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SUMMARY

This study employs advanced statistical techniques, namely Maximum Likelihood Estima-
tion (MLE) and Bayesian inference, to estimate the parameters of a weighted exponential
regression model for panel data, accounting for both fixed and random effects. The empiri-
cal analysis utilizes monkeypox incidence data from the Americas, Africa, and Europe over
the period 2022–2023, complemented by simulated datasets of varying sample sizes (15,
30, 45, and 60) to thoroughly evaluate the model’s performance. A comparative analysis
using the Mean Absolute Percentage Error (MAPE) criterion reveals that the Bayesian es-
timation method for random effects outperforms both the fixed effects model and the MLE
approach for both fixed and random effects. Additionally, the model is used to forecast
monthly infection rates over the next six months, with the Bayesian random effects model
indicating a significant decline in infection rates, approaching near-zero values. This high-
lights the Bayesian framework’s ability to accurately capture and predict the dynamics of
the weighted exponential regression model in panel data contexts involving random effects.
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1 Introduction

The emergence of infectious diseases, such as monkeypox, which have raised significant global
health concerns since 2022, has spurred increased scholarly attention on the application of advanced
statistical models in epidemiological studies. Research has largely focused on understanding the
transmission dynamics of these diseases and identifying their underlying determinants, with par-
ticular emphasis on utilizing panel data. Models that incorporate temporal effects are especially
valuable in this context, as they facilitate the examination of disease transmission across both time
and geographical space. This growing interest spans multiple disciplines, notably economics and
public health, alongside a transition from cross-sectional to panel data analysis. One key advantage
of panel data is its ability to link cross-sectional observations with multiple time periods, thereby
improving the precision of predictive models. The Hausman test is commonly employed for estimat-
ing fixed or random effects in panel data models, and many scholars have explored its application.
Moreover, some researchers have expanded on this by using advanced estimation methods, such as
Bayesian analysis, which treats parameter values as random variables influenced by prior distribu-
tions, as opposed to fixed values. In this framework, prior knowledge about the parameters can be
expressed through a prior distribution, and a posterior probability function is derived by integrating
available information to refine the estimation process. The weighted exponential model has emerged
as a powerful tool for modeling the transmission of infectious diseases, effectively predicting non-
linear increases in infection rates across time and regions.

Morawetz (2006) emphasized the importance of Bayesian analysis for panel data, especially
in scenarios with limited prior knowledge, using a simulation-based approach with a Gaussian
prior distribution. Similarly, Cheruiyot et al. (2016) applied the Laplace method to estimate a
two-parameter Weibull distribution using Bayesian methods, finding that the variances of the mea-
surement scale parameter α were smaller compared to those from the Lindley approximation, and
similar to those obtained via maximum likelihood estimation (MLE). To address the limitations of
traditional methods like Generalized Method of Moments (GMM) and MLE, Leorato and Mezzetti
(2016) introduced the use of a separable variance matrix with Bayesian methods for spatially sup-
ported panel data. Al-Noor and Hussein (2018) employed Monte Carlo simulations with symmetric
and asymmetric loss functions to explore Bayesian estimates of the weighted exponential distribu-
tion parameters, using fuzzy data with reliability functions. In a similar, Zhang (2020) applied a
nonparametric Bayesian approach to random effects panel data, achieving highly accurate estimates
for investment rates of various enterprises in Monte Carlo simulations. Furthermore, Kasilingam
et al. (2021) utilized the exponential model to forecast COVID-19 transmission rates, integrating
machine learning algorithms to predict early containment indicators, considering factors such as
infrastructure, regulations, and the disease itself. Recently, the Bayesian approach has gained trac-
tion in epidemiological modeling due to its flexibility in managing uncertainty and its capacity to
update prior knowledge with new data. Gu and Yin (2022) demonstrated the superior stability
of Bayesian estimates over conventional methods in estimating transmission coefficients for the
SIR model, particularly in cases of regional heterogeneity or data scarcity. Riad et al. (2022) ap-
plied both Bayesian and classical estimation methods to estimate the parameters of a two-parameter
asymmetric weighted exponential distribution. Similarly, Liao et al. (2023) used Bayesian estimates
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with the SIR model, applying directed acyclic graphs to assess monkeypox’s fundamental reproduc-
tion number and epidemiological spread. Das (2024) and Ngungu et al. (2023) further expanded
this work, creating a dimensionally consistent model to analyze monkeypox’s spread in relation to
non-pharmaceutical interventions and quarantine measures. Heuts et al. (2025) explored Bayesian
methods in cardiovascular disease research, outlining both advantages and limitations in the context
of randomized controlled trials. Abiola et al. (2025) also highlighted the robustness of integrating
Bayesian hierarchical models with panel data for investigating regional variations in disease trans-
mission. This study adopts such a framework, applying a weighted exponential regression model
with both fixed and random effects to analyze monkeypox transmission. However, challenges arise
from the model’s sensitivity to abrupt shifts in health policies or individual behaviors, complicat-
ing its application in infectious disease modeling. To mitigate these challenges, scholars like Qian
et al. (2025) have combined Bayesian methods with exponential models to improve predictive ac-
curacy. Qian’s study, using nonlinear least squares for sensitivity analysis, developed a novel model
to investigate MPOX, forecasting a persistent outbreak of chickenpox in the U.S. in the near future.
The existing literature underscores the potential of integrating Bayesian analysis with the weighted
exponential model for panel data to provide a promising framework for understanding monkeypox
transmission dynamics, considering temporal and spatial variations and the impact of various pre-
ventive measures.

This study utilizes a weighted exponential regression model, incorporating both fixed and ran-
dom effects, to predict monthly monkeypox infection rates across the Americas, Africa, and Europe.
The first section of the study reviews relevant prior research. The second section introduces panel
data, the weighted exponential regression model, and the estimation of fixed and random effects
using both Bayesian and maximum likelihood methodologies. The third section presents a com-
parative analysis of estimation methods through simulation. The fourth section applies the model to
real-world data, presenting observed monthly infection rates alongside their corresponding forecasts.
The fifth and final section discusses key findings, offering insights into the model’s effectiveness and
its implications for future research.

2 Materials and Methods

2.1 Panel data

Over the past decade, panel data has garnered significant attention, particularly in the fields of
economics and health, due to its ability to simultaneously incorporate both time-series and cross-
sectional data, thereby accounting for the effects of changes across these dimensions (Baltagi, 2015).
Panel data models generally fall into four categories: pooled regression, fixed effects, random ef-
fects, and mixed effects models. In this study, the fixed or random effects of the weighted exponential
regression model were identified using the Hausman test (Hausman, 1978). Since the fixed term is
excluded from the model, pooled effects are not considered. The hypothesis for this analysis is as
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follows:

H0 : The random effects model, rather than the fixed effects model, is appropriate

H1 : The random effects model is not appropriate.

If the p-value is below 0.05, we reject the null hypothesis and conclude that the model with constant
effects is more suitable. The parameters of the panel data model were estimated using two distinct
approaches: the Bayesian estimation method, which accounts for variable parameter values, and the
Maximum Likelihood Estimation (MLE) method, which assumes fixed parameter values.

2.2 Weighted exponential regression model

Consider that the probability density function for the random variable x, representing time, in the
weighted exponential regression model is as follows (Nasiri et al., 2011)

Yi =
α+ 1

α
λe−λxi(1− e−αλxi) + ϵi,

where α>0 is the shape parameter, the scale parameter λ>0, and ϵ is the random error. The weighted
exponential model was recast by Widiharih et al. (2013) using the following formula, which was
applied in this study:

Yi = e−αxi(1− e−λxi) + ϵi. (2.1)

Equation (2.1) can be rewritten as:

Y (X) = ϕ(X, θ) + ϵ, (2.2)

where θ = (α, λ).
This can be further expressed using Taylor’s series expansion of ϕ(X, θ) at the first derivative as

(Kamar et al., 2021; Obead et al., 2024):

E(Yi) = ϕ(xi, θ) = ϕ(xi, θ0) +

2∑
j=1

∂ϕ(xi, θ0)

∂θj

∣∣∣
θj=θj0

(θj = θj0),

where θj0 is the parameters’ initial values.
Moving ϕ(xi, θ0) to the left side of the equation, we get (Obead et al., 2024)

Yi − ϕ(Xi, θ0) =

2∑
j=1

X∗
ijβj0 + ϵi, i = 1, 2, . . . , n, (2.3)

where

X∗
ij =

∂ϕ(xi, θ)

∂θj

∣∣∣∣
θj=θj0

and βj0 = θj − θ0j .
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As a result, a panel model weighted exponential regression model written in matrices undergoes
the following linear transformation.

Y ∗
it = X ′

itβ + ϵit, t = 1, . . . , T ; i = 1, . . . , n, (2.4)

where Y ∗
it is the vector of the response variable with rank (n× 1), Xit is the matrix of explanatory

variables with rank (2× n), β is the vector of parameters with rank (2× 1), ϵit is the error term of
rank (n× 1), and T is the number of time periods.

Model (2.4) lacks an intercept term. Consequently, instead of using pooled effects to obtain the
optimal estimate for the weighted exponential regression model (Hausman, 1978), the Hausman test
will be applied. While the regression models are expressed in linear form, obtaining the explanatory
variable matrix requires the use of iterative methods. The non-linear Maximum Likelihood Estima-
tion (MLE) approach can be utilized to estimate the model parameters based on this framework.

2.3 Fixed effect model with panel data using Bayesian and maximum likeli-
hood methods

According to model (2.4) the probability function for the fixed effect model is derived from the joint
probability function for random observations (X1, X2, . . . , Xn), as shown by Kamar and Msallam
(2020):

L(Y ∗ |β, σ) ∝ σ−n exp
[ −1

2σ2
(Y ∗ −X∗β)′(Y ∗ −X∗β)

]
, (2.5)

where L is the likelihood function, and σ is the standard deviation.
By taking the natural logarithm of (2.5), we obtain

lnL(Y ∗ |β, σ) ∝ −n (lnσ)− 1

2σ2
(Y ∗ −X∗β)′(Y ∗ −X∗β). (2.6)

By differentiating (2.6) with respect to the vector of parameters β and setting them equal to zero, we
get the following:

βMFE = (X̃ ′X̃)−1X̃ ′Ỹ ,

which represent the fixed effects model’s estimates of parameters β (Obead et al., 2024), where

X̃ = X − X̄, Ỹ = Y − Ȳ , V ar(ϵit) = σ2
ϵ , E(ϵit) = 0,

V ar(βMFE) = S2(X̃ ′X̃)−1, S2 =
ϵ′ϵ

nT − k
.

Bayesian analysis assumes that the parameter value is not fixed but rather a random variable de-
scribed by a prior distribution. It is assumed that prior knowledge about the parameter to be es-
timated is available. The posterior probability function is then obtained by integrating this prior
knowledge with the likelihood function, resulting in a joint posterior probability function as fol-
lows:

P (θ |Y ) ∝ P (θ)P (Y | θ),

where P (θ) and P (Y | θ) are the prior and joint distribution.
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Bayesian estimators minimize the expected loss using the following function:

min
θ̂

E(L(θ̂, θ)) = min
θ̂

∫
L(θ̂, θ)P (θ |Y )dθ.

To estimate the fixed effect model using the Bayesian approach as described in Model (2.4), we
assume a prior conjugate normal distribution for the parameters with a known σ:

P (β |σ) ∝ σ−n exp
[
− 1

2σ2
(β − β̃)′Σ−1(β − β̃)

]
, (2.7)

where Σ−1 denotes the positive definite matrix that represents the variance-covariance of parameters
(β), and (β̃) signifies the arithmetic mean of the distribution.

This prior distribution is selected due to its superior prior information compared to other alter-
natives, whether non-informative or informative distributions, as referenced in (Murphy, 2007). The
distribution (2.7) is multiplied by the likelihood function in (2.5) to obtain the posterior probability
function for the parameter (β):

f(β |Y ∗, σ) ∝ σ−n exp
[
− 1

2σ2
(V S2 + (β − β̃)′Σ−1(β − β̃))

]
, (2.8)

where V S2 = (Y ∗ − X∗βMFE)
′(Y ∗ − X∗βMFE) and V = nT − k. The function (2.8) repre-

sents the multivariate normal distribution with the arithmetic mean (β̄BFE) serving as the Bayesian
estimator of the parameters (β) under a weighted squared error-loss function, as follows

β̄BFE = (X∗′X∗ +Σ−1)−1(Σ−1β̃ +X∗′Y ∗).

2.4 Random effect model with panel data using Bayesian and Maximum like-
lihood methods

Since model (2.4) does not include intercept terms, we introduce randomness into both the intercept
and slope parameters. As a result, the random effects are restricted to the slopes. This leads to the
estimation of the random coefficients for the regression model in the panel data framework. The
estimated slopes for model (2.4) , obtained using the Maximum Likelihood method, are presented
as follows (Obead et al., 2024):

βMRE = ( ˜̃X ′ ˜̃X)−1 ˜̃X ′ ˜̃Y,

where ˜̃X = X − wX̄ , ˜̃Y = Y − wȲ . Accordingly,

w = 1−
√
σ2
FE/(σ

2
FE + TΩ2

µ),

which was suggested by Álvarez et al. (2017), and Ω2
µ = σ2

POOLED − σ2
FE (Greene, 2002). Also

V ar(β̂MRE) = σ2
RE(

˜̃X ′ ˜̃X)−1, where σ2
RE = ε′ε/(nT − k), and σ2

RE has been suggested by
Swamy and Arora (1972) using the within regression residuals. The same methodology outlined
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in the previous section was applied to estimate the random effects model for panel data defined by
model (2.4), using the Bayesian approach to derive the corresponding posterior probability function

f(β |Y ∗, σ) ∝ σ−n exp
[
− 1

2σ2
(V S∗2 + (β − β̄)′Σ−1(β − β̄))

]
, (2.9)

where V S∗2 = (Y ∗ −X∗βMRE)
′(Y ∗ −X∗βMRE) and V = nT − k.

The function (2.9) represents the multivariate normal distribution with the arithmetic mean
(β̄BRE) serving as the Bayesian estimator of the parameters (β) under a weighted squared error
loss function, as follows:

β̄BRE = (X∗′X∗ +Σ−1)−1(Σ−1β̄ +X∗′Y ∗).

Ultimately, by applying the estimator, either through Maximum Likelihood or Bayesian methods,
to the initial parameter values (θ0) in the weighted exponential regression model (2.2), we obtain
the parameter estimator (θ) based on the selected method. The model (2.3) is then re-estimated
to generate a second estimate of (θ). This iterative process continues until optimal, convergent
parameter estimates are achieved.

3 Simulation Study

This section presents data generated using the initial parameter values of the weighted exponential
regression model, as outlined in Equation (2.1) and Table (1). Under this assumption, a random error
term follows a normal distribution with a mean close to zero and a variance of 0.5. Furthermore,
four distinct time series were constructed to represent the three sectors, collectively forming the
panel data for a simulation of actual monthly monkeypox infection rates for the Americas, Africa,
and Europe during the period from 2022 to 2023.

Table 1: Initial values for the weighted exponential regression model.

Parameters

n b0 b1

15 1275 7.003

30 730.3 0.5574

45 0.573 0.0796

60 1.5 -0.0787

The implementation steps are outlined in the following algorithm:

1. Determine the sample size, and n=5,10,15,or 20 for generating data of each sector, and maxi-
mum number of iterations.
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2. Determine the number of sectors d = 3.

3. Calculating the number of observations for all sectors N = n× d.

4. Assuming initial values for the two model parameters based on the total number of observa-
tions, as shown in Table (1).

5. Assuming that the time values for the weighted exponential model take values from 1 to n.

6. Generating the random error ε as a normal distribution assuming σ = 0.5 and mean for each
sector (0.04, 0.3, 0.6) respectively to ensure data diversity.

7. Based on random error and the weighted exponential regression model, the generated y values
were calculated, which approximate real data about monthly monkeypox infection rates for
the America, Africa, and Europe regions for the period 2022–2023.

8. Estimation is performed using the maximum likelihood method based on the FIXED model.

9. Estimation is performed using the Bayesian method based on the FIXED model.

10. Estimation is performed using the maximum likelihood method based on the RANDOM
model.

11. Estimation is performed using the Bayesian method based on the RANDOM model.

12. The criterion
∣∣(bEstimate − bInitial)/bInitial

∣∣ < 0.0001 was adopted as the stopping condi-
tion for Bayesian estimation, while for the maximum likelihood method, fitnlm function was
used, which includes a convergence criterion where the error is less than 0.000001.

13. Re-estimation according to steps 8–12.

14. 14. Calculating the average of the estimated parameters according to both methods in the case
of the FIXED and RANDOM model.

15. The comparison of methods using the MAPE criterion.

The Mean Absolute Percentage Error (MAPE) criterion is adopted to evaluate various strate-
gies for estimating model parameters. Table (2) delineates the simulation outcomes of two method-
ologies (MLE and Bayes) including fixed and random factors.

Table (2) shows that the results support the use of the Bayesian method for random effects
models, as it outperforms all other methods across the generated datasets, evidenced by the lowest
MAPE. These findings affirm that the random effects model is optimal within the context of the
weighted exponential regression model, as demonstrated by Obead et al. (2024). Moreover, the
data did not exhibit a consistent trend regarding the size of the time series, whether increasing or
decreasing. The model proves to be specific and robust, remaining unaffected by variations in sample
size.

Figure (1) illustrates the projected infection rates for the next six months, based on the magnitude
of the generated time series. Additionally, it shows a significant reduction in infection rates when
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Table 2: Comparison of simulation results according to the MAPE criterion.

MLE Bayes

n Fixed effect Random effect Fixed effect Random effect

15 93.3035 93.3330 92.9291 51.7967

30 96.4348 96.6654 86.6568 80.3608

45 98.1172 98.1172 95.2403 83.1087

60 98.3335 98.3196 98.0381 60.0471

Figure 1: Predicted monthly infection ratios based on simulated data.

applying the Bayesian method within the context of the random effects model, while the results from
other approaches tend toward zero. This serves as a clear indicator of the precision and reliability of
the Bayesian method.
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4 Real Data and Implementation

According to the World Health Organization, monkeypox is a viral disease caused by the monkey-
pox virus, characterized by symptoms such as a skin rash, fever, headache, myalgia, lumbar pain,
fatigue, and lymphadenopathy. Transmission can occur through human contact, contaminated ob-
jects, or infected animals. Laboratory confirmation is achieved through PCR testing. Management
of monkeypox typically involves supportive care, and in some cases, vaccinations and treatments
authorized for smallpox may be administered (WHO).

Over the past five decades, the monkeypox pandemic, spanning from 1970 to 2018, has been
linked to zoonotic transmission. While extensive human-to-human transmission chains have not
been identified, significant human-to-human spread occurs under specific conditions, leading to
cases in more than 80 countries, predominantly in Europe and the Americas. The disease is pri-
marily transmitted through direct skin contact, including respiratory secretions like mucus, fomites,
or direct skin contact (Zeeshan et al., 2022).

This study utilizes data on the monkeypox virus to analyze daily infection rates across three
global regions: the Americas, Africa, and Europe. Given the importance of the subject, this research
applies a weighted exponential regression model to forecast monthly infection rates in these regions,
with initial parameter values estimated at (0.06, 0.04). The monthly infection rates were calculated
from the daily viral infection data covering the period from May 2022 to May 2023, as presented in
Table (3). Source:Report of WHO.

Table 3: Confirmed monthly infection ratios of Monkeypox for the America, Africa, and Europe
Regions for May 2022 to May 2023.

Month Africa Europe America

05/2022 0.0199 0.0305 0.0018

06/2022 0.0997 0.1621 0.0116

07/2022 0.0592 0.3497 0.1065

08/2022 0.1630 0.3426 0.3737

09/2022 0.1249 0.0700 0.2265

10/2022 0.1208 0.0237 0.1492

11/2022 0.0733 0.0078 0.0599

12/2022 0.0733 0.0059 0.0270

01/2023 0.0886 0.0046 0.0212

02/2023 0.0446 0.0008 0.0105

03/2023 0.0223 0.0003 0.0058

04/2023 0.0645 0.0011 0.0029

05/2023 0.0821 0.0008 0.0035

https://www.who.int/news-room/fact-sheets/detail/monkeypox
https://worldhealthorg.shinyapps.io/mpx_global/
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The parameters of the weighted exponential regression model, both in the fixed and random ef-
fects frameworks, are estimated using Maximum Likelihood Estimation (MLE) and Bayesian meth-
ods. The estimated results are presented in Table (4). To assess the outcomes of these methods, the

Table 4: Estimation of the parameters of weighted exponential model depend on the monthly infec-
tion ratios of Monkeypox.

Method Model b1 b2

MLE Fixed effect -0.0335 -0.0110

Random effect -0.0333 -0.0110

Bayes Fixed effect 0.3351 0.1273

Random effect 0.3685 0.1382

Mean Absolute Percentage Error (MAPE) was used, as shown in Table (5). The Bayesian method
exhibits superior performance in the random effects model, producing the lowest MAPE, followed
by the Bayesian method in the fixed effects model

Table 5: MAPE of Fixed and Random effective models for the monthly infection ratios of Monkey-
pox.

Method Model MAPE

MLE Fixed effect 4253.7175

Random effect 4245.5539

Bayes Fixed effect 549.7172

Random effect 446.5858

The monkeypox virus infection rates were forecasted for the following six months, as shown
in Table (6). The data reveals a significant decline in infection rates, dropping to 0.0026. This
suggests that the virus has nearly disappeared, with infection rates approaching zero in the targeted
regions. These results highlight the effectiveness of the treatments that have been implemented.
From Table (6), the infection rates of monkeypox can be seen to have decreased in the following six
months, and they have continued to fall further as time approached zero.

Figure (2) shows the decline in monthly virus infection rates based on the Bayesian random-
effects model.
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Table 6: Prediction the monthly infection ratios of Monkeypox by using Bayesian method.

Month Fixed effect Random effect

1 0.0076 0.0049

2 0.0056 0.0035

3 0.0041 0.0025

4 0.0030 0.0017

5 0.0022 0.0012

6 0.0016 0.0009

Mean 0.0040 0.0026

Figure 2: Predicted monthly infection ratios of Monkeypox.

5 Conclusion

The simulation results of the study confirm that the Bayesian method, applied within the random
effects model, provided the most accurate parameter estimates for the weighted exponential regres-
sion model across all generated datasets. Additionally, the findings showed no consistent trend in
the size of the time series, whether increasing or decreasing, demonstrating the model’s stability.
This stability remains unaffected by sample size, although it is more efficient with smaller samples.

An analysis of actual monthly monkeypox infection rates across the Americas, Africa, and Eu-
rope, using a random effects model within a weighted exponential regression framework and esti-
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mated via Bayesian methods, reveals a significant decline in infection levels, approaching nearly
zero (0.0026). This trend reflects a substantial reduction in the disease’s prevalence, largely at-
tributed to effective treatment measures. However, continued vigilance is necessary due to the
severity of the disease and its potential for resurgence. This underscores the importance of prioritiz-
ing public health policies and allocating resources to address any emergencies that could trigger a
resurgence in infections.
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