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Abstract

We present some results on the inextensible flows of tangent developable surfaces of
biharmonic curves in the SL‘Z‘(R). Finally, we find out explicit parametric equations tangent

developable surfaces of biharmonic curves in the SLT(R).
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1. Introduction

Developable surfaces are defined as the surfaces on which the Gaussian curvature is 0
everywhere. The developable surfaces are useful since they can be made out of sheet
metal or paper by rolling a flat sheet of material without stretching it. Most large-scale
objects such as airplanes or ships are constructed using un-stretched sheet metals, since
sheet metals are easy to model and they have good stability and vibration properties.
Moreover, sheet metals provide good fluid dynamic properties. In ship or airplane design,
the problems usually stem from engineering concerns and in engineering design there has
been a strong interest in developable surfaces [1].

A smooth map 4:N — M is said to be biharmonic if it is a critical point of the

bienergy functional:
1
E.(¢)= [ S[T@) dv,,

where T(g) := trv*d¢ is the tension field of ¢ [2-11].
The Euler--Lagrange equation of the bienergy is given by T,(¢) = 0. Here the section
T,(¢) is defined by [7]
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T,(4) =—A,T(¢) + trR(T(¢),dg)dg, (1.1)

and called the bitension field of ¢ . Non-harmonic biharmonic maps are called proper
biharmonic maps.
We present some results on the inextensible flows of tangent developable surfaces of

biharmonic curves in the SLZ(R). Finally, we find out explicit parametric equations

0
tangent developable surfaces of biharmonic curves in the SLZ(R).

2. SLE(R)

We identify SL,(R) with

R® = {(x y,2)eR®:z> o} endowed with the metric

2 2
g=ds’= (dx+d—zy)2 LAz ;dz :

The following set of left-invariant vector fields forms an orthonormal basis for SL?(R)

o= e =209 ¢ =790 2.1)
OX oy Ox oz

The characterising properties of g defined by

g(e1ve1): g(ezaez): g(e3,e3):1,
gle,.e;)=gle,.e5)=gle,. ;)= 0.

The Riemannian connection V of the metric g is given by
29(V,Y,2)=Xg(Y,Z)+Yg(z,X)-2Z9(X,Y) —g(X.[¥,z])-g(v.[X.2]+g(z,[X.Y],
which is known as Koszul's formula.

Using the Koszul's formula [10], we obtain

1 1
Ve =6 Ve =e,V e = -Ce e, 22)
1 1
Ve 8 = —Eez, Ve = Ee“ Ve85 = 0.

Moreover we put

Rj = R(ei.e))e., Ry, =R(e.ej.e.e),
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where the indices i, j,k and | take the values 1, 2 and 3

1 7
R1212 = R1313 = Zl R = (2'3)

2323 — T ¢
4

3. Biharmonic Curves in SL?(R)

From (1.1) biharmonic equation for the curve y reduces to
ViT-R(T,V,T)T =0, (3.1)

that is, y is called a biharmonic curve if it is a solution of Eq. (3.1).

Let us consider biharmonicity of curves in SL?(R)- Let {T,N,B} be the Frenet frame
field along y. Then, the Frenet frame satisfies the following Frenet--Serret equations:

V. T=xN,

VN = —«T + 7B, (3.2)
V.B=—N,
where = [T(y)| =|V,T| is the curvature of yand 7 its torsion and

g(T.T)=1,0(N,N)=1,9(B,B)=1,
9(T.N)=g(T,B)=g(N,B)=0.

With respect to the orthonormal basis {e,,e,,e,}, We can write

T=Te, +T,e, +Te,,

N = N,e, + N,e, + N,e,, (3.3)
B =TxN = Bg, +B,e, +Be,.

Theorem3.1. y:1 SLT(R) is a biharmonic curve if and only if
x = constant = 0,
K> +7° :—E+EBIZ, (3.4)
4 4

7 =2N,B,.

Theorem 3.2. ([9]) Let ,:| —>SL?(R) be a unit speed non-geodesic biharmonic helix.
Then, the parametric equations of y are

x(s)= %sin psin[Ns +CJ+ ésin @cos[Ns+Cl+ p,,

y(s)= %sin @ 0,£" (X cos[Ns + C|+cos psin[Ns + C)),
N +cos” ¢
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2(5)= ")
where X, C, £y, £, are constants of integration.

4. Inextensible flows of Tangent Developable Surfaces of Biharmonic Curves in

SL,R)

The purpose of this section is to study tangent developable surfaces of biharmonic curves

in sL,(R).
The tangent developable surface of yis a ruled surface [12]

T(s,u)= y(s)+uy'(s) (4.1)

Definition 4.1. A surface evolution T(s,u,t) and its flow 9T are said to be inextensible
ot

if its first fundamental form {E F G} satisfies [12]

%:E:@:Ol (4.2)
ot ot ot

This definition states that the surface T(s,u,t) is, for all time t, the isometric image of

the original surface T(s,u,t,) defined at some initial time t;. For a developable surface,
T(s,u,t) can be physically pictured as the parametrization of a waving flag.

Definition 4.2. We can define the following one-parameter family of developable ruled
surface

T(s,u,t)=y(s,t)+uy (s,t) (4.3)
Hence, we have the following theorem.

Theorem 4.3. Let T is the tangent developable surface associated with unit speed non-

geodesic biharmonic curve in SL?(R), then T is inextensible if and only if
ot

—%[sin @cos[Ns+C]-uNsingsin[Ns+CJJ
= %[sin @sin[Ns +CJ+u(Nsin pcos[Ns +C]

—sin?@cos[Ns + C]sin[Ns + C]—cos gsin g cos[Xs + C ]2

+§[cos<p+u(sinz(pcos[xs+C]sin[z~<s+C]+5in2¢sin2[z~¢s+c])]2,

where ¢ is function of time.
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Proof. Assume that T(s,u,t) be a one-parameter family of ruled surface.
From our assumption, we get

T =singpcos[Ns+Cl, +singsin[Xs+Cle, +cosge,.
Using first equation of the system (3.2) and (2.3), we have
V:T= (T1 )e, + (Tz =TT, -TT)e, + (Ta +T.T, +T22)e3-

By the use of Frenet formulas and above equation, we get

N = —sin sin[Xs+Cl,
K

+£(Nsin @ cos[Ns +C|—-sin?pcos[Ns + Clsin[Xs +C]
K
—cospsin gcos[Ns +C)e,

+£(sin2gocos[Ns+C]sin[§~<s+C]+sin2<psin2[§~<s+C])e3.
K

Furthermore, we have the natural frame {1, T } given by

T, =[sinpcos[Ns+C]-uXsin sin[Ns+Clle,

+[sin @sin[Ns+C]+u(Nsin @ cos[Ns + C]—sin?gcos[Ns + CJsin[Ns + C]
—cos @sin pcos[Ns +C))le,

+[cos g +u(sin? @ cos[Ns + CJsin[Ns + C]+sin? ¢sin?[Ns + C)e.,
and

T, =singcos[Ns+Cle, +sin gsin[Xs+Cle, +cos ge,.

The components of the first fundamental form are

E=g(T,, T.) =[sinpcos[Xs+C]-uNsingsin[Ns+C]?
+[sin @sin[Ns + CJ+u(Nsin g cos[Ns + C]—sin? @ cos[Ns + CJsin[Ns + C]

— 08 ¢sin ¢ cos[Ns + CI? +[cos @ +u(sin?@cos[Ns + CJsin[Xs + C]|
+5in2(osin2[NS + C])]Z.

F:g(TS7TU):17 G:g(TL”TU):l'

Using second and third equations of the above system, (4.1), (4.2), we have
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Hence, ar
ot

is inextensible if and only if (4.4) is satisfied. This concludes the proof of

theorem.

Corollary 4.4. Let ,:| —>SL?(R) is a unit speed non-geodesic biharmonic curve in

SL?(R)_ Then, the parametric equations of tangent developable surface of y are

X (s,u)= ésin (psin[Ns+C]+ésin @cos[Ns+C]

+usin pcos[Ns +C|-usingsin[Ns+Cl+gp,,

yr(s,u)= %sin @67 (—N cos[Ns +C]+cos psin[Ns+C))
N"+cos" ¢

+U 2, sin psin[Ns +C],

Z:(s,u) = 9,6 +U 2,6 cos g,
where x, C, ¢, g, are constants of integration.

We may use Mathematica in Corollary 4.4, which yields
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