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Abstract

Let M be a semiprime T'-ring satisfying an assumption xaypz = xByaz for all x, y, zeM, a,
Bel. In this paper, we prove that a mapping T: M — M is a centralizer if and only if it is a
centralizing left centralizer. We also show that if T and S are left centralizers of M such that
T(X)ox + xaS(x)eZ(M) (the center of M) for all xeM, ael’, then both T and S are
centralizers.
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1. Introduction and Preliminaries

Let M and T be additive abelian groups. M is called a I"-ring if for all x, y, zeM, a, Bel’
the following conditions are satisfied :

(i) xpyeM,
(i) (X +y)oaz=xaz+yaz, X(o + B)y =Xay + xBy, Xy + z) = Xay + Xaz,

(ifi) (xay)Bz = xa(yB2).

Every ring is a I'-ring and many notions on the ring theory are generalized to I"-rings.
Let M be aT'-ring. A subring I of M is an additive subgroup which is also a I'"-ring. A right
ideal of M is a subring | such that I'M c I. Similarly a left ideal can be defined. If I is
both a right and a left ideal then we say that | is an ideal.

Let S be a subset of M. If xay+ yoxeS, for all x, yeS, aeT, then S is called a Jordan
subring of M.

The commutator xay — yox will be denoted by [x, y].. We know that [xBy, z], =
[x, Z1oBY + XBLY, Z]o + X[B, alzy and [x, yBzls = YBIX, Z]o + [X, Y]uBz + Y[B,a]z. We take an
assumption (*) xBzay = xozBy for all x, y, zeM and «, Bel. Using the assumption the
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basic commutator identities reduce to [xBy, z], = [X, z].BY + XAy, 2], and [X, yBz], =
yBIX, z]a + [x, YlBz.

Throughout, M denotes a I'-ring with center Z(M). M is said to be semiprime if
XI'MI'x = 0 implies x = 0, it is prime if xCMI'y = 0 implies x = 0 or y = 0. An additive
mapping T: M— M is called a left (right) centralizer if T(xay) = T(X)ay ( T(Xay) = xaT(y)
) for all x, yeM, ael. If aeM, then L,(xX) = aox and R,(x) = xaa, (xeM, ael’) define a
left centralizer and a right centralizer of M, respectively. An additive mapping T: M — M
is called a centralizer if T(xay) = T(X)ay = xaT(y) for all X, yeM, ael'. A mapping f: M
— M is called centralizing (skew centralizing) if [f(xX), X]o€Z(M) ( f(X)ax + xof(x)eZ(M) )
for all xeM, ael, in particular, if [f(x), X], = 0 ( f(X)ox + xaf(x) = 0) for all xeM, a.el,
then it is called commuting (skew-commuting). Obviously every commuting (skew-
commuting) mapping f : M — M is centralizing (skew centralizing). We recall if f : M —
M is commuting, then [f(X), y]l. = [X, f(y)]. for all x, yeM, aeI". A mappingf: M — M is
called central if f(x)eZ(M) for all xe M.

The theory of centralizers in rings is well established. Many mathematicians worked
on centralizers of rings and found out some remarkable results. The theories of Banach
algebras and C"-algebra with centralizers are established by many authors.

Bresar [1-3] studied centralizing mappings with derivation in prime rings. Mayne [4]
worked on centralizing automorphisms of prime rings. Recently, Vukman [5-7] and Zalar
[8] studied on centralizer of semiprime rings and 2-torsion free semiprime rings. Samman
and Chaudhry [9] established the necessary and sufficient condition for a mapping to be a
centralizer. If two left centralizers T and S of a semiprime ring R satisfying T(xX)x +
xS(x)eZ(R) for all xeR, then they also prove that both T and S are centralizers. Haque and
Paul [10] worked on Jordan centralizers on a I'-ring with certain assumption. For the
extended centroid we refer to [11, 12]. They proved that every Jordan left centralizer on a
2-torsion free semiprime I'-ring is a left centralizer. They also proved that every Jordan
centralizer on a 2-torsion free semiprime T'-ring satisfying a certain condition is a
centralizer.

In this paper, we develop the results of [9] in Gamma rings. Our results are the
generalizations of the results of Samman and Chaudhry [9]. The results in this paper for
left centralizers are also true for right centralizers because of left-right symmetry.

2. Left Centralizers on Semiprime I'-rings

In this section, we prove our main results.

Theorem 2.1 Let S be a set and M be a semiprime I"-ring. If the functions f and g of S into
M satisfy

f(s)axpg(t) = g(s)axpf(t) for all s, teS, xeM, a, Bel, (D)
then there exist idempotent elements e;, e,, e3eC, the extended centroid on M and an
invertible keC such that ejae; = 0 for i * j, e; + e, + e3 = 1 and e;af(s) = kPBejog(s),
e,09(s) = 0, ezaf(s) = 0 hold for all seS, a, el
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Proof. Obviously, the identity holds in case x is an element from C(M), the central closure
of M. Thus there is no loss of generality in assuming that M is centrally closed. Let A =
MIf(S)I'M and B = MI'g(s)I'M. We have A" = pI'M and B* = qI'M for some idempotent
elements p, geC. We sete; = (1 — p)a(l — q), e, = (1 — p)aq and ez = p. Clearly &’s (i =1,
2, 3) are mutually orthogonal idempotent elements with sum 1. Since qag(s)eB*, seS,
ael’, we have qoag(s)Bxdgag(s) = 0, which implies qag(s) = 0. Hence e,ag(s) = 0, seS,
ael'. Similarly we see that e;af(s) = 0, seS, ael.

We note that (e;0A)" = (e;0B)" = (1 — e;)aM, that is, (e;aA)" = (e;0B)" = (1 — e)I'M.
Hence E = e,A®(1 — e)I'M is an essential ideal of M. Define ¢: E > M by

3 — 3
PO ot (s, )+ (=MD = €105 5 g )y, ) (1 @A
i=1 i=1
In order to show that ¢ is well defined, we suppose that
ela(ixiﬂf (Si)5)’i) = 0. Consequently ela(ixﬂf(s-ﬁy- )yzAg(t) = 0 holds for all
i=1 =i M
zeM, teS, a, B, 8, v, AeT.
Since by (1) we have f(s;) dyiyzA g(t) = g(s;) dyiyz Af(t), it follows that
ela(ixiﬂg (s)), )yzAf(t) = O for all zeM, teS, a, B, 3, y, Ael.
i=1
3 iein AL Qi 1 — (1 _ _
Thus the elements ela(zxiﬂg (Si)éyi) lies in A~. Since A~ =pI'M and e; = (1 — p)a(l
i=1
. 3 _ B . .
q), it follows that ela(zxiﬁg(si)éyi ) = 0. This proves that ¢ is well defined.
i=1
Clearly ¢ is an M-module homomorphism. Then there exist ke C such that ¢(u) = kBu
for every ueE, Bel’. Hence e;af(s) = kBejag(s) for all seS, o,Bel. It remains to prove
that k is invertible. Note that kI'E = ¢;I'B®(1 — e;)['M. Since e, I'B®(1 — e,)I'M is an

essential ideal (namely (e,IB)* = (1 — e)I'M), k can not be a divisor of zero.
Consequently, C is the extended centroid of M, k is invertible. The proof is complete.

Theorem 2.2. Let M be a 2-torsion free semiprime I'-ring satisfying the condition (*) and
U be a Jordan subring of M. If an additive mapping F of M into itself is centralizing on U,
then F is commuting on U.

Proof: A linearization of [F(x), X].€Z gives [F(X), Y]o *+ [F(Y), X]o.€Z for all X, yeU, ael.

Replacing y by xpXx,

[F(X), xBX].. + [F(XBX), X],.€Z. Since [F(X), X],.€Z, we have [F(x), XBx].,

= XBIF(X), ]+ [F(x), X].pX

= [F(X), X]oBXx + [F(X), X]opX = 2[F(X), X]BX. Thus

2[F(x), X]opx + [F(XBX), X].€Z for all xeU, a, BeT. 2

By assumption [F(xBx), xBx],€Z, for all xeU, o, Bel". That is
[F(xBx), XJoBX + XB[F(XBX), X]uZ. @)
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Now fix xeU and let z = [F(x), X]o, U = [F(XBX), X]o.. We must show that z = 0. By (2)
we have

0 = [F(x), 2zBx + u],

= 22B[F(x), X]u+ 2[F(x), ZJoPx + [F(x), Ul = 22Bz + [F(x), ],

Thus [F(x), u], = —2zpz @)

According to (3) we have 0 = [F(x), upx + xpu], = [F(X), ulapx + up[F(x), X]o. + [F(X),
X]oBu + XB[F(x), ul,, applying (4) we then get — 4zf3zpx + 2zBu = 0.

Thus zpu = 2zBzpx. Multiplying (4) by z and using the last relation we obtain

—22B2Bz = ZB[F(x), ulo = [F(X), ZBuls — [F(X), Z]JuBu = [F(X), ZBu]

=[F(x), 2zBzpX],. = 22BzP[F(X), X]o + [F(X), 22B2],BXx = 2zPzpz. Hence zBzpz = 0.

Since the center of a semiprime T'-ring contains no nonzero nilpotent elements, we
conclude that z = 0. This proves the theorem.

Theorem 2.3 Let T be a centralizing left centralizer of a semiprime I'-ring M satisfying
the condition (*). Then T is commuting.

Proof. If M is 2-torsion free, then T is commuting follows from Theorem 2.3 by taking
U =Minit If M is not a 2-torsion free semiprime I'-ring, then

2[T(x), X]o, = 0 for all xeM, a.eI" (5) and

2([T(x), Yo + [T(Y), X]o) =0 for all X, yeM, o.eT. (6)

By assumption [T(x), x],€Z(M). Linearizing this, we get
[T, Y1o + [T(Y), X]o€Z(M) for all x, yeM, ael. (7

Using (5) — (7) and the hypothesis that [T(x), X],€Z(M), the following identity follows
easily

[T, xBy + yBx].. + [T(Y), xBx], = 0 for all x, yeM, a, el (8)

Replacing y by yéx in (8), we get [T(x), xBydx + yoxpx], + [T(ydx), xpx]. = 0, which
gives (xBy + yBx)8[T(x), X]o + [T(X), XBy + yBx]udx + T(Y)3[X, XBX]o + [T(y), XBX]ox = 0
for all x, yeM, a, B, deI'. Combining this with (8), we get (xBy + ypx)3[T(x), x],, = O for
all x, yeM, a, B, dl’, which gives (xBy —ypx + 2ypx)3[T(x), X]. = O, for all x, yeM, a, B,
del. Thus (XBy — yBX)3[T(x), x], = 0 for all x, yeM, a, B, 8. In particular, (replacing y
by T(x) and 6 by o) (XBT(X) — TX)BX)S[T(X), X]o. = — [T(X), X]oB[T(X), X],. = O for all xeM,
a, Bel. Since a semiprime I"-ring has no nontrivial central nilpotents, therefore [T(x), X],,
=0 for all xeM, aer.

Theorem 2.4 Let T be a centralizing left centralizer of a semiprime T'-ring M satisfying
the condition (*), then T is a centralizer of M.
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Proof. We have T(xay) = T(x)ay for all X, yeM and aeI’. We now show that T(xay) =
xaT(y) for all x, yeM, ael. Since T is a centralizing left centralizer of M, therefore by
Theorem 2.3, it is commuting. Thus [T(x), X],, = 0 for all xeM, a.e". That is, T(X)ox —
xaT(x) = 0 for all xeM, a.el'. Linearizing this, we get T(X)oy + T(y)ox — yaT(X) — X T(y)
=0forallx,yeM, aeTl.

Replacing y by xBy in the last identity, we get

0 = T(X)axBy + T(xBy)ax — xByaT(x) — xaT(XBy) = T()axBy + T(X)Byax — XByaT(x)

= XaT(X)BY = (T(X)ax — xaT(x))BY + T(X)Byox — xayBT(X) = T(X)Byox — XayBT(X).
That is,

T(X)Byox — xByaT(x) =0 for all x, yeM, a, peT. 9)

Taking S =M, s =t =x, f(x) = T(x) and g(x) = x in (9) and applying Theorem 2.1 to (9)
we conclude that there exist idempotent elements ey, e, e3eC and an invertible peC such
that ejoe; = 0 for i * j, e; + e, + e3 = 1 and e, T(X) = pPe;ax, e;ox = 0 and e;aT(x) = 0 for
all xeM, a, Bel. Now e;ax = 0 implies xae, = 0. Thus T(xaey) = T(0), which gives
T(X)ae; = T(0)a0 = 0. That is, T(X)oe; = 0 or e,aT(X) = 0. Thus

T(X) = e, + e, + e3)aT(X) = e;aT(X) = ppejax.

That is, T(x) = ppejox for all xeM, aeT". Thus T(X)ay — XaT(y) = ppexdy — Xappe;dy
= pPe;axdy — ppeaxdy = 0. That is,

T(X)ay = xaT(y) for all x, yeM, ael. (10)

(T(xay) ~T(X)ay)Bzy(T(xay) — T(x)ay) = O.

By the semiprimeness of M, we have, T(xay) — T(X)ay = 0. This implies T(xay) =
T(X)ay. Thus T(xay) = T(X)ay = xaT(y). This shows that T is a centralizer.

Remark 2.5 Obviously every centralizer is commuting because T(xax) = T(X)ax = XaT(x)
for all xeM, ael, and hence is a centralizing left centralizer. Thus we have the following
corollary.

Corollary 2.6 A mapping T of a semiprime I'-ring M satisfying the condition (*) is a
centralizer if and only if it is a centralizing left centralizer. Let T be a commuting left
centralizer of a semiprime T'-ring, then T(X)B[X, Y] = XB[T(X), y].. holds for all x, yeM, a,
Berl.

Proof. Since T is commuting, therefore [T(x), x], = 0 for all xeM, ael". (11)
Linearizing (11), we get
[T(X), V1o + [T(y), X]o = O for all X, yeM, a.eT. (12)

Replacing y by xBy in (12) and using (12), we get 0 = [T(x), xByl. + [T(XBY), Xl =
[TCO, xByla + [TOABY, Xlo = [T(X), X]oBy + XBIT(X), Yl + [T(), X]uBY + TOOBLY, X]o =
XBIT(X), Yl = TOOBLX, Yo-

Thatis, xB[T(X), Y]~ TX)B[X, y]. =0 for all x, yeM, a, BeT.
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Thus  T(X)BIX, Y]« = XB[T(X), Y], for all x, yeM, a, BeT.

Remark 2.7 If T is a central left centralizer of a prime I'-ring M, then either T = 0 or M is
commutative. This is because T(X)B[X, Y].. = XBIT(X), Y], gives T(X)B[X, y]. = 0. Replacing
y by y&z in the last identity and using it, we get T(X)Byd[x, z], = 0 for all x, y, zeM. Since
M is prime, therefore T(x) = 0 or [x, z], = O for all x, zeM, ael". Thatis, T =0 or M is
commutative.

Theorem 2.8. Let M be a semiprime I'-ring satisfying the condition (*) and T and S be left
centralizers of M such that

T(X)ax + xaS(x)eZ(M) for all xeM, el (13)
Then T and S are both centralizers.

Proof. Linearizing (13), we get
T(X)ay + T(y)ax + xaS(y) + yaS(x)eZ(M) for all x, yeM, aerl. (14)
Thus [T(x)ay + T(y)ox + xaS(y) + yaS(x), x]s = 0, which gives
[TX)ay + T(y)ax + xaS(y), X]g = —[yaS(x), x]s for all X, yeM, a, eI (15)

Replacing y by ypx in (14), we get T(X)aypx + T(ypx)ax + xaS(ypx) + ypxaS(x) =
TOJaypx + T(y)Bxax + xaS(y)px + ypxaS(x) = (T(Xx)ay + T(y)ax + xaS(y))px +
yoxBS(x) eZ(M).

Thus  [(T(X)ay + T(y)ax + xaS(y))px + yaxpS(x), x]g = 0 for all xeM, a, BeI'. This
implies that

[T)ay + T(y)ax + xaS(y), X]gpx + [yBxaS(x), x]s = 0 for all X, yeM, a, BeT". (16)
Using (15), from (16) we get
— [yaS(x), x]gBx + [yaxBS(x), x]g = 0 for all x, yeM, a, BT a7

Since [yaS(X)Bx, x]g = [yaS(x), x]gBx, therefore (17) gives 0 = —[yaS(X)Bx, X]s +
[yoxBS(x), x]p = [ya(xBS(x) — SC)BX), XIp = [yalx, S(X)]p, XIp = yallx, S(X)1s, XIs + [y,
Xlgalx, S(X)]p.

Thus

yal[x, S(x)1s, X]g + [y, X]gax, S(x)]s = O for all x, yeM, o, BeT". (18)

Replacing y by zAy in (18) and using (18), we get 0 = zAyal[[x, S(X)Is X]p + [ZAY,
Xlpalx, Sl = zryallx, SM)p, XIp + zALy, Xlpalx, SX)p + [z, XIghyalx, S(X)p =
[z, X]phya[x, S(X)]p-

That is, [z, xIghyalx, S(X)]s = 0 for all X, y, zeM, a, B, LT (19)

In particular, [S(x), x]ghya[X, S(X)Is = O which, by semiprimeness of M, implies

[S(x), X]g = 0. Thus S is a commuting left centralizer and, by Theorem 2.2, is a centralizer.
We now show that T is commuting. By hypothesis and by the assumption, we have

0 = [T(x)ax + xaS(x), X]g = [T(X), X]gox + xa[S(X), X]g = [T(X), X]gax. That is,
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[T(x), x]gox = 0 for all X, yeM, a, BeI. (20)

From (15), we get [T(x)ay + T(y)ax, X]g = [~ xaS(y) — yaS(x), X]g. Thus T(x)aly, x]g
+[T(x), X]gay + [T(y), XIgax = —xa[S(y), X]s — ya[S(x), X]s — [y, X]paS(x) =
—xaly, S()]p — [y, xlpaS(x) = xa[S(x), Yl + [X, ylpaS(X).
That is, for all x, yeM, a, pel’
T0Qaly, 1y + [T(), ey + [T), lpox = xalS(0), Yl + [x, Ylso:S(x). (21)
Again by hypothesis, we get
0 = [T(ax + xaS(x), yls = T(X)ax, yls + [T(X), ylgox + [x, y]saS(x) + xa[S(X), Y]p.
That is, for all X, yeM, o, Bl
= T0Qaly, xl; + [T(). ylpox =[x, ylyoS(9 — xalS(0), Y. (22)
Adding (21) and (22), we get
[T(), xIgay + [T(y), XIgox + [T(X), y]gox = 0 for all X, yeM, o, eI (23)
Replacing y by yBT(x) in (23) and using (20), we get
0= [T(x), x]payBT(x) + [T(YBT(X)), X]gox + [T(x), yBT(X)]pox
[T(X), XIpayBT(x) + [T()BT(X), X]gax + [T(x), yBT(X)]pox
[T(x), xJpayBT(x) + T()BIT(X), X]gox + [T(y), X]pBT(x)ox + [T(x), ylgBT(X)ax
—[T(y), XJpaxBT(x) = [T(X), ylgaxBT(x) + [T(y), XIgBT(x)ax + [T(x), ylsBT(x)ax

= [T, XJpalT(x), X + [T(X), YlpalT(X), X]p.
That is

[T(), XIgal T(X), X]g + [T(X), Ylpa[T(x), X]g = O for all X, yeM, a, BeT. (24)

Replacing y by yAx in (24) and using (23), we get

0 = [T(yAx), x]pa[T(x), X]g + [T(x), yAX]pa[T(x), X]g
= [T)Ax, XIpa T(X), x]p + [T(X), yAX]pa[T(x), X]g
[T(), XIpAxalT(x), X + YALT(X), X]palT(X), X]p + [T(X), YlpAxal[T(x), X]g
([T, Xlphx + [T(x), yIpAX)alT(x), X]p + YALT(X), X]pa[T(X), X]p
—[T(), XJpryalT(x), X]p + YALT(X), X]ga[T(X), X].

Thus
[T(X), XJgAya[T(x), XIg = YA[T(X), X]pa[T(X), X]g for all x, yeM, a, B, LT (25)

Replacing y by xay in (25) and using (20), we get xayA[T(x), X]ga[T(X), X]sg = [T(X),
X]gaxayA[T(x), X]g = O.

That is,



356 On Left Centralizers

xay A [T(x), X]ga[T(X), X]g = O for all x, yeM, a, B, LeT, (26)
which gives T(x)BxayA[T(x), X]ga[T(x), X]g = 0.

Further, replacing y by T(x)By in (26), we get xaT(X)ByA[T(X), x]ga[T(X), x]s = O.
Combining the last two identities, we get (T(x)Bx — XBT(X))oyA[T(X), X]ga[T(X), X]p = 0.
That is, [T(x), X]gyyA[T(X), X]ga[T(X), X]g = O, which gives [T(x), X]sa[T(X), X]gayA[T(X),
X]pa[T(x), X]g = 0. Since M is semiprime, therefore,

[T(X), XIga[T(x), X]g = O for all xeM, a, eI 27)

Using (23), from (21) we get [T(x), X]sgoyA[T(x), X]s = 0, which by semiprimeness of M
implies [T(x), x]s = 0. Thus T is a commuting left centralizer and hence by Theorem 2.2, T
is a centralizer.

Taking S =T in Theorem 2.7, we get the following corollary.

Corollary 2.9. Let T be a skew centralizing left centralizer of a semiprime I'-ring M
satisfying the condition (*). Then T is a centralizer.
The following corollary is also obvious.

Corollary 2.10. Let T and S be left centralizers of a semiprime I'-ring M satisfying the
condition (*) such that T(x)ax + xaS(x) = 0 for all xeM, ael". Then both T and S are
centralizers.
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