

p<

W=

(1+p)] 0

falog{ <
4pﬂ):| i p Z

Q1 = Zp2s =

1
3

u+

The second quartile (median) of the EAALD(p, u, o) is

—Ulog[(lﬂ} 0<p<1
Q5 = Zo.s0 =

p+ polog [ )] ip > 1,
and the third quartile of EAALD(p, p, o) is

Ulog[(up)} ;0<p<3
Q3= Zors = )
uﬂmlog[ ( “)} ip>3.

Proposition 2.20. The Rényi entropy of the EAALD(p, i, o) is given by

=3 i 11 [7(1 +1p)”‘1} ’

where v > 0 and v # 1.

Proposition 2.21. The survival function of EAALD(p, 1, 0) is given by

(z—p)
14+p—pe ro

1 _(Z*H) .

m@ 4 V2> M.

2 <

The proof immediately follows from the definition of survival function.

Proposition 2.22. The failure rate function or hazard rate function of the EAALD (p, 1, 0) is given

by
(z—p)
oo
< oo~ 2 < M
h(z) = (1+p pe °° )
1 Z>p
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Proposition 2.23. The mean residual life function (MRLF) of EAALD(p, i, o) is given by

(€=
(+p)p—(+p)z—p*c(1—e P )
(z—p)
m(z) = I+p—pe ¢

o 32> .

z<p

Proposition 2.24. The tail probability of the EAALD p, i, o) for left tail and right tail are

(z=n) (z—p)

pe re e o
P(Z<z)=F(z) = iz2<pand P(Z>2z)=1—-F(z2) = 122>,
(Z<2)=FE) =7 (2> 2) &)= 17

with exponential tail decay rates 1/(po) and 1/c respectively.

Let Zy,Zs, ..., Zy, be arandom sample of size n from EAALD(p, u, o) with pdf and cdf given
by (2.3) and (2.4) respectively. Let Z1.,, < Za., < -+ - < Zp,., denote corresponding order statistics.

Proposition 2.25. The pdf of k' order statistic of the EAALD (p, i, o) is given by

k-1 k(z—p) (z=—p)n—k
fz. () = B(k,n—k+1) 1 (k4 Gp) Lokl
a(l4p)rFT e ’ P—ﬁf ”} 22,
where B(m,n) = %

Proposition 2.26. The q'"* raw moment of k*"* order statistic Zy.,, of the EAALD (p, u, o) is given

by
G+k)p
1 k+q n-k ) e o (j+ k)
q _ Jj+a _ H
1
,n kE+1) 1+p)" kt+1
y k-1 R Pige 1, kit Day
= 1+p (n—k+i+1)a+1 T o '

2.3 Estimation and Testing

In this section, we present the estimation and testing procedures for the parameters of the extended
alternate asymmetric Laplace distribution.

2.3.1 Maximum Likelihood Estimation

Here, we consider the estimation of the parameters p, u and o of the EAALD using the maximum
likelihood estimation (MLE) procedure.
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Let Z1, Z3, Z3, . .., Zn, be a random sample of size n from EAALD with pdf (2.3)). Let Z(;) <
Z2)y < -+ < Z(y) denote the corresponding ordered sample. Then, the log-likelihood function
I(p, p, o) of the sample is given by

1 1
lp,p,0) = —nlogo —nlog(1l+ p) + = D Gi—w)—=> (2 — ), (2.5)

g
Il I2

where ) denotes the summation over the set [; such that [; = {i : Z; < p, fori=1,2,...,m}
I;

and I = {i : Z; > p, fori =m+1,...,n}. Here, the log-likelihood function is a continuous
function in each parameter, but is not differentiable at Z;=u;7 = 1,2, ..., n. Thus, we assume that
Zi#u ;i =1,2,...,nto obtain the likelihood equations.

Assume that p, ji and & be the maximum likelihood estimator (MLE) of the parameters p, u and
o of the EAALD. On differentiating the log-likelihood function given in equation (2.5) with respect
to the parameters and equating to zero, we obtain the following likelihood equations.

l(p, p, o) n (2 — )

Ho1nT) _ g o - =0, 2.6)
dp (1+p) ; p*o

al(p, M, U) _ n (ZZ - M) (Zi — M) _

o 0T ol L O @7

On solving the equation (2.6), we obtain the maximum likelihood estimator of parameter p of
EAALD as

np*o+ Y (zi—pp+ Y (zi—p) =0
11 11

:>/3:ﬁ{—Z(zi—ﬂ)i({Z(zi—ﬂ)}2—4n02(zi—ﬂ)) }

Iy I
2
Since the range of variation of the parameter pis 0 < p < oo, ({Zh (z; — ﬂ)} —dnod; (zi — ﬂ))

should be greater than — > (z; — [i). Therefore, the MLE of the parameter p of EAALD is
Iy

=[S+ ((C -} —ane Y @ -m)]

I I I

[N

On solving the equation (2.7), we obtain the maximum likelihood estimator of parameter o of
EAALD as

npo—l—Z(zi—u)—pZ(zi—u):O = 0= Z(Zi—ﬂ)—iz:(zi_ﬂ)~
I, I>

n/\
12 p Il

S|

It is to be noted that, the log-likelihood function in (2.5) is not differentiable at z; = p ;i =
1,2,...,n so, we obtain the MLE of u as follows. Let us consider the log-likelihood function

Nl=
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in (2.5) in which only the last two terms (1/pc) > (z; — p) and (1/0) > (2; — i) depends on

1 12

parameter u. Let us arrange the data suchthat, z(1) < z2) < -++ < z@p) < -+ < 2(y) be the
order statistics. Consider two consecutive order statistics such that z(,,,) < g < 2(pm41)- On each
interval (Z(;m), 2(m+1))» the log-likelihood fuction is a linear function in u. Therefore, the derivative
of log-likelihood function with respect to parameter i is

l 1 1
oppo) 1,1,
o po o
where n_ and n be the number of observations below and above p such that n_ 4 n, = n. Here,
m observations are below y and (n — m) observations are above parameter L.

ol(p, o) 1 1 1 [m ] |

e =2 2.8)

ou po o olp
This derivative is a constant within the interval and depends only on the number of data points on
each side of p. To determine the MLE of parameter £, we equate derivative in (2.8) to zero and

yields
P

m = ——n.
1+p

Further, the fraction of observations below [ is p/(1 + p). Therefore, the MLE of parameter p of

EAALD is obtained as

[ = empirical quantile of order T id

The uniqueness of the obtained maximum likelihood estimators is established by showing that
Hessian matrix to be a negetive definite in all interior points of the parameter space. The Hessian
matrix denoted by H(@) (where © = (p, u,0)), is the second order partial derivative of the log-
likelihood function with respect to parameters p and o, computed at p = p, u=ft and 0 = 6. For
EAALD, the Hessian matrix is given by

H(é): ail a2

az1 a2
where
&L (p, 1, 0) n (2 — )
a = = +2 -
11 apZ (1 + p)2 Izl O-p3
01 (pv s 0) (Zl — /L)
a2 = an:W:ZTpQ’
Pl(p,p,0) _ n (zi — 1) (zi — )
= ———FF=—+2 —_— =2 —_—,
22 do? o? + ; po ; o3
1 2

and it is computed at p = p, up = jiand 0 = &.
Next, we test the significance of the additional parameter p of the proposed model EAALD using
generalized likelihood ratio test procedure.
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2.3.2 Generalized likelihood ratio test

In this section, we use the generalized ratio test (GLRT) for testing the significance of the parameter
p of the EAALD. Here, we test the null hypothesis Hy: p = 1, 4 = 0, 0 = 1 against the alternative
Hy: p#1,u+# 0,0 # 1. The test statistic is given by,

Supgeo L(0*|2)

~ , 2.9)
Supgeo L(O|z)

LRT = —2In l

where © is the maximum likelihood estimates of O©=(p,u,0) with no restriction and ©* is the maxi-
mum likelihood estimates of ©=(p,,0) when p = 1, 4 = 0 and o = 1. The test statistic given in
(2.9) asymptotically follows chi-square distribution with one degree of freedom.

3 Simulation

In this section, we analyse the performance of the maximum likelihood estimators of EAALD by
conducting a simulation study. Using the software MATHEMATICA, a finite sample of size (n)
is generated using inversion method and the parameters are estimated using maximum likelihood
estimation procedure. The initial values of the parameter used to generate data represent different
skewness scenarios, with (i) p = 0.100, 4 = —5.000, 0 = 2.000 and (ii) p = 0.030, x = —2.000,
o = 11.000 representing positive skewness and (iii) p = 4.000, p = —12.000, ¢ = 7.000 and (iv)
p = 1.100, p = —15.000, 0 = 8.500 representing negetive skewness. For each parameter setting,
independent samples of sizes ranging from 20 to 500 are generated from EAALD and computed
their mean square errors and absolute bias. We considered 1000 replications per scenario to ensure
the robustness of the results. Tables 1-2 presents the mean value of maximum likelihood estimators
of p, p and o of the EAALD along with their respective mean squared errors (MSE) and absolute
bias. From Tables 1-2, it can be observed that as the sample size increases, absolute bias and MSE
of the estimator decreases and the mean value of the estimator approaches to its original value.

4 Applications

In this section, we numerically illustrate the usefulness of the proposed model EAALD using two
real-world data sets from distinct fields- environmental-engineering and cancer research. The first
dataset is taken from |[Etaga et al.| (2023), represents vinyl chloride data from clean upgradient
ground-water monitoring wells in (g/L). It has 34 observations. The second dataset represents the
survival times (in years) of a group of patients who received chemotherapy treatment alone. The
data is taken from |Chesneau and Artault (2021) and has 46 observations. Further, the proposed
model EAALD is compared with the existing models - asymmetric Laplace distribution (ALD')
of [Kozubowski and Podgérski (2000), asymmetric Laplace distribution (ALD?) of |Yu and Zhang
(2005), alpha skew Laplace distribution (ASLD) of [Shams Harandi and Alamatsaz (2013), skew
normal distribution (SND) of |Azzalini| (2005)), skew-¢ distribution (SfD) of |Jones and Faddy|(2003),
skew logistic distribution (S/D) of [Nadarajah| (2009), modified skew logistic distribution (MS/D) of
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Table 1: The parameter estimates, MSEs and absolute bias for the simulated samples of EAALD.

Initial value of the parameters  Sample size

(positive skewness) (n) Parameters Estimates MSE Absolute bias
) 20 p 0.001 9.700 x 1073 0.099
-5.368 0.156 0.368
2.059 0.189 0.059
50 p 0.002 9.600 x 1073 0.098
-5.182 0.083 0.182
2.056 0.121 0.056
100 p 0.003 9.500 x 1073 0.097
-5.108 0.035 0.108
2.041 0.074 0.041
200 p 0.004 9.300 x 1073 0.096
-5.029 0.004 0.029
1.987 0.007 0.013
500 p 0.013 8.200 x 1073 0.087
-5.006 0.002 0.006
1.997 0.002 0.003
(i) 20 p 1.000 x 107*  1.700 x 1072 2.990 x 1072
-2.105 0.333 0.105
10.803 1.041 0.197
50 p 2.000 x 10~*  8.000 x 10~* 2.980 x 10~ ?
-2.098 0.092 0.098
10.974 0.497 0.026
100 p 4.000 x 107*  7.000 x 107*  2.960 x 1072
-2.084 0.045 0.084
11.009 0.214 0.009
200 p 5.300 x 1073 3.000 x 10™%  2.470 x 1072
-1.989 0.042 0.011
10.995 0.035 0.005
500 P 1.220 x 1072 1.000 x 10=*  1.780 x 1072
-1.992 0.009 0.008

11.002 0.003 0.002
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Table 2: The parameter estimates, MSEs and absolute bias for the simulated samples of EAALD.

Initial value of the parameters

Sample size

(negative skewness) (n) Parameters  Estimates MSE  Absolute bias

(iii) 20 o 3.929 0.955 0.071
-12.231 3.802 0.231

o 6.772 1.1622 0.228

50 p 4.069 0.383 0.069
L -11.843 0.7290 0.157

o 6.815 0.919 0.185

100 p 3.949 0.122 0.051
-12.083 0.309 0.083
7.060 0.470 0.0603

200 p 3.956 0.087 0.044
n -11.943 0.131 0.057

o 7.026 0.118 0.026

500 o 4.037 0.067 0.037
m -12.016 0.103 0.016

7.020 0.117 0.020

@iv) 20 P 1.011 0.081 0.089
m -15.361 1.651 0.361

7.994 1.899 0.506

50 p 1.033 0.040 0.067
w -15.274 0.896 0.274

8.406 0.901 0.094

100 p 1.165 0.033 0.065
-15.119 0.450 0.119

o 8.431 0.313 0.069

200 p 1.038 0.031 0.062
n -15.099 0.217 0.099

o 8.451 0.260 0.049

500 p 1.081 0.024 0.019
L -15.061 0.177 0.061

o 8.536 0.242 0.036
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Kumar and Manju! (2015)) and extended asymmetric double lindley distribution (EADLD) of [Kumar,
and Jose| (20235)) to highlight the suitability of the model.

For examining the preliminary aspects of the data sets, we have computed the descriptive statis-
tics such as mininum value, first quartile (¢)1), second quartile (Q2), third quartile (¢)3), maximum
value, mean, mode, standard deviation (S.D) and coefficent of variation (C.V) given in Table[A2]in
Appendix.

Using the MATHEMATICA software, we have fitted EAALD to both data sets by utilizing
maximum likelihood estimation procedure discussed in Section We have also considered the
fitting of the models, ALD', ALD?, ASLD, SND, S/D, SID, MS/D and EADLD, for comparison
and the numerical results are presented in Table [3] and Table [ respectively. We have computed the
P-value and Kolmogorov Smirnov Statistic (KSS) value associated in both the cases. For model
comparison, we have used some well known information measures: Akaike’s Information Criterion
(AIC), Bayesian Information Criterion (BIC) and corrected Akaike’s Information Criterion (AICc).
From Tables we can observe that EAALD has the maximum P-value, least KSS value, least
AIC, BIC and AICc values, indicating a superior fit compared to the existing models. Therefore, it
can be learnt that EAALD is more appropriate for modelling these data sets compared to the existing
alternate models and hence, it can be viewed as an alternative to ALD', ALD?, ASLD, SND, S/D,
SID, MSID and EADLD. We have plotted the fitted density plot as well as empirical and theoretical
cdf plots corresponding to ALD!, ALD?, ASLD, SND, SD, S/D, MS/D, EADLD and EAALD for
both the data sets and presented in Figures

Rather than solely depending on the model with minimum AIC, we have computed the Akaike
weight to provide a probabilistic context to support model choice. The concept of Akaike weight
(or Probability of betterment), introduced by [Burnham and Anderson| (2002), provides a way to
quantify the relative likelihood that a model is the best among the set of candidate models based on
AIC values. It is the probability that model j is best among the set of candidate models, given the
data and models considered, and is given by

__exp(=4;/2)

= — : @1
Z:l exp(—6,/2)

J

where wj is the weight for model j, R is the total number of models and &; = AIC of j** model - AIC
of model having minimum value. Here, the Akaike weights has been computed for ALD!, ALDZ?,
ASLD, SND, StD, SID, MS/D, EADLD, EAALD and we denote it as wy, ws, W3, W4, W5, We, W7,
wg and wy respectively. The percentage chance that the model is best among candidate models is
obtained as w; x 100. The numerical results are presented in Table[A3]in Appendix. From Table[A3]
it is seen that EAALD has 98.178% and 91.202% probability that it is best among the set of models
considered for analyzing these data sets. These results also highlight the suitability of EAALD in
modelling these data sets.

The uniqueness of the obtained MLEs of the parameters of EAALD is established by showing
the Hessian matrix H(@) to be a negetive definite. We have computed the Hessian matrix H(@) and
their corresponding eigen values using the MLEs p, /i and 6 for both the datasets. For data set 1, the
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Figure 2: The fitted density plot and empirical and theoretical cdf plot of vinyl chloride data.
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Figure 3: The fitted density plot and empirical and theoretical cdf plot of chemotherapy data.

Hessian matrix is obtained as

—251.172  —0.232
—-0.232  —10.626

with its corresponding eigen values —251.172, —10.626. Similarly, for data set 2, the Hessian matrix
is obtained as

—22732.680 —16.905
—16.905 —27.966

with its corresponding eigen values -22732.700, -27.953. Since, all eigen values are negetive, the
obtained Hessian matrix H(O) is a negetive definite for both the datasets. Hence, the MLEs obtained
for the parameters of EAALD for both the data sets are unique.

Next, we adopt the generalized likelihood ratio test procedure discussed in Section [2.3.2] to test
the null hypothesis Hy: p = 1, 4 = 0, 0 = 1 against the alternative Hy: p # 1, u # 0, o # 1. The
numerical results obtained are presented in Table [Ad]in Appendix. Based on the computed values
of the likelihood ratio test statistic (LRT) and their associated P-values in Table [A4] it is evident
that the null hypothesis is rejected for both data sets under consideration. These results highlight
the significance of the parameter p of the EAALD and affirm the suitability of the proposed model
EAALD in analyzing the two data sets considered in this article.



Alternate Asymmetric Laplace Distribution: Properties and Applications 19

5 Conclusion and Discussion

This study proposes a simple yet flexible “alternate asymmetric Laplace distribution (AALD)”’that
extends the classical Laplace law through a single shape parameter (p). The parameter governs both
skewness and tail thickness, enabling a smooth transition from the symmetric Laplace model (p = 1)
to asymmetric heavy-tailed forms (p > 0). Unlike many multi-parameter generalizations, the AALD
maintains analytical tractability while providing sufficient flexibility for modelling asymmetric data.
Closed-form expressions have been derived for the pdf, cdf, moments, moment generating function,
quantiles, entropy, and order statistics, demonstrating the internal coherence and theoretical rich-
ness of the model. Its compact form allows efficient computation and straightforward parameter
estimation using standard inferential techniques. The location-scale extension of AALD, named
“the extended alternate asymmetric Laplace distribution (EAALD)”is introduced and the parame-
ters are estimated using maximum likelihood estimation procedure. To evaluate the significance of
the parameter, we employ GLRT. The practical applicability of EAALD is demonstrated through
analyses of real-world data sets from environmental-engineering and cancer research, illustrating its
superior fit compared to existing models. The proposed model is particularly relevant for applica-
tions where skewness and heavy tails are prominent, such as environmental-engineering, reliability
analysis, financial risk modelling, survival analysis and environmental data studies . Owing to its
balance between parsimony and flexibility, the model offers a practical and interpretable alterna-
tive to existing asymmetric distributions. In addition, a simulation study is conducted to evaluate
the performance of the maximum likelihood estimators under various sample sizes and parameter
settings.

In essence, the proposed AALD offers a rare combination of simplicity, interpretability, and an-
alytical completeness. With a single shape parameter (p), it flexibly captures a wide spectrum of
distributional forms - right-skewed and heavy-tailed when (0 < p < 1), symmetric when (p = 1),
and left-skewed and heavy-tailed when (p > 1). This versatility, combined with closed-form expres-
sions for important characteristics, makes the AALD a robust and elegant extension of the Laplace
family, suitable for both theoretical developments and practical applications involving asymmetric or
heavy-tailed data. Future research may explore its regression, multivariate, and mixture extensions
to broaden its applicability.
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Al Appendix
Al.1 Proof of Proposition [2.1]

For y < 0, the cdf is

o ke

Yy
e e r
F(y;p)=/(1 dy = L
—oo

And for y > 0, the cdf of the AALD is

0

Flyip) = /(1+p)dy+/(1+p)dy

(1S
<

= 14p)—e™?
A e
e~ Y
a (1+p)
Al1l.2  Proof of Proposition 2.2]
The r** moment of AALD is obtained as
p = EQX7)
1 0 00
= — Terdy + [ yTe Vd
1+p /y Y /y Y
—00 0
1
= — (=) (r+1)+T(r+1
= [T D) + T+ 1)
! 1—p'tlirisodd
1L+p 14 p"t i riseven
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Al1.3  Proof of Proposition 2.4]

By definition, the moment generating function of AALD is

My(t) = B(e™)

0 [eS)
_ [/ €(t+%)ydy—|—/ e(t—l)ydy}
1+ P —00 0

1 L
1+p (t+;) (1—1)
P

1 1

(1—t) (1+pt)
= 1 ; te (—1,1).
1—[pt? + (1 - p)t] P

Al.4  Proof of Proposition 2.5

The cumulant generating function of AALD is

Ky(t) = iKng (AL1)
= log[My(t)]
= lo { !
I PPN T
= —log [1 — [th + (1 - p)t]] ) (AL.2)

On expanding the logarithmic term in (AT.Z)), we get

Ky(t) — [pt2+(1fp)t}+[pt%r(;*p)t] +[pt2+(?1)*p)t} +[pt2+(11;p)t] .
= [pP+(1-p)t] + ot Hl_p); 201 =)t

[pt* + (1 = p)t] [p*t" + (1 = p)*t* + 2p(1 — p)t’]
3
N [Pt + (1= p)*t? + 2p(1 — p)t°] [p*t" + (1 = p)*t* + 2p(1 — p)t°] N
4

+

Now, we equate the coefficients of % in the right hand side of li and li to obtain the n!* cumulant of
the AALD as

_ ' _ Y. :
K, — (n—=1)11=p");nisodd . (A13)
(n—=1N1+ p™);niseven
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Al1l.5  Proof of Proposition [2.6]

P
For0 <t < Tt

Yt

Fly)=t = 2°

L+p

P
However, if i <t<l1,

1+p—e ¥
1+p

Al1.6 Proof of Proposition 2.7

=1

=t = yt:plog{

= ye = —log[(1+p)(1 —1)].

By definition, Rényi entropy of a distribution with pdf (-) is

1 oo
I (1) = —log / P @y,
where v > 0 and v # 1. Thus, the Rényi entropy of AALD with pdf (2.1) is
1 o0
I = 1 "(y)d
r(7) o og[wf (y)dy,

in which

/_o; f(y)dy = ﬁ U_Ooo v dy+ /Ooo e_“’ydy} T

Thus the entropy of AALD is obtained as

Al1.7  Proof of Proposition 2.10]

By definition, the mean residual life function i

m(y) =
For y < 0, MRLF of the AALD is

s given by
E[Y —y|lY >y].

Y
pler —p* —py—y

and for y > 0, MRLF of AALD is given by

m(y) =

y
1+p—per

1 oo
1_71%)/” (1= F(t))dt

1 [e’e} —t
efy/ 16 dt
+p “Y tp
1.
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A1.8 Proof of Proposition 2.13|
By definition,

E(qun) = /oo yqfYk:n (y)dy

—o0

1 k—1 0 N 4
- : / P
Blkon—k+D)Q+pr /) Y 1+p

1 1 % 4 —(n—k+l)y e 1M
1-— dy.
* B(k,n—k+1)<1+p>nfk+1/o ve 1+p]

Using binomial expansion in the above equation leads to

n—k

1 pkfl /0 ky n—k p J o Jy
EBE(Y? = a — —-1)’ d
( k::n) B(k,n_k:"‘l) (1+p)k _Ooy er J§=:O ] 1+p ( ) er ay
+ L L /Oo qe—<"—’“+1>yk§ k-1 1 i(_1)ie—iyd
Bk,n—k+1) (L+p) 1 fy 7 : T+p Y

=0 (3

1 pk_l iy n—k p j( 1)j /0 q (M—J)yd
= — — B
Blk,n—k+1) (1+ p)F 2 . 1+p ve 4

Jj= J >
1 1 [ k-1 1\ >0
- 1y G g—(n—k+itly g
- B(k,n—k+1><1+p>n*k+1; ; (1+p) ( )/o ve dy
Now, on integration we get,
k—1 mnzk J (g+1)
E(YL) = I(g+1) P Z n—k < P ) (71)j+q ( 4 )
N R (R Lr = W AV S
k-1 i

B(k,n—k+1) (14 p)n—r & i 1+p (n—k+i+ 1)+’

A1.9 Data set 1 used in Section 4

5.1,1.2,1.3,0.6,0.5,24,0.5, 1.1, 8.0,0.8, 0.4, 0.6, 0.9, 04, 2.0, 0.5, 5.3, 3.2, 2.7, 2.9, 2.5, 2.3, 1.0, 0.2, 0.1,
0.1,1.8,09,2.0,4,6.8,1.2,04, 0.2.

A1.10 Data set 2 used in Section 4

1.485, 1.553, 1.099, 1.219, 1.271, 0.047, 0.115, 0.197, 0.203, 0.296, 0.334, 0.395, 0.458, 0.466, 0.501, 0.507,
0.529, 3.658, 3.743, 3.978, 0.26, 0.282, 0.534, 0.54, 0.57, 0.641, 0.644, 1.326, 1.447, 1.581, 1.589, 2.178,
0.121,0.132, 0.164, 2.343, 2.416, 2.444, 2.825, 2.83, 3.578, 0.696, 0.841, 0.863, 4.003, 4.033.
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Figure 4: The skewness and kurtosis plots of the AALD(p).
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Figure 5: The left and right tail probability of the AALD(p) at p = 0.1.
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Figure 6: The left and right tail probability of the AALD(p) at p = 1.
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Figure 7: The left and right tail probability of the AALD(p) at p = 2.4.
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Table Al: The values of mean, variance, skewness and kurtosis of AALD(p) for particular choices
of the parameter p mentioned in Proposition

P 1 12 20! 72
0.100  0.900 1.010 1968  5.882
0250  0.750 1.062 1798 5.336
0300  0.700 1.090 1710 5.091
0.500  0.500 1.200 1252 4.080
0750  0.250 1562 0592  3.235
0900  0.100 1810 0223  3.033
1.000  0.000 2000  0.000 3.000

1.500 -0.500 3.250 -0.811  3.444
3.000 -2.000 10.000 -1.040  4.920
5.000 -4.000 26.000 -0.734  5.556
7.500 -6.500 57.250 -1.943  5.794
10.000  -9.000 101.000 -1.968  5.882
20.000  -19.000  401.000 -1.993  5.970
50.000  -49.000  2501.000 -1.999 5.995
100.000  -99.000 10001.000 -1.999 5.999

Table A2: Descriptive statistics of the data sets of Section

Dataset  Min Q1 Q2 Qs Max  Mean S.D. C.V.

1 0.100 0.500 1.150 2.500 8.000 1.879 1953 1.039
2 0.047 0395 0.768 2.178 4.033 1325 1.238 0934
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Table A3: Probability of betterment for the models of Section

Dataset Model w; % chance of being the best
1 ALD(u,0) 7.322 x 1074 0.073
ALD?(y, p, o) 5.910 x 107*° 0.000
ASLD(a,p,0) 1.661 x 1077 0.000
SND(\, p1,0) 0.172 1.725
StD(a, b, ) 2.363 x 1074 0.027
SID(\, p, o) 4.748 x 1025209685 0.000
MSID(B,6, 1, o) 3.183 x 1077 0.000
EADLD(0,k,pu,0)  1.568 x 107100510919 0.000
EAALD(p) 0.982 98.178
2 ALD*(pu, o) 2.197 x 1074 0.022
ALD?(v, u,0) 9.018 x 10716 0.000
ASLD(a, i, o) 2.622 x 10717 0.000
SND(\, p,0) 0.088 8.776
StD(a,b, 1) 6.613 x 1077 0.000
SID(\, p, o) 1.365 x 10712204545 0.000
MSID(B,6, u, o) 1.357 x 1077 0.000
EADLD(0,k, j1,0) 5.906 x 107** 0.000
EAALD(p) 0.912 91.202

Table A4: Testing the significance of parameter of the EAALD using GLRT of Section Ell

Dataset L (é* |z) L (é) | z) LRT P-value

1 4.976 x 1073°  4.787 x 107%* 27.554 < 0.0001
2 1.633 x 10733 1.227 x1072%  36.270 < 0.0001
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