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Abstract

This paper presents a method for solving non-homogeneous linear sequential fractional
differential equations (NHLSFDEs) with constant coefficients involving conformable
fractional derivatives. For this purpose, the fundamental properties of the conformable
derivative and fractional exponential functions are discussed. After this, we determined the
particular integrals (PIs) of NHLSFDE in terms of fractional exponential functions, fractional
cosine and sine functions. We have demonstrated this developed method with a few examples
of NHLSFDEs.

Keywords: Fractional exponential function; Riemann-Liouville derivative; Caputo fractional
derivative; Conformable fractional derivative.

© 2025 JSR Publications. ISSN: 2070-0237 (Print); 2070-0245 (Online). All rights reserved.
doi: https://dx.doi.org/10.3329/jsr.v17i1.74055 J. Sci. Res. 17 (1), 115-127 (2025)

1. Introduction

Fractional differential equations (FDESs) are used to model systems that exhibit non-local
behaviours and have applications in various fields such as physics, engineering, finance,
and biology. The domain of mathematics that focuses on the integrations and
differentiations of arbitrary orders is called fractional calculus. It is a new domain of
research in applied sciences [1].

Newton and Leibniz introduced the concept of fractional calculus in 1695. When
Hospital questioned Leibniz in the seventeenth century about the meaning of half order
derivative of x , he said that that it would be an apparent paradox, d'/?x will be equal to
xvdx: x [1]. This was the start of an emerging branch of mathematics “fractional calculus”.
After Leibniz it was Lacroix who further explained this concept of fractional derivative in
1819 [1].

FDE is just a specialization of the classical differential equation with a non-integer
order. The classical differential equation of integer order can be solved using a variety of
integral transforms, including the Laplace, Mahgoub, Jafari, Shehu, and others [2-4]. A
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number of authors have conducted in-depth research on the fractional Fourier transform,
Sumudu transform, and other integral transform solutions for fractional differential
equations. Other techniques for solving FDE include the variation iteration method, the
homotopy perturbation method, the exponential-function approach, the fractional sub-
equation method, and the differential transform method [5-8]. FDE solution methods and
related interpretations are therefore developing areas of practical mathematics. There is no
standard approach to solving linear sequential fractional differential equations (LSFDE) to
date because the different forms of fractional derivatives give different types of solutions.
Now we are giving some definitions of fractional derivatives:

Definition 1.1. The Riemann-Liouville left fractional derivative is defined as [9-12];

« d m+1 x mea
D) =t (5) [J— 0™ f(w) du )
where m<a<m+1, mis positive integer

when, 0< a < 1,then aD&f (x) = . a+1) E f (x—u)%f(u)du )

The right Riemann-— LiouviIIe fractional derivative is defined as;
d m+1 b _
Dy f(x) = m (— ;) J, w=x)""" f(w) du (3)
The classical derivative of a constant is always zero, but Riemann—Liouville definitions
(left and right) give a non-zero value for the derivative of a constant.
Definition 1.2. Caputo’s definition of fractional derivative goes as follow [13,14]

DZf(x) = 1"(711—0() f;(x —w)"* ! fr(u)du,where n—1<a<n 4
According to this definition first differentiate f(x), n times and then integrate n — o times.
For Caputo fractional derivative of order a the function f(x) must be differentiable n where
n—-1<a<n.

Definition 1.3. The conformable fractional derivative of a function f: [0, o] — R is defined
as [8,9,15-17],
¢ [f(x)] = lirr& Jforallx > 0,a € (0,1). (5)
£
If fis a differentiable in(0,a),a > 0and lir(r)1+ T*[f(x)] exist then ¢ (0) = 1irg1+ T [f(X)].
X— X—
A function f(x) is said to be a-differentiable if it has a conformable fractional derivative of

order a. This definition correlates with the Riemann—Liouville definitions of classical
derivative. If f(x) is differentiable function for of x > 0 and a € (0,1), then the following

f(x+ex1 %) —f(x)
£

results are hold [18]; ¢ [f(x)] = x17*— [f(x)] (6)
Tne [exp (:J—o;)] = ﬁ exp (i—i) @)

where % is conformable fractional derivative of order a and s is any non-zero constant.
Definition 1.4. If f(t) is a continuous function, then the fractional integral of order « of f(t)

is defined as [15]; I$f(t) = I3[t 1f(t) = ft f00 4k

a xl-a

where a>0, a€ (0,1) and the integral f f(x) dxis the classical Riemann improper integral.
If f(t) is a continuous function, then 7% Ia[f(t)] = f(t), forallt > a.
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2. Non-Homogeneous Linear Fractional Differential Equations

A differential equation of the form
(agT™ + a; T VT 4 2,77 4o pa Tt ay )y = QX), A(x) £ 0 (8)
whereanda, a;, a ........ ap areconstants, is NHLSFDE of order na with constant
coefficients. In this equation 7™* is conformable fractional derivative of order na and a€
(0,1), where n is any natural number.
Rewriting “Eq. (8)”

frMyx) = Qx) 9)
where f(t%) is a linear fractional differential operator. Two separate parts make up the
complete solution y(x) of "Eq. (9)", the PI and the complementary function (CF). The
solution to "Eq. (9)" is the sum of the CF and the PI. This indicates that the answer to "Eq.
(9)" is y(x)= CF+PI.

The CF is the solution of homogeneous linear sequential fractional differential equation
(HLSFDE) f(z*)y = 0 corresponding to NHLSFDE with constant coefficients which is
f(t%)y = Q(x) . In a previous research paper [18], we found the solutions of HLSFDESs
with constant coefficients having fractional exponential functions and fractional type of sine
and cosine functions as follows [18];

(i) If 04,0503 ,0, are n real and distinct roots of AE of homogeneous

........................................

LSFDE with constant coefficients, then its solution is y(x) = C, exp (01 %)+

C, exp (02 X;) + Csexp (0'3 %) + -+ C, exp (O‘n %)
(ii) If the roots of AE of homogeneous LSFDE with constant coefficients has r repeated
roots (6 =0, =03 =-+..=0;) for 1<r<n ,then its solution is y(x) =
C; exp (01 %) + x“C,exp (01 %) + x2%C5 exp (01 %) + -+ xEDaCexp (01 %)
(iii) If the roots of AE of homogeneous LSFDE are complex y % i§,then its solution is

y(x) = exp (y %) [A cosg ((S) x“) +B sina((g) x*) where A and B are constants.

3. Particular Integral

1

The PI for “Eq. (9)”is PI = " Q%)
The PI depending on the nature of the function Q(x). The function Q(x)can be in various

forms. In this section we will find the PI for different forms of Q(x) which are fractional
exponential function, fractional cosine, and sine functions.

! u(x) = exp (a %) T~% [exp (—a %) u(x) ]

T%—a

- 1 —_——
Proof: Let prr ux) ==

Lemma 3.1.

Operating by (7% — a), (t* —a)
nEx) = (= —a)y 3 . .
On multiplying by exp (—a %), exp (—a %) (7% —a)y = exp (—a X;) u(x)

nx) = (% —a)y

1
%—a

XlX

exp (—a %) %y —ayexp (—a ;) = exp <—a %) u(x)
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Using “Eq. (7)”, exp (—a ﬁ) %y + y t%[exp (—a %)] = exp (—a %) u(x)
T* [y exp (—a ﬁ)] = exp( a —) u(x)
Operating t7%, t [y exp( a —)] = T“"[exp( a —) ux)]
eso(-a )] = r#Top(-a 0o
x4 X%

y = exp(a =) [exp (-2 ) uGo)]

0= (s ) (2 )
¢ —a a
Theorem 3.1. If Q(x) = exp (o%),then o Qx) = T )exp( a) provided f(o) = 0.

Proof: The conformable fractional functional fractional derivative is
f(z) = (apr™ + 2,7V 2,7 (DE 4 a7 +ay)

operating f(t*)on fractional exponential function exp (c %)

x“ X%
f(t%)exp <0‘;) = (2ot + a; T VT 4+ 2,7 4o a7 44 )exp (0‘;)
using “Eq. (7)”,
f(t%)exp (0%) = (ao o™ exp (0%) +--..+a,_,0exp (0%) + aj exp (0%))

x“ x4
f(t*)exp (0—) =(ago™ +a;0™ ! + ... +a,_,0 +ay)exp (0‘—)
g"‘ X% “
(o) -10em(e)
(t%)explo . (o)exp|o . ) .
a X
Operating —— f( o We get N a) f(t )exp( a) f(r”‘) f(o) exp( )
1 x*
e &XP (G?) = @ ex p( ) provided f(o) # 0
Lemma 3.2. If f(o) = 0, then f( % exp( ;) == f,(c) exp( :) provided f'(o) # 0

Proof: If f(o) = 0, then o is the root of AE of homogeneous FDE f (%) = 0
Therefore * — o is a factor of f(t%). Let f(%) = (% — o )u(r%), where u(o) # 0, then

f@®) =@%=o)p'@®) +pu@?).1,
Putting 7% = o, we get f'(0) = (0)u'(0) + u(o) = u(o)

1 ( x“)_ 1 ( x“)_ 1 1 ( x“)
7@ ) TG = ouG®, TP e @ =0y

. Xa CL —a
Using lemma 3.1, e exp( ) = u(o)e p( ) T7[1]
By Definition 1.4

1 ( x“)_ 1 ( x“) x“_x“ 1 ( x“)
f(_[a)exp o —M(G)exp o) a_oc'f(o) exp|o—
Theorem 3.2. If Q(x) = cos, <a %) then — Q(x) = )cosa( %) provided
f(—a?) = 0.
Proof: Using “Eq. (6)”

x4 x“ x“
T%[cos, (a ;)] = —a x}"%sin, (a 3) (x*™ 1) = —a 1%[sin, (a;)]

f( 2(1)
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x“ X%
72%[cosgax®] = —ax!™* cos, (a—) (a x*1) = —a? cos, (a —)
« o
o
73%[cos,ax®] = a3sin, (a —)
a
4a o 3.4 g x* 31— x¢ a-1 4 x*
4 [cosgax®] = a® 1% sing (a— ) = a®x17™® cosy|a—) (@ x*1) =a* cosy|a—
o a o
X(x
129 [cos,ax*] = a* cos, (a —)
«

XO(
2@ [cos ax®] = (—a?)™ cos, (a ;)

Hence f(rza)cosa (a X;) = f(—a?) cos, (a X;)
2a ﬁ 2 ﬁ
Operating i m) f(rza) ——f(7°%) cos, (a a) f(rza) ——f(—a*) cosg, (a a)
1 X 1 x% . 2
fe2a ©0Sa (a;) =1 cosa( ), provided f(—a?) # 0

1 x“ 1 .
Lemma 3.3. If f(—a?)#0, then fe2e COSa ax® - mcosaax“, provided
f'(=a®) #0
Proof: we have exp(iax*) = cosgax® + i sinax®
1

2 cos, ax* = Real part of 2 exp(iax®)

H o _ b3 F oy O
USllng Lemma 3.2, = m) COS, ax ) Relal part of = 7 ((la)z) exp(iax®)

cos, ax* = Real part of — [cosqax® + i singax® |
) PO T Fr(=ar) “
a_x*_ 1 1,2
= Za) 7@y COSq ax* = — s, cosqax®, provided f'(—a*) # 0
. x% . x® .

Theorem 3.3. If Q(x) = sin, (a :),then =) Qx) = —)sma (a ;), provided that
f(—a®) # 0.

o

Proof: Using “Eq. (6)” t¢ (sina (a %)) =a x7% cos, (a %) (x*"1) =a cos, (a %)

x* x*
20 | o ) = —n2 g —
T°%|sing (a = —a“sing | a
o o
x* x*
3a : . — _ 3 .
T°%|sing (a = —a°cosy | a
o o
X

Hence f(‘[z"‘)sina (a%) = f(—a?) sing (a %)

Operating ——

( Za) f(Tza)

——f(7%%) sin, (a%) f(—a?) sin, (a%)

f(z 2“)

1 x*y _ 1 . x% . 2
T ——sing (a o() = tCar Siha ( a), provided f(—a*) # 0

o

Lemma 3.4. If f(—a?) # 0,then —— sin, ax® = ———sin, ax® , provided f'(—a?) # 0

f(z 2“) o f'(-a?)
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Proof: we have exp(iax*) = cosgax® + i sin ax®
1

f(TZa)
Using Lemma 3.2,

sing ax® = Imaginary part of exp(iax®)

1
f( 2a)
sing ax® a— Imaglnary part of = <7 ((ra)Z)

1 a _ X° : o a2
=) ——sin, ax < 70 a2) smaax , provided f'(—a*) # 0

Theorem 3.4. If Q(x) = exp( ) (), then c— oc) Q) = EXp( ) e VO

Proof: Let V(x) is a function of variable x, then by differentiation
o o

T% [exp (c%) V(x)] = exp (0%) T*V(x) + V(x) t%exp (0%)
using “Eq. (7)” t* [exp (G %) V(x)] = exp (G %) (* +0)V(x) =
ara [exp (0%) V(x)]

=1 [exp ((5%) % V(x) + V(x)o exp <6§)]
=1¢ [exp (0%) ¢ V(x)] + o t*[V(x) exp <0§)]

= exp (0%) *t*V(x) + {T“V(x)ir“ V(x) exp (0%) ]+ o[exp (0%) TV (x)

+V(x)o exp (0 X;)]

o

= exp( Xa) 22y (x)+ o exp <0X—) {T*V()} ] +o exp( X:) TV (x)

o

+V(x)o? exp <G%)]

3 04
i Za) exp(iax®)

) [22%V(x) + 0 7% V(x) +07% V(x) + 62 V()]
) [T22V(x) + 20 1% V(x) + 62 V(x) ]

2@ [exp (0‘ %) V(x)] = exp <0§) (% 4+ 0)?V(x)

[exp (0%) V(x)] = exp (0%) (% +0)3V(x)
In general, ¢ [exp (0 %) V(x)] = exp (0‘ %) (t*+ o))"V (x)
f(z%) [exp (0 %) V(x)] = exp (0 ﬁ) f@*+ G)V(X)
Operating f(la) f(ra) f(z%) [exp( )V(x)] =5 exp( ) f@*+o)V(x)
exp( )V(x) = me p( ) f@*+o0)V(x) (10)
Now let f(z% + o)V (x) = P(x), ie., V(x) = f(TaM)l/)(x)
From “Eq. (10)”

o0 (070) v = e (077) g v (11)

Similarly, 3¢
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4. Results and Discussion

This section presents analytical and graphical solutions of some NHLSFDEs involving
conformable fractional derivatives. The solutions so obtained are compared with graphs of
solutions of the differential equations of integer order. We discovered that the graphical
solution correlates with the solution of the classical differential equation as a moves from a
non-integer to an integer value.

Example 4.1. Solve the NHLSFDE (72% 4+ 51% + 6)y(x) = exp (%) (12)
Solution: The AE of “Eq. (12)”is 6> + 50+ 6 = 0 and root of AEarec = —2,-3

The CFis €y exp (—2%) + C; exp (=3 %) and Plis e exp (%)

o

: 113 2 — 1 ﬁ _ i ﬁ
Using “Theorem 3.17 Pl = DrrsOe exp( ) =5 exp(a)

[04

The complete solution of “Eq. (12)” for « = 0.25,0.5,0.75and a = 1 are

@=cow(-2) rerem (-3 ) vz e ()
y(x) = Cyexp " 2 €Xp 17 XP )
<0

1
y(x) = C; exp(—4 x°5) + C, exp(— 6x°5)+— exp(05

X0.75 XO 75 1 X0.75
y(x) =¢C exp( 075>+C2 exp( 075>+— exp (0.75)

¥ixl
I{{{: — =035
i — @=05
Sl — @=0T5
i =1
Toned |-
1000 -
[ 5 .

Fig. 1. Solution of “equation (12)”.

The graphical solution of "eq. (12)" for o = 0.25, 0.5, and 0.75 is shown in Fig. 1 to be
correlated with the solution of the classical differential equation for o = 1.
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Example 4.2. Solve the NHLSFDE (7% + 3)y(x) = cos, (%) (13)
Solution: The AEis 0 +3 = 0and CFis C; exp (—3 %)
is P] = X - (%3 x4\ _ (%3 x¥
The Plis PI = T%+3 €05« ( a) T (t%4+3)(1%-3) €05« ( a) T (@92-9 €08« ( a)
. ( a_3) (04 1 o o
Using Theorem 3.2, PI = — T1o COSgy (%) =—= [‘L'“ COSg (%) — 3 cos, (%)

P|:—1—10 [—x1~% x%1gin (%) — 3cosa( )] = —[ sin ¢ (%) + 3 cos, (%)]

10
The complete solution of “Eq. (13)” for « = 0.25,0.5,0.75and a = 1 are

<025 0.25 0.25
y(x) =C; exp( 3m> — [ sin 55 <m> + 3 cosgz5 <m>
0.5 1 <05 <05

y(x)=C1exp(—3ﬁ 10[Slnos 05 + 3cosg g 05

<075 1 <075 <075
y(x) = C; exp (—3 0.75> + E[ sin g5 (—0.75> + 3c0s¢.75 <0.75>

1
y(x) = Cie™* + E[sinx +3cosx]

Fix
- — =015
— @=05
ns — =075
a=1

MH\ 77\_: :::"r-ax/ -

10 15 -
-0 :
LA

Fig. 2. Solution of “equation (13)”.

Fig. 3 represents that the graphical solution of “eq. (13)” for &« = 0.25, 0.5, 0.75 correlates
with the solution of the classical differential equation for a = 1.

Example 4.3. Solve NHLSFDE (2% + 67 + 9)y(x) = exp (-3 £ cos, (£) (19)
Solution: The AE is 6% + 60 + 9 = 0 and roots are 0 = —3, —3.
The CFis C;exp (—3 %) + x*C,exp (—3 %)
The Pl is mexp (—3 %) COS, (%) = mexp (—3 %) COSg (%)
. x% 1 x%
Using “Theorem 3.4” PI = exp (—3 ;) Ga sz C0Sa (7) =

—exp (—3 %) COSgy (%)
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The complete solution of “Eq. (14)” for « = 0.25, 0.5, 0.75 and a = 1 are

y(x)=C, exp (—3 %) + +x%25C,exp (—3 %) —exp (—3 );02255) C0Sp.25 (};Ozzss)

y(x)=C; exp (—3 %) + +x%5C,exp (—3 %) — exp (—3 );L;) C0Sps (XO-S)

05
_ _ 0.75 0.75 _ X0.75 _ _ ﬁ XO.75
y(0=C; exp (=337) + +x7Cexp (-3777) —exp (=3%7) cososs (555)
y(x) =Cie 3 +xCre™3* —e 3 cosx

X

0.75

¥ix
T -
nm}‘
000005 F
: — g=035
o0 |- — =05
nm5| — @=0T75
. §|| a=1
F |
o000 [ |
B LY
5 1 1 ."
m 15

Fig. 4. Solution of “equation (14)”.

The solution of the classical differential equation for o=1 coincides with the graphical
solution of "Eq. (14)" for 0=0.25, 0.5, and 0.75, as shown in Fig. 3.

Example 4.4. Solve NHLSFDE ( 72% + 1)y(x) = sin 4 (2 %) (15)
Solution: The AE of “Eq. (15)”is 62 + 1 = 0 and roots are o = +i

The CF is y(x) = A cosy <(§) xo‘) +B sina((i) x%)
The Plis PI = —2— sin , (2%)
Using Theorem 3.3, PI = ﬁ sin (2 %) = —% sin (2 %)

H 13 99 ¥ 1 . 1 1 . o
The solution of “Eq. (15)” is y(x) = A cos, ((&) x“) +B sma((&) X% — 3 sing (2 X;)
For a@ = 0.25, 0.5, 0.75 and a = 1 the complete solution of “Eq. (15)” are

— 1\, ozs ; L\ ozsy 1 X028
y(x) = A oS 25 <<m)x ) +B Smo.zs((m) X" — 3 SN oas <2 0.25)
_ 1Y, 05 : 1Y osy_ 1 X%
y(x) = Acosgys ((E) X ) + B sing s ((E) X)) — 3 Sinos (2 E)

1 0.75 : 1 0.75 1 : X0.75
y(x) = Acososs <0.75)X )+ B S"10-75(<0.75>X ) —3 sinors | 2575

y(x) = Acosx + Bsinx ——sinx
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a=02
a=05
=0T

@=1

Fig. 5. Solution of “equation (15)”.

Fig. 4 represents that the graphical solution of “Eq. (15)” for « = 0.25, 0.5, 0.75 correlates
with the solution of the classical differential equation for a« = 1.

Example 4.5. Solve NHLSFDE ( 72% — 3 7% + 2)y(x) = exp (2 %) (16)
Solution: The AEis 62 —30+2 =0and rootsare o = 1, 2.

The CF is C; exp (%) + C,exp (2 %)

Plis m exp (2 %)

Using Lemma 3.2, PI = % 2;_3 sin , (2 %) =

s v (20) = T ew (27)

The solution of “Eq. (16)” is y(x) = C; exp (%) + +C,exp (2 %) - % exp (2 :)

For a = 0.25, 0.5,0.75and @ = 1 ,the complete solutions of “Eq. (16)” are
X0.25 X0.25 X0.25 XO.ZS
= — 2 - 2
y() = Gy exp (0.25) * CZeXp( 0.25) 0.25 eXp< 0.25)
XO.S XO.S XOS XO.S
= — 2— |- — 2—
y() = Crexp (0.5) * CzeXp( 05) " 05 P 0.5)
X

<075 <075 0.75 0.75
y() = G exp (ﬁ) + Coexp (2 0 75) ~ 075 P <2 0 75)
y(x) = C,e* + C, e?* — xe?*
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¥ix
B Il " L _"
i 3 4
-1=107 [
- — m=035
—2107
i — @=05
ik — m=075
i =1
—4x 107 |

Fig. 6. Solution of “equation (16)”.

The solution of the classical differential equation for a=1 coincides with the graphical
solution of "Eq. (16)" for a=0.25, 0.5, and 0.75, as shown in Fig. 5.

Example 4.6. Find the solution of NHLSFDE ( t2% + 4)y(X) = cos, (2 %) a7
Solution: The AE of “Eq. (17)” is 6% + 4 = 0 and roots are ¢ = +2i
The CFis y(x) = A cos, <(§) x“) +B sinq((é) x9)

. 1 x*
The Plis PI = s 05« (2 7) )
T

. x® 1 x® X a x%
USlng Lemma 3.3, Pl = - COSy (2 :) = 21-_WCOSO( (2 ;)

. 113 2 — _ﬁ a i —_ ﬁ 1 ﬁ
Using “Theorem 3.3”, PI = aa % cosq (2 a) = Lo sing (2 a)

The solution of “Eq. (17)”is y(x) = A cos, ((é) x“) + B sing G) X%+ % sing (2 %)
For a = 0.25, 0.5,0.75and @ = 1 ,the complete solutions of “Eq. (17)” are

2 2 %025 0.25
y(x) = A cosozs ((m) ) +Bsinaas (55)X°% + 3555 Sieas (2 ﬁ)

2 2 x0® x0®
- 0.5 ; 0.5 ;
y(x) = Acosgs <<E> X ) + Bsing 5 (E) x" + 4(0.5) sing s (2 E)

2 2 %0-75 %075
Y09 = A cosozs ((m) ) #Bsingss (575 X7+ 75y sinors (2 m)

x
y(x) = Acos2x + B sin2x + 1 sin 2x
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¥ix

Fig. 7. Solution of “equation (17)”.

Fig. 6 demonstrates the correlation between the solution of the classical differential
equation for a = 1 and the graphical solution of "Eq. (17)" for a = 0.25, 0.5, and 0.75.

5. Conclusion

An analytical approach to solving NHLSFDE with constant coefficients is provided in this
research work. This approach provides an association with the solutions of classical
differential equations and is based on finding complementary functions and particular
integrals of FDE. To demonstrate the validity of the developed method, we applied this
method to six different problems of NHLSFDE with constant coefficients. The solution of
the NHLSFDE with constant coefficients and the linear differential equation with constant
coefficients of integer order were therefore found to be correlated. This approach is more
precise and simpler.
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