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Abstract

We study some properties of permuting tri-derivagion semiprimé-rings with a certain
assumption. LeM be a 3-torsion free semiprinfiering satisfying a certain assumption and
let | be a non-zero ideal dfl. Suppose that there exists a permuting tri-dedmab:
MxMxM — M such thad is an automorphism commuting drand alsdd is a trace oD.
Then we prove that is a nonzero commutative ideal. Various charaza¢ions ofM are
obtained by means of tri-derivations.
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1. Preliminaries

Gamma rings were first introduced by Nabusawa fi] then Barnes [2] generalized the
definition of -rings. In this paper we work dnrings due to Barnes [2]. Throughout this
paper,M will represent al -ring andZ(M) will be its center. Ar'-ring M is prime if
XIMIy = 0 implies thatx = 0 ory = 0, and is semiprime KFMI'x = 0 impliesx = 0. Let

X, yOM, al", the commutatokay — yax will be denoted by¥, y],. We know that XBy,
Za=xBly, Za + [x ZuBy + XB, 0]y and K, yBZa = YB[X, Za + [X, Y]aBz + Y[B,0]xz for all

X, Y, ZOM, a, BOr. We shall take an assumption gypz = xByaz for all x, y, zZ0OM, q,
BOr. Using the assumption (*) the above identitiesuoedto kBy, 74 = XBlY, Z« + [X
Z«By and K, yBZq = YB[X, 4« + [X Y]aPz for all x, y, zZOM and for alla, O which are
used extensively in our results.

Let | be a nonempty subset bf. Then a mam: M — M is said to be commuting

(resp. centralizing) ohif [d(X), X]q = 0 for allxdl, alll" (resp. fi(X), X]0Z(M) for all xOl,

* Corresponding author: kkdmath@yahoo.com
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alr), and is called central di(x)(OZ(M) for all xOM, adl. Every central mapping is
obviously commuting but not conversely in genesakld is called skew-centralizing on a
subsetl of M (resp. skew-commuting on a subkeif M) if d(x)ax + xad(x)0Z(M) holds
for all xOI, adr (resp.d(x)ax + xad(x) = 0 holds for alk{l, ar). Recall thaM is said
to ben-torsion free, whera # 0 is an integer, if whenevex = 0, withx(OM thenx = 0.
An additive mapd: M — M is called a derivation ifi(xay) = d(xX)ay + xad(y) for all x,
yOOM, arl. By a bi-derivation we mean a bi-additive m@pM x M — M (i.e.,,D is
additive in both arguments), which satisfies tHatiensD(xay, 2) = D(x, 2)ay + xaD(y,

2) andD(x, yaz) = D(x, y)az + yaD(x, 2) for x, yOOM, arl'. Let D be symmetric, that is
D(x, y) = D(y, x) for thex, yOOM. The mapd: M — M defined byd(x) = D(x, x) for all xCOOM

is called the trace d. A mapD: M x M x M — M will be said to be permuting if the
equationD(x,y, 2 =D(x, z y) =D(z x, ¥) =D(y, z, X) =D(z v, X) for all x, y, zZOM. A map
d: M — M defined byd(x) = D(x, X, X) for all xOM, whereD: M x M x M — M is a
permuting map is called the tracedflt is obvious that, in case whEn M x M x M —
M is a permuting map which is also tri-additive .(izdditive in each argument), the trace
d of D satisfies the relatiod(x +y) =d(x) + d(y) + 3D(x, X, y) + 3D(X, , y) for all x, y(OM.
Since we hav®(0,y, 2) =D(0 + 0,y, 2 =D(0,y, 2) + D(0, Y, 2) for ally, zZLIM, we obtain
D(0,y, 2) = 0 for ally, ZIM. Hence we geD(0,y, 2 =D(X—X, Y, 2 =D(X, Y, 2) + D(-X, Y,

2) = 0 and so we see tha{-x, y, 2) = -D(x, Y, 2) for all x, y, zZLOM. This implies thatl is
an odd function. A tri-additive map: M x M x M — M will be called a tri-derivation if
the relationdD(xaw, y, 2) = D(X, y, 2aw + xaD(w, y, 2), D(x, yaw, 2) = D(x, Yy, 20w +
yaD(x, w, 2) andD(x, y, zaw) = D(x, y, 2aw + zaD(x, y, w) are fulfilled for allx, y, z,
wlOM, ar . If D is permuting, then the above three relations quévalent to each other.

Let M be commutativd -ring. A mapD: M x M x M — M defined by %, v, 2 —
d(x)ad(y)Bd(2) for allx, y, zZOM, a, BOr, is a tri-derivation wherd is a derivation oM.

Ozturket al. [3] studied on symmetric bi-derivations on prifmeings. Some fruitful
results of primel-rings were obtained by these authors. Ozturk [Blaimed some
properties concerning to the mapping permutinglérivations on prime and semiprime
I-rings. Permuting tri-derivations in prime and sprme I'-rings had been studied by
Ozdenet al. [5]. Some remarkable results of thdseings were obtained by them. An
example of a permuting tri-derivation has also bgigan by these authors [5].

In this paper, we study and investigate some testdncerning a permuting tri-
derivation D on non-commutative 3-torsion free semiprimiérings M. Some
characterizations of semiprimé-rings are obtained by means of permuting tri-
derivations.

First we prove the following lemmas which will beaded in our results.
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Lemmal.l
Let M be a semiprim€-ring. ThenM contains no nonzero nilpotent ideal.

Proof.

Let| be a nilpotent ideal dfl. Then ()"l = 0 for some positive integer Let us assume
that n is minimum. Now suppose that > 1. SincellM O |, we then havel[)"™
YrMran)™ o an)™Har)™ = (0)M3Ir)™ = 0 . Hence by the semiprimeness\fve
get (N™ = 0, a contradiction to the minimality of Thereforen = 1. Thusl'l = 0. Then
ICMICI OITT = 0. SinceM is semiprime, it gives= 0. This completes the proof.

The above lemma gives us the following corollary.

Corollary 1.2
Every primel -ring has no nilpotent ideals.

Lemma 1.3 [15 Theorem 4.1]
Let M be a 2, 3-torsion free prinfering. LetD(., ., .) be permuting tri-derivation &
with the traced. If

aad(x) = 0,x00M, ol (1)
wherea is a fixed element dfl, then eithem =0 orD = 0.

Lemmal4
Let M be a 2-torsion free semipriniering. If xax = 0 therx(dZ(M) for all xOM, arl".

Proof:
We havexax = 0 for allxdOM, all". Replacingx by x +y, we getxay + yax = 0 for allx,
yOM, adr".

Right-multiplying bypx we obtainxaypx = 0 for allx, yOM, a, BOr. Replacingy by yyz
and right-multiplying byay we getxayyzBxay = 0 for allx, y, z[OM, a, B, yOI. SinceM is
semiprimel -ring, we obtairkay = 0 for allx, ydOM, al". By the same method, we getx
= 0 for allx, yOM, adrl. By subtracting those, we obtaix {], = 0, for allx, ydM, aOrl,
thenxOz(M) for all xCOM.

Lemmalb
Let M be a semiprimé& -ring satisfying the condition (*). Ikaxdz(M) thenxOZ(M) for
all xaM, adr.

Proof:

We havexaxUZ(M) for all xOM, adrl". Then kax, Z]g = 0 for allzOM, a, BOr. Replacing
x by x +y, we get kay + yax, Zg= 0 for allx, y, zZLIM, a, BOr. SinceyBzax = yaz3x, we
havexaly, Zg + [x, Zgay + [yax, Zg = O for allx, y, zZOM, a, BOI".
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Similarly, [y, Zgax + ya[x, Zg + [xay, Z]g = O for allx, y, zOM, a, BOr.

Using the relationyay + yox, ZJg = 0 and replacing by xax we obtain %, Zgoxax = 0
for all x, zZOM, a, pOr.

Left-multiplying by xa and right-multiplyinga[x, Zgox, we get xa[x, Zlgox)a(xa[x,
ZJgax) = 0 for allx, zOM, a, BOr. We obtairxa[x, ZJgax = 0 for allx, zOM, a, Or. Left-
multiplying by [x, ZJga with using Lemma 1.4, we obtair, [Z]gox = 0 for allx, zOM, a,
BOr. Right-multiplying bydz, we get k, Zgaxdz = 0 for allx, zOM, o, B, 80I. Again
using the relationy Zgox = 0 and replacing by z0z ,we obtain X, Zgazdx = 0 for allx,
zOM, a, B, 80r. Subtracting we obtaixi1Z(M) for all xOM.

Lemma 1.6

Let M be a 3-torsion free primie-ring satisfying the condition (*) and létbe a non zero
ideal of M. If there exists a permuting tri-derivatih M x M x M — M such that d is
commuting orl, whered is the trace ob, then we hav® = 0.

Proof.
Suppose that

[d(x), X]g = O for allxOl, O (2)
Linearizing (2) we get,

[d(X), y][3 + [d(y)! X][3+ 3[D(X! X, y)v X]ﬁ + 3[D(X1 Y, y)! X]ﬁ + 3[D(X! X, y)! y]B +
3[D(x, Y, y), ylg= 0 for allx, ydI, O )

Putting—x instead of x in (3) and sinekis odd, we obtain

[D(x, %, ¥), X]g = 0 for allx, yOl, gOr 4)
Puttingx =x +y in (4) and then we obtain

[d(y), XIg + 3[D(x, Y, ¥), X|s = O for allx, yOI, B0 (5)

Replacingyax for x in (3) we get

[d(y), yax]g + 3[D(yax, X, y), Y]g = ya[d(y), x| + 3d(y)a[x, y]g + 3ya[D(x, y, y), Y]g= O
for all x, ydI, a, BOr, which implies that

ya([d(y), Xlg+ 3 [D(X, ¥, Y), ¥lg) + 3d(y)a[x, y]g= 0 (6)

By using (5) we havel(y)a[x, y]g= 0 for allx, yI, a, BOI on account of (5). Sinde
is a nonzero non-commutative prifeing, it follows from (3) and Lemma 1.3 that, for
all ydl with ydz(M), we haved(y) = 0 since for every fixegl, a mapx - [X, ylg is a
derivation onl.
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Now, letxOl with x0z(M) andydl with yOZ(M). Thenx + y(0zZ(M) and -yOZ(M).
Thus we have

dix +y) =d(x) + 3D(X, X, ¥) + 3D(X, ¥, y) = 0 which shows that(x —y) = d(x) — 3D(x,
X, y) + 3D(X, ¥, ¥) = 0 which shows that

d(x) +3D(x,y,y) =0 )

Replacingydl (yOzZ(M)) by 2y in (7) we obtain thab(x, y, y) = 0 and so the relation
(7) givesd(x) = 0 for allxdl with xdZ. Therefore we obtaid(x) = 0 for allxl.

On the other hand, since the relatidfx, x, y) + D(X, y, y) = 0 fulfilled for all x, yI, it
follows that

D(x, %, ¥) + D(x, y, y) = 0 for allx, ydI, (8)
and substituting + z for y in (8) we obtain that(x, y, 2 = 0 =D(x, y, 2) for allx, yl.

Let us substitutevax (WIM) for x in the above relatioB(x, y, z) = 0 for allx, y, zI.
Then we have

D(w, y, 20x = 0. HenceD(w, y, 20xBD(w, Y, 2) = 0.SinceM is prime, we gebD(w, v,
2) = 0 for ally, zI, wOM. Also, substitutingydv (VCIM) for y in this relation, we have
yoD(w, v, 2) = 0 and sd(w, v, 2BydD(w, v, 2) = 0. Again, by primeness i, we obtain
thatD(w, v, 2) = 0 for allzl, w, vOOM. Furthermore, replacingby uyz (udM, yOII) in the
relationD(w, v, z) = 0, we geD(w, v, u) = 0. The primeness & implies thatD(w, v, u) =
0 for allu, v, wOM.

Lemma 1.7

Let M be a 3-torsion free semiprinfiering satisfying the condition (*) andbe a nonzero
ideal of M. If there exists a permuting tri-derivatih M x M x M — M such that d is
centralizing orl, whered is the trace oD, thend is commuting on.

Proof:
Assume that

[d(X), XgOZ(M) for all xOl, O 9
By linearizing (9) we get,

[d(x), Ylg+ [d(y). X]g + 3[D(x, X, y), X]g+ 3[D(X, , y), X]g + 3[D(x, X, ¥), Y]
+ 3[D(x,y, ¥), YIgOZ(M), for allx, yOl, pOr. (10)

We substitute-x for x in (10) we get
[DX ¥, y), Xlg+ [D(X, X, ¥), ylgOZ(M), for allx, yOI, BOr (11
Replacingk by x +yin (11) we have
[d(y), Xlg + 3[D(x, ¥, ¥), YIgOZ(M), for allx, yOI, BOr (12)
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Takingx = yoy in (12) and invoking (9) show that

[d(y), ydyls+ 3[D(Ydy; . ¥), Ylg = 8[d(y), ylgdyHZ(M), for allytl, B, 6L 13)
Commuting withd(y) in (13) gives
8d(y), Yldld(y), yls = O, for allyrll, B, 80 (14)

On the other hand, substitutirdor yyx in (14)

[d(y), yyx]g + 3[D(yyx, X, y), Ylg = WLd(Y), X]g + 3d(Y)V[X, Y]+ 3[D(X, ¥, ¥), Y]p
+ 4[d(y), ylgyxdzZ(M) for all x, ydl, B, yar (15)

Hence we have

YA d(Y), Xp + 3[D(X, Y, ¥), YIpVIX, Ylg}, Yp+ [BA(Y)VIX, Ylg + 4[d(Y), YlgyX, Y]l =0
for all x, yaI, B, yar (16)

So we get [A(Y)YIX, YIp, Ylg + 7[d(Y), Ylg¥[X, ¥]g = O, for all x, yOl, B, yOI, according
to (14).
Substitutingd(y)Ax for x in (15), it follows that

d(){BAYALLX, Ylg, VIg + 7[d(y), YIgYIX, Ylg} + 6d(Y)VA(Y), VIsYIX, Yls

+ 7[d(y)! y]BV[d(y)1 y]BYX! for all X, yE”! B! yDrv (17)
which by (16) implies
6d(y)yld(y), YleV[x, Ylg + 7[d(y), Ylg¥[d(y), Ylgyx = O for allx, yOul, 3, yoII (18)

Letting x = [d(y), ylg in (18) we arrive atd(y), ylgyld(y), ylgyld(y), ¥lz = 0 and so we
get

7[d(y), ylpvld(y), Ylpy7[d(y), ylgyld(y), Y]g = O (19)

SinceM is a semiprimd -ring 7[d(y), ylgy[d(y), ylg = O for allx, yOlI, B, yor . Hence,
the relations (16) and (19) yield(}), ylgyid(y), ylg = O for allydl, B ,yOr. Since the
center of a semiprime ring contains no nonzerootdpt elements, we conclude thay),
ylg = 0 for allydl, BOr. This completes the proof.

Lemma 1.8

Let M be a 3- torsion free prinfe-ring and letl be a nonzero ideal . If there exists a
nonzero permuting tri-derivatioD: M x M x M — M such that d is centralizing dn
where d is the trace &f, thenM is commutative.

Proof:
Suppose thatl is non-commutative. Then it follows from Lemma 1h&t is commuting
onl. Hence Lemma 1.6 givés = 0 which proves the Lemma.
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Lemma 1.9
Let M be a semiprimé -ring satisfying the condition (*). If there exisé§IM such that
aa[x, ylg = 0 holds for all pairg, yOM, a, BOr. In this casealdZ(M).
Pr oof:
We have {, a]gaxd[z, alg = ZBaoxd|[z, alg — azaxd[z, alg = ZBaa(z xdals — ZBaa(z, X|gda
- af[z, zaxda]g + aB[z, zax]gda = 0.

HencealdZ(M). Sincezaadwy(x, ylg = O for allz, w, x, yoM, a, B, §, yar, we can
repeat the above argument wilayw instead of a to obtaikI"alr M0Z(M) and now it is
obvious that the ideal generatedaig central.

2. Permuting Tri-Derivations

We prove some results on permuting tri-derivations.

Theorem 2.1

Let M be a 3-torsion free semiprimering satisfying the condition (*) and létbe a
nonzero ideal oM. If there exists a permuting tri-derivati@in M x M x M — M such
that d is an automorphism commuting on |, whetie the trace oD, thenl is a nonzero
commutative ideal.

Proof:
Suppose that

[d(x), ] = O for allxl, RO (20)

Substitutingk by x + y leads to

(09, Ylg+ [d(Y), X]g+ 3[D(X, X, ¥), X]g+ 3[D(X, ¥, y), ¥lg + 3[D(x, %, y), Vg
+ 3[D(x, y, ¥), ylg = 0 for allx, ydI, gOr (21)

Putting x instead ok in (21) we get

[D(X, Y, ¥), XIg+ [D(X, X, ¥), ylg = 0 for allx, yOl, BOr. (22)
Sinced is odd, we set =x + Yy in (22) and then use (20) and (22) to obtain

[d(y), XIg + 3[D(x, ¥, ¥), Ylg = O for allx, yOlI, pOr. (23)

Let us writeyax instead ok in (23), we obtain

[d(y), yax]s + 3[D(yax, y, ¥), Ylg = ya[d(y), X]g + 3d(y)a[x, y]s + 3ya[D(x, ¥, ¥), Ylp =
ya([d(y), Xlg + 3[D(X, ¥, ¥), Ylg) + 3d(y)a[x, ylg = 0 for allx, yOl, a, BOr. Thend(y)a[x,
ylg = 0 for allx, yOI, a, pOr, sinced is an automorphism, we obtaja[x, ylg = 0 for allx,
yOl, a, BOr. Replacingk by yax, we get
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yaxy{x, ylg = 0 for allx, yOl, a, B, yOr . (24)
Again left-multiplying byx implies that
xayylx, ylg = 0 for allx, yOI, a, B,ydr. (25)

Subtracting (24) and (25) with usiing is semiprimd -ring, we completes our proof.
By same method in Theorem 2.1, it is easy to ptlo®ffollowing results

Corollary 2.2

Let M be a 3-torsion free semiprinfiering satisfying the condition (*) andoe an ideal of
M. If there exists a permuting tri-derivatidd: M x M x M — M such thatd is
commutating on, whered is the trace oD, thenl is a central ideal.

Theorem 2.3

Let M be a 3-torsion free semipriniering satisfying the condition (*). If there exiat
permuting tri-derivatiorD: M x M x M — M such that d is an automorphism commuting
onM, whered is the trace oD, thenM is commutative.

Theorem 2.4

Let M be a 6-torsion free semiprinfiering satisfying the condition (*). If there exisés
permuting tri-derivatiorD: M x M x M — M such thatl is an automorphism centralizing
onM, whered is the trace ob, thenM is commutative.

Proof:
Assume that

[d(x), X]gOZ(M) for all xOM andBOr . (26)
Replacingx by x + y and again using (26), we obtain

[d(x), Ylg+ [d(y). X]g + 3[D(x, X, y), X]g+ 3[D(X, , y), X|g + 3[D(x, X, ¥), Y]
+ 3[D(x, Y, ¥), ylgOZ(M) for all x, yOM, pOr . (27)

Replacingk by —x in (27) we get

[D(X, Y, ¥), Xlg+ [D(X, X, ¥), YlgOZ(M) for all x, yOM, BOr. (28)
Replacingk by x +y in (28), we obtain

[d(y), XIg + 3[D(x, ¥, ¥), YlgOZ(M) for all x, yOM, B0 (29)
Takingx = yay in (29) and invoking (26), we get

[d(y), yaylg + 3[D(yay, ¥, y), Yl = 8[d(y). ylgayZ(M) for all yOM, a, BOI. (30)

Now commuting (30) withd(y) yields
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8[d(y), ylgald(y), ylg = 0 for allyCIM, a, B0
Again substituting« by yax in (29) gives

[d(y), yax]g + 3[D(yax, y, y), Yls = ya([d(y), X]g + 3[D(X, ¥, ¥), ylg) + d(y)a[x, Y]s +
4[d(y), ylgaxtZ(M) for all x, yoM, a, BUr. Then fa([d(y), Xlg + 3[D(X, ¥, ¥), Yls). ¥l +
[Bd(y)a[x, ylg + 4[d(y), X]gax, ylg = O for allx, yOM, a, BOr. And so we get

3d(y)al[x, g, Ylg+ 7[d(y), ylga[x, ¥]g = O for allx, yOM, a, BOr. (31)

Since d acts as an automorphism withis 6-torsion free the relation (31) reduces to
ya([[x, Ylg, ylg = 0 for allx, yOM, a,BOr .
Replacingx by rox, we get

yaxd [[X, Ylg, Yl + 2ya[X, y]g= O for allx, yOM, a, B, 60r. (32)
Replacingy by -y in (32) and subtracting with (32), gives

4y3[x, ylp = 0 for allx, yaOM, B, 80 (33)
Replacingx by xyr and left-multiplying bys, we obtain

4ydxalr, ylg= 0 for allx, y, r, sUM, a, 3, 80II". (34)
Again in (33) replacing x byxm and x by 8x, we get

4yysdxa[m, y]g = O for allx, y, m, sOM, a, B, d, yr. (35)

Subtracting (34) and (35) with usihg is 6-torsion free semiprime, we obtag ] =
0 for all's, ydOM. Thus, we geM is commutative.

Theorem 2.5

Let M be a 3-torsion free semiprinfiering satisfying the condition (*). If there exisés
permuting tri-derivatiorD: M x M x M — M such that is commuting orM, whered is
the trace oD, thend is a central mapping.

Pr oof:
We have

[d(x), X]g = O for allxOM, BOT. (36).
The substitution ok in (36) byx +y leads to

[d(X), y][3 + [d(y)! X][3+ 3[D(X! X, y)v X]ﬁ + 3[D(X1 Y, y)! X]ﬁ + 3[D(X! X, y)! y]B
+ 3[D(x, Y, ¥), ¥lg = 0 for allx, ydOM, BOr. (37)

Putting x instead ok in (37) we obtain,

[DX ¥, y), Xlg+ [D(X, X, ¥), ylg= 0 for allx, yOM, BOr. (38)
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Since d is odd, we sgt=x +y in (38) with using (36) and (37), we get
[d(y), ¥g+ 3[D(X, Y, y), ylg = O for allx, yOM, BOI". (39)

Let us write in (39)ax instead ofx, we obtain according to (39) and sindeis 3-
torsion semiprimel(y)a[x, ylg = 0 for allx, ydOM, BOr.

Applying Lemma 1.9, the above relation giveg)0Z(M) for all yOM, thus we
completes the proof of the theorem.

Theorem 2.6

Let M be a 3-torsion free semiprinfiering. If there exists a permuting tri-derivatitn M
x M x M — M such thatd is commuting orM, whered is the trace oD, thenD is
commuting (resp. centralizing).

Proof:
We can restrict our attention to the relation

[d(x), ] = O for allxOM, B0 (40)

The substitution ok +y for x in above relation gives

[0, Ylg+ [d(Y), X]g+ 3[D(X, X, ¥), X]g+ 3[D(X, ¥, ¥), ¥lg + 3[D(x, %, y), Vg
+ 3[D(X, Yy, ¥), lg = 0 for allx, ydOM, BOr 41)

Now, by the same method in Theorem 2.5, we artive a

y3[d(y), Xlg + 3d(y)3[x, yls + 3yd[D(x, y, y), ylg = 0 for allx, yOIM, B, 80" (42)
which implies that

d(y)d[x, ylg = 0 for allx, yOIM, 3, 80II". (43)

Applying Lemma 1.5, the above relation giwg)[1Z(M) for all xdOM. By substitution
the relationd(y)dzZ(M) in (41) with using replacingk by y and M is 3-torsion free
semiprime, we obtain

[D(Y. YY), Ylg= 0 for allx, yOM, 0 (44)
ThenD is commuting (resp. centralizing) bf.

Theorem 2.7

Let M be a non-commutative 3-torsion free semipriragng satisfying the condition (*).
If there exists a permuting tri-derivatidd: M x M x M — M such that d is skew-
commuting orM, whered is the trace oD, thend is commuting.

Proof:
We haved(x)ax + xad(x) = 0 for allxTOM. Replacingk by x +y, we obtain



K. K. Deyand A. C. Paul, J. Sci. Res. 5 (1), 55-66 (2013) 65

d(y)ax + 3D(x, X, y)ax + 3D(X, y, y)ax + d(x)ay + 3D(x, x, y)ay + 3D(X, y, y)ay
+xad(y) + xaD(x, x, y) + xaD(x, y, y) + yad(y) + 3yaD(x, X, y)
+ 3yaD(x, Yy, y) = 0 for allx, yaOM, a0l (45)

We substitute xfor x in (45) we get B(X, y, y)ax+ 3D(x, X, y)ay + 3xaD(x, y, y) +
3yaD(x, X, y) = 0 for allx, yOM, oI".

SinceM is 3-torsion free, we obtain

D(x, X, y)ax + D(x, X, y)ay + xaD(x, y, y) + yaD(x, X, y) = 0 for allx, yOM, a0 (46)
Again we substitutingfy for x in (46) then we get

xaD(y, y, Y)BY + D(x, y, y)axBy + xayBD(y, y, y) + D(x, y, y)ay = 0
for all x, yaOM, a, BOr 47)

We substitute xfor x in (47) and compare (47) with the result to Bét, vy, y)axBy =
0 for allx, yOM. Replacingk by y and sincel is the trace ob, we obtaird(y)aypy = 0 for
all yOM. Left- multiplying byy and right-multiplying byd(y)dy with using Lemma 1.4,
we obtain

yod(y)By = 0 for allydOM, B, &0r. (48)
Left- multiplying (48) byd(y) with using Lemmas (1.1and 1.3) gives
d(y)By = 0 for allyIM, pOr. (49)

Right- multiplying (48) byd(y) with using Lemmas (1.1 and 1.3) and subtractirey t
result with (49), we obtaird[y), y]g= 0 for allyIM, pOr".

By Theorem 2.3, we complete our proof.

By the same method in Theorem 2.8, with using Lemfia4 and 1.5), it is easy to
proof the following corollary.

Theorem 2.8

Let M be a non-commutative 3-torsion free semipriraeng satisfying the condition (*)
andl be a non-zero ideal ®f. If there exists a permuting tri-derivatitn M x M x M —
M such that d is skew-commuting rwhered is the trace ob, thend is commuting om.

Proof:
Using the same method in Theorem 2.7, with Lemnia ie complete the proof of the
Theorem.
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Theorem 2.9

Let M be a non commutative 3-torsion free semiprifeng satisfying the condition (*)
andl be a nonzero ideal ®f. If there exists a permuting tri-derivatitn M x M x M —
M such thatl is skew- centralizing ohwhered is the trace oD, thend is commuting on.

Pr oof:
Using same method in Theorem 2.7, we obtd{®)fiydy, r]g0Z(M) for all xOl, rOM, a,
3, 80r, replacing byy with using Lemma 1.7, we complete the proof oftteorem.

Corollary 2.10

Let M be a 3-torsion free prinifering satisfying the condition (*) anidbe a nonzero ideal
of M. If there exists a honzero a permuting tri-deio@D: M x M x M — M such thatd
is skew-centralizing ohwhered is the trace ob, thenM is commutative.

Proof:

Suppose thaM is non-commutative, then by the same method inofidra 2.9, we get
[d(¥), x]g0Z(M) for all xOI, BOr. Hence by Lemma 1.8, the proof of the corollary is
complete.
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