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Abstract

We study the relativistic equation of spin-1/2 particles under the hyperbolic potential and a
Coulomb-like tensor potential. By using the generalized parametric of the Nikiforov-
Uvarov method and the pseudo-spin symmetry, we obtain the energy eigenvalues equation
and the corresponding unnormalized wave functions. Some numerical results are given, too.
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1. Introduction

The description of phenomena at high energies requires the investigation of relativistic
wave equations. Dirac equation describes the dynamics of spin-1/2 particles [1, 2]. The
search for the exact solutions of the Dirac equation with various physical potentials plays
an important role in nuclear physics and other related areas. Using the different method,
some authors studied the bound solutions of the Dirac equation with these potentials [3-
20]. The spin and pseudo-spin symmetry concepts introduced in nuclear theory [21, 22].
Spin symmetry occurs when scalar potential is nearly equal to the vector potential or
equivalently v (r)=V,(r), in the nuclei while the pseudo-spin symmetry occurs when

V,(r)=-V,(r)[23]. The spin symmetry is relevant for mesons [24] and the pseudo-spin

symmetry has been used to explain the features of deformed nuclei [25], super-
deformation [26], and to establish an effective nuclear shell model scheme [21, 22]. Also,
some researchers, various potentials such as the mie-type potential [27], Coulomb-like
potential [28], Wood-Saxon potential [19], Eckart potential [29], etc., have been studied
within the frame work of the spin and pseudo-spin symmetries.

On the other hand, tensor potentials were introduced into the Dirac equation with the
substitution p— p—imeps-fU(r). In this way, a spin-orbit coupling term is added to the
Dirac Hamiltonian. In this regard, see [30-37].

The Hyperbolic potential model [38] and [39] is given by
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r 2
V (r) = D(1- o coth ar)? :(Df[e)—_zzfa] , (1)
where D, ¢ and o are three positive parameters, and D, =JD (1-o0), D, =J/D@+0)-
The properties and applications of this potential are given in [38]. Recently, Jia et al. [40]
have studied approximate analytical solutions of the Dirac equation with potential (1)
under the conditions of spin and pseudo-spin symmetries. Ikhdair and Sever [41] have
studied improved approximation to arbitrary I-state of the non-relativistic equation for this
potential.

Our aim in this paper is to attempt to study the Dirac equation with hyperbolic
potential (1) including a Coulomb-like tensor potential [30, 32]

2
u(r) I T R, )
r 4re,

(where R, =7.78 fm is the Coulomb radius, Z_ and Z, denote the charges of the
projectile a and the target nuclei b, respectively.) under the spin and pseudo-spin
symmetries by using approximation scheme [44]. We obtain the energy eigenvalues
equation and the corresponding spinor wave functions by using the parameteric
generalized of the Nikiforov-Uvarov method [32, 45]. This method has shown its power
in calculating the exact energy levels for some solvable quantum systems.

2. Dirac Equation with a Tensor Coupling

According to the report given in the researcher [30-34], the Dirac equation with the scalar
potential v_(r), vector potential v, (r) and a tensor potential U (r) reads(z=c=1):

[P+ B(M +V, () =ifa - U (N, (F) =[E -V, (N, (F), (3)

where E is the relativistic energy of the system, P =—iV is the momentum operator, &
and S are the 4x 4 matrices. In the relativistic quantum mechanics, [H,K,Jj? J,] can be
taken as the complete set of the conservative quantities, the spin-orbit matrix operator
K =—p(6.L+1), where L is orbital angular momentum of the spherical nucleons,
commute with the Dirac Hamiltonian. Thus, the Dirac spinor can be written according to
their angular momentum j, » and the radial quantum number n and spin-orbit coupling
guantum number k as follows,
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where £ (r) and G, (r) are the radial wave functions of the upper- and the lower-spinor
components respectively, Y ].'m 0,¢) and Y j; (0,¢) are the spin and pseudo-spin spherical

harmonics functions, respectively, the orbital and the pseudo-orbital angular momentum
quantum numbers for spin symmetry | and pseudo-spin symmetry | refer to the upper-
and lower-component, respectively, m is the projection of the total angular momentum on
the z-axis.

Substituting (4) or (5) into (3), and using the following relations [2],

(6.A)(G.B)= AB+iG.(AxB), (6)

(6.P) :&.f(?ﬁ+i&T'E), (7
and properties

(3:0)Y3y(0,0) = (k=Y (6, 0), ®

(6.0)Y%5(6.9) = ~(x DY, (0. 9), ©)

(37 (6, 0) = Yy, (0,9), (10)

(373, (6, 0) = Yy, (0,9, (11)

yield two coupled differential equations as follows:

(5 U0) ) = (B M - A1) (2
(U0 o () =M - B+ SO (49

where A(r)=V,(r)-V,(r) and x(r)=V,(r)+V,(r). By eliminating G (r) in (12) and
F.,.(r) in (13), we obtain two second-order differential equations for the upper and lower
radial spinor components, respectively

d? K‘(K+l) 2x dau(r) 2
{dr ao UM U
dA(r)
+(Ey + M ~AM)(E,, M —2<r»+m[§—r+§—uwj }an(r)=0v (14)
{dz _xlec=1) ZKU(r)+dU(r) %)
dr? r dr
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dx(r)
_ M- dr d x o, (19
+(E. +M = A(N)(E,. —M =Z(r)) + M_E, —Z(r)[dr p +U(r)J }an(r) 0

where x(x+1)=1(1+1) and x(x—1)=1( +1). The quantum number «x is related to the
guantum numbers for spin symmetry | and pseudo-spin symmetry | which is given as

| - +D)=—(j +1/2) (Sy/2s P3yp.€1C.), j=1+1/2, (x<0),
|+ =4(j +1/2) (py,.ds,.€tc.), j=1-1/2, (x> 0),
for x < 0aligned spin and for x>0 unaligned spin, and

T =—(j+1/2)  (Syp Paneflc),  j=I-1/2, (x <0),
+(T+) =+(j +1/2)  (dypfopete),  j=1+1/2, (x>0),
for x <0 aligned pseudo-spin and for x>0 unaligned pseudo-spin, and x =+1+2,....

2.1. Pseudo-spin symmetry

Substituting (1) and (2) into (15) and considering pseudo-spin symmetry (the condition of
pseudo-spin symmetry dx(r)/dr=0 Of ¥(r)=const= Cps) [42, 43], we obtain the
second-order differential equation for the lower component of the Dirac spinor as follows,

d? +H)(xc+H -1
{F—(’()+)+[Em +M —D@-ocothar)?](E, —M —cps)}ew(r) —o. (6)

Eq. (16) can not be solved analytically because of (x+H)(x+H +1)/r> term, therefore
by using the approximation scheme suggested by Greene and Aldrich [44],

1. an
r? sinh’ar

By using Eq. (17) and s =e **", 0<s<1, we have

{g_;+ s(ll_—ss) éljs " 52(11_ 5)? [-&s*+ 525_53]} G, (r) =0. (18)
where

6= 22 (D+Do" +2D0-b,), &=t~ (20, +2D +200%),

&= 4?;2 (D+Do? +2Do -b,). (19)
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Following to the report given in the researcher [32, 45], we obtain the parameter set as,

o =1 a, =1 o, =1, a,=0, o, =-1/2,
o =&, +114, a; ==&, A =&, ay =& —&+&+1/4,
&y =1+ 2/, oy =2+2(JE-&+&+1/4+[E),

a4, =&, o, =-112-(JE &+ & +114+ ), (20)

and we deduce the parameters required for the method [32, 45],

(s) :—%si[(; F14-K)s2+ (=&, +k)s+& ] (1)
where

ko =—(-& +28) %2,/ (6-& +& +1/4).- (22)
Different k’s lead to the different z’s. For

ky ==(=8, +28) = 2J&,(& — &, + & +114), (23)
z(s) becomes

n(s):—%s—[( gl—§2+§3+1/4+@)s—@] (24)
We also have

o(5)=1-25-2(JE - & +&+1/4+ & )s—&] (25)

Therefore 7/(s) <o0.

Following to the report given in the researcher [32, 45], we obtain the energy

eigenvalues equation for the potential under the consideration

C

n2+n+(2n+1+2\/g)(1/§1—§2 +&,+1/4 +\/§73)—§3+1/2:0. (26)

Some numerical results are given in Table 1, where we have used the parameters
=-1.05, M=7fm™", «=0.32, D=0.88 and o =0.0001.

ps

Tab

le 1. The bound state energy eigenvalues E in unit of fm™ of the pseudo-spin symmetry

hyperbolic potential for several values of n and k.

I S W o W )
1 1,-1 25, -590181  -5.93506 0,2 40y, -5.90181 -6.02672
2 1,-2 3Py -5.91524 -5.91524 0,3 55 -5.91524 -6.06382
3 1,-3 4ds, -5.93506 -5.90181 0,4 60712 -5.93506 -6.09904
4 1,-4 s5f,,  -5.96079  -5.89502 0,5 7hes -5.96079 -6.11982
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Now, let us give the corresponding upper Dirac spinor. We write the corresponding
unnormalized eigenfunctions obtained in terms of the functions [32, 45],

p(s) =82 (L—s) (27)
and

Y. (s) = Pn(z & 2\/51—éz+§3+1/4)(1_28)’ (28)
and

() = 5V (L—s)zvamars (29)

Now, let us give the corresponding lower Dirac spinor. By using [37], one obtains

Gn,( (S) — am(s@ (1_ s)1/2+v§1—§2+§3+1/4 Pn(z & 2\/§1*§z+§3+1/4)(1_ 25), (30)
where @, is a normalization constant and it was determined by the condition
[ Fu(s)ds =1-
where
b-g+b=h - D% (31)
a, a,
and
b=(k+H)x+H-1), b,=(E,-M-C)), b, =E, +M. (32)
3. Discussion
Choosing o =1, Eq. (1) becomes
—4ar
V()= 4De ) (33)

(1_e72ar )2

Therefore, we can solve the Dirac equation by substituting =1 in Egs. (16), (19), (31)
for Eq. (33) under the pseudo-spin symmetry, also. With this form of the potential, we
could obtain the energy eigenvalue equation and the corresponding eigenfunctions of the
Dirac equation for the Manning-Rosen potential with appropriate placement [39, 41] in
the equations.



M. Eshghi, J. Sci. Res. 3 (3), 493-500 (2011) 499

4. Conclusion

We have solved the Dirac equation with hyperbolic potential including a Coulomb-like
tensor coupling in the case of spin and pseudo-spin symmetries. By using the
approximation scheme and the parametric generalization of the Nikiforov-Uvarov method,
we have obtained the energy eigenvalue equations and the corresponding unnormalized
wave functions. Some numerical results were given for this potential.
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