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Abstract

This research aims to define and investigate the properties of semiprime hyperideals in
ternary hypersemirings. The researchers introduce the notion of semiprime hyperideal in a
ternary hypersemiring and characterize it. The study has expanded by introducing the ideas
of weak n-system and strong n-system in a ternary hypersemiring, and using these; the
researchers characterize semiprime hyperideals. Again, the researchers introduce the prime
radical B(I) of a hyperideal I in a ternary hypersemiring and obtain the important result that
for a proper hyperideal I of a ternary hypersemiring R, B(I) = {r € R: every weak m-
system in R which contains r has a nonempty intersection with I}. Finally, the work has
been concluded by introducing the concept of fully idempotent ternary hypersemirng, and
using this concept. It has been proved that if S is a commutative ternary hypersemiring with
hyperidentity, then S is a regular commutative ternary hypersemiring with hyperidentity.
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1. Introduction

Now a highly well-established area of mathematics, algebraic hyperstructure is founded
on the idea of hyperoperation, first proposed by Marty [1] in 1934. Hyperstructure theory
has grown remarkably in the modern era. The idea of hyperstructure, which has several
implications in the pure and applied sciences, has piqued the curiosity of many scholars.
Corsini et al. [2] and Leoreanu-Fotea et al. [3] list their applications in a variety of
disciplines, including computer science and theoretical physics. Algebraic hyperstructure
is an extension of classical algebra, where the composition of elements of a set is a subset
of that set, in contrast to classical algebra, where the combination of two elements is again
an element. The idea of multiplicative hyperring was developed by Rota [4], in which
addition is a binary operation and multiplication is a binary hyperoperation. In 2011,
Dasgupta [5] proposed the idea of multiplicative hypersemiring, which is a generalization
of multiplicative hyperring. In multiplicative hypersemirings, Salim [6] investigated the
quasi-hyperideals and bi-hyperideals. The concept of a ternary ring was first proposed,
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and several of its key characteristics were examined by Lister [7]. After that, in 2003,
Dutta and Kar [8] generalized the notion of a ternary ring and introduced ternary semiring.
A study on regular and very regular equivalency relations on multiplicative ternary
hyperring was conducted by Salim et al. [9]. An extension of multiplicative ternary
hyperrings, ternary semirings, and ternary hypersemirings was first proposed by Tamang
et al. [10]. In [11], Tamang et al. studied the properties of hyperideals in ternary
hypersemirings. Mandal et al. [12] studied the radical properties, prime hyperideals, and
primary hyperideals of ternary hypersemirings. Salim and Sinha [13] discussed the
relations on ternary hypersemirings and obtained three isomorphism theorems on ternary
hypersemirings. Again, Hilla et al. [14] studied the quasi-hyperideals and bi-hyperideals
in ternary hypersemirings. Up until now, different kinds of hyperideals have been
discussed in ternary hypersemirings, like primary hyperideal, prime hyperideal, quasi-
hyperideal, and bi-hyperideal. But in this exploration, a special type of hyperideal has
been initiated that is not a prime hyperideal, called semirprime hyperideal of ternary
hypersemirings. The researchers obtain some important results on semiprime hyperideals
and characterize ternary hypersemiring by semiprime hyperideals. Also, weak n-system
and strong n-system have been introduced in ternary hypersemirings and prove that if a
hyperideal is semiprime, then its complement is a strong n-system, and conversely.

2. Preliminaries

Definition 2.1 [11] An additive commutative semigroup (S,+) equipped with a ternary
hyperoperation 'o' that satisfies the subsequent requirements is called a ternary
hypersemiring (S,+,0).

(i) (@eboc)ocdoe=ao(bocod)ce=aocbo(codoe);

(ii) (@+b)ecedSacced+beceod;

(iiiac(b+tc)edSacbod+acced;

(iv)aebe(c+d)Sacbeoectacbeod.
for all a,b,c,d,e € S. Hence, the ternary hypersemiring is referred to as a strongly
distributive ternary hypersemiring if the inclusions in (ii) are substituted with equalities.

Definition 2.2 [11] A nonempty finite subset € = {(e;, f;{)}iL; of R X R where R is a
ternary hypersemiring is called a left (resp. lateral, right) identity set of R if for any a € R,

a€)ieofi ca (resp.a€i ecacfi,a€)l aceof;)

An element e of a ternary hypersemiring (R, +,0) is called an unital element of R if
a€(ececa)n(ecace)nN(aceoce).

Example 2.3 Let us consider Z~, ring of non-negative integers and A = {2,5}, then
R = Zj is an additive commutative semigroup with respect to usual addition of integers.
We now define a ternary hyperoperation on R as follows acboc={a-n;-b-n,-
c:ny,n, € A}. Then (R, +,0) is a ternary hypersemiring.
Definition 2.4 [11] Let (S, +, °) be ternary hypersemiring. An additive subsemigroup I
of S is called

(i) a left hyperideal of S if s; o s, ox C I, forall x € I 'and for all s4,s, € S;
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(ii) a right hyperideal of Sif x o 54 o s, € I, for all x € I and for all s4, s, € S;

(iii) a lateral hyperideal of Sifs; oxos, € I, forall x € I and for all s, s, € S;

(iv) if 1 is a left and a right hyperideal of S, then | is a two-sided hyperideal of S;

(v) a hyperideal of S if | correspond to S's left, right, and lateral hyperideals.

Definition 2.5 [5] If for any three hyperideals I, J, and K of S, a proper hyperideal P
of a ternary hypersemiring S is a prime hyperideal of S if Io]Jo K < P impliesI € P or
JEPorKcP.

Proposition 2.6 If (S, +,0) is a ternary hypersemiring and a € S, then (a). =aoSo
S+ {na:n € Z} is the right hyperideal of S generated by a. Similarly, if (S,+,) is a
ternary hypersemiring and a € S, then (@), =SecaoS+SoScaoSoS+{na:n€Z}is
the lateral hyperideal of S generated by a, and (a); = Seo Sca+ {na:n € Z} is the left
hyperideal of S generated by a. Finally, (a) =SeSoca+4+aoSoS+ScaoS+SoSoao
S oS+ {na:n € Z} is the hyperideal of S generated by a.

Proposition 2.7 If (S, +,0) is a ternary hypersemiring with a unital element e or with
an identity set, and a € S then (a), = a S o S is the right hyperideal of S generated by a.
Similarly, (a)y, =SeoSocaoSeoS is the lateral hyperideal of S generated by a and
(a); = Seo Soaisthe left hyperideal of S generated by a. Finally, (a) = SeSocaoSoSis
the hyperideal of S generated by a.

3. Semiprime Hyperideal

Definition 3.1 An appropriate hyperideal Q is referred to be a semiprime hyperideal of a
ternary hypersemiring (S,+,0) if [e 1o I € Q implies I < Q for any hyperideal I of S.

Example 3.2 Consider the ring of non-negative integers Z~. Let A = {—2,—5}. Now
we define a ternary hyperoperation ‘o’ on Z~ as follows: aebec={a-x-b -y -cxy€
A}. Then (Z~, +,0) is a ternary hypersemiring. We denote it by (Z,, +,°). Now 6Z~ is a
hyperideal of (Z,, +,2). Let U be any hyperideal of (Z,,+,0) and UeUo U € 6Z". Let
U & 6Z, then there exists an element a € U such that a € 6Z~. Now acaca C 6Z".
This implies that 6jJacaca=a-x-a-y-a for x,y € A. This implies that 6|a3-x-y =
6la3, since 6t x,y. Then 3|a® = 3]a and 2|a3 = 2]a, since 2 and 3 are prime. This
implies 6|a. So a € 6Z~, a contradiction. Therefore U € 6Z~ and hence 6Z~ is a
semiprime hyperideal of (Zy, +,°).

Proposition 3.3 Every prime hyperideal in a ternary hypersemiring is a semiprime
hyperideal, but the converse is not true.

We can show this by the following example:

Example 3.4 Let us consider the ternary hypersemiring (Zjz, +,0), where A = {3,4},
aocboc={a-x-b-y-cxy€A}and consider 15Z~. Let [olo1 < 15Z~ , where | be
any hyperideal of Zy. If possible, let I is not a subset of 15Z~, so there exist x € I such
that x € 15Z~ = 154 x = either 34x or 5+ x . Again xoxox € I3 € 15Z~. Then
x-a-x-b-x € 15Z for some a,b € A. This implies that 15|x® - a- b = 15|ab, which
is a contradiction. So, I € 15Z~ i.e. 15Z" is a semiprime hyperideal.
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Next let L, M, N be hyperideals of Z, such that Lo Mo N € 15Z~, where L = 3Z",M =
527,N=2Z". Then LeoMoN =U{}Ya;ob;oci:a; EL,b; € M,c; E N} =U{3a;-xb;:
y - ¢;:a; € L,b; € M, ¢; € N}, but none of L, M,N is a subset of 15Z~. So this is not a
prime hyperideal.

Theorem 3.5 Let (R, +,0) be a ternary hypersemiring. An element x of R belongs to a
semiprime hyperideal Q of R ifand only if Rexo R S Q.

Proof. Suppose Q is a semiprime hyperideal of R. If x € Q, then obviously RexocR S Ro
QoR < Q. Conversely, let RoxoR< Q. Then RoRoxoRoRZRoQoRCQ.
Now

(x) o (x) o (x)

=(RoRox+xoRoR+RoxoR+RoRoxoRoeR+{nxin€Z}) o

(RoRox+x0oRoR+RoxoR+RoRoxoRoR+{nx:n€Z7})o

(RoRox+xoRoR+RoxoR+RoRoxoRoR+{nx:in€Z})

C(RoxoR4+RoRoxoRoR) CQ.

Since Q is semiprime hyperideal, we have (x) € Q and hence x € Q.

Theorem 3.6 Let (R,+,0) be a ternary hypersemiring and Q be a hyperideal of R.
Then the following conditions are equivalent:

(i) Qisasemiprime hyperideal of R;

(ii) acRcaoRoaZc Q, acRoRocaoRoReoac Q, acRoRoaoRoaoRCQ,

RoaoRocaoRoRoaC Qimpliesa € Q;

(iii) Forany a € R, if (a) o {(a) o (a) € Q thena € Q;

(iv) If U is a right as well as a lateral hyperideal of R such that Uo U0 U € Q, then

ucQ

(v) If Vis a left as well as a lateral hyperideal of R such that VoV oV < Q then

=Ko}
Proof. The proof is similar to the proof of the Theorem 3.4 of [15], and hence we omit it.
Corollary 3.7 Let (R, +,0) be a ternary hypersemiring with a unital e or with an identity
set. Then a hyperideal Q of R is semiprime if and only if acRoRoecaocRoReoacQ
implies a € Q.

Proof. Let Q be a semiprime hyperideal of R. Suppose acRoReaoRoRoa c Q.
Then, aoRoaoRoaCaocRo(ecace)ocRocaCaoRoRoaoRoRoac(Q.
SimilarlyacRoRoaoRoaocR<C Qand RoacRoaoRoRoac Q. Now, by Theorem
3.6, a € Q. Similar is the proof when R contains identity set.

Conversely, suppose thatac Re ReaoRoRoa < Q implies that a € Q wherea € R.
Let U be a hyperideal of R suchthat UcUoU S Q. Letx € U. Now xc RoeRoxoRoRo
xS UoUoUC< Q. This implies that x € Q. Thus U € Q and hence Q is a semiprime
hyperideal of R.

Corollary 3.8 A proper hyperideal Q of a commutative ternary hypersemiring
(R, +,0) is semiprime if and only if acaoa < Q implies that a € Q for any element a of
R.

Proof. Assume that a commutative ternary hypersemiring R has a semiprime hyperideal Q
and acaoac Q. Now aocRo(acReca)=aoRo(acacR)=ao(Roaca)oR=
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(acaca)ocoRoR=QoRoRcQie,acRoaocRoac Q. Similarly acRoRoaoRo
RecacQ, acRoRoaoRoaoRCEQ and ReaocRocaoRoReoac Q. Since Q is a
semiprime hyperideal of R. Now by (ii) of the Theorem 3.6, we get a € Q.

Converse is similar to the converse part of Corollary

Definition 3.9 A nonempty subset A of a ternary hypersemiring (R, +,0) is called a
weak m-system if for any a,b,c € A, (acReboRoec)NA-¢dor(acRoRoboRoRo
)NA#dpor(@aocRoRoboRocoR)NA#dorR(cacRoboRoRoc)NA# ¢.

Definition 3.10 Let (R, +,0) be a ternary hypersemiring. Then a nonempty subset A
of R is called a strong m-system if for any a, b, c € A and there exist x,y, s, t € R such that
(@aexoboyoc)NA#¢ or (acxoyobosotoc)NA#¢ or (acxoyobosoco
t)NA#dor(xeacyobosotoc)NA# .

Example 3.11 Consider the ring of non-negative integers Z~. Let A = {1,2}. Now,
we define a ternary hyperoperation ‘o’ on Z~ as follows: acbec={a-x-b -y -cxy€
A}. Then (Z~, +,°) is a commutative ternary hypersemiring. We denote it by (Z~ 4, +,°).
Now Z~ \ 3Z~ is a strong m-system as well as a weak m-system.

Definition 3.12 A nonempty subset N of a ternary hypersemiring (R, +,0) is called a
weak n-system if for any a€ N, (acRecaocRea)NN+#¢ or (acReRocaocRoRo
a)NN=¢or(acRoRoaocReaocR)NN=#¢por(RecacRoaoRoRoa)NN % ¢.

Definition 3.13 A nonempty subset N of a ternary hypersemiring R is called a strong
n-system if for each a € N, and there exist elements x,,x,, X3, x, 0of R such that (aox; o
aox,oa)NN#=dor (aex;ox,0a0x30x,0a)NN+*=dor (aox;0x,0a0Xz30a0
X ) NN#=doOr(x;0caox0a0x30x,0a) NN # .

Example 3.14 Consider the ring of negative integers Z~. Let A = {—1,—2}. Now,
we define a ternary hyperoperation ‘o’ on Z~ as follows: aecbec={a-x-b -y -cxy€
A}. Then (Z~,+,0) is a commutative ternary hypersemiring. We denote it by (Zjz, +,°).
Now 6Z~ is a hyperideal of (Z,, +,0). Now Z~ \ 6Z" is a strong n-system as well as a
weak n-system.

Theorem 3.15 Let (R, +,0) be a ternary hypersemiring and Q be a hyperideal of R.
Then the following conditions are equivalent :

(i) Qs asemiprime hyperideal of R;

(i) Q¢(complement of Q in R) is a strong n-system;

(iii) Q€ is a weak n-system.

Proof. (i) = (ii) Let a € Q°. Suppose that (acxcacoyoa)nNQ° = ¢, for all x,y €RR.
Then aexocaoyoa < Q for all x,y € R. This implies that acRocaoRoa S Q. Next,
suppose that (acxoyocaosotoa)NQ¢ = ¢ forall x,y,s,t ER. Thenaoxoyoaoso
tea c Q for all x,y,s,t € R. This implies that acReRoaocRoRoa < Q. Similarly, if
(aocxoyoaoscaot)NQ =¢ and (xcaoyoaosotoa)NQ®=¢ for all x,y,s,t €
R, then we can show that acRoRocaoRocaoRZE Q and RcaoRoaoRoRoacQ
respectively. Since Q is semiprime, a € Q, a contradiction. Thus Q€ is a strong n-system.
(ii) = (iii) It is obvious.

(iii) > (i) Let aoRcaoRoacQ, acRoRocaoRoRocaZc Q, acRoRocaoRoao
RcQand RocaocRoaocRoRoac Q- (A). If possible, let a € Q°. Since Q¢ is a weak
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n-system, (acRecaoRoa)NQ“# ¢ or (acRoRoaocRoRoa)NQ # ¢ or (acRo
RoaoRoaoR)NQ # ¢por(ReaocRoaoRoRoa)NQ°+# ¢, which contradicts (A).
So a € Q. Hence, Q is a semiprime hyperideal of R.

Lemma 3.16 Let (R, +,0) be a ternary hypersemiring with an unital element e and Q
be a hyperideal of R and a € R. Then Q¢ is weak n-system if and only if a € Q¢ implies
that(acRoRocaoRoRoa)NQ+ .

Proof. Let Q be a hyperideal of R and Q¢ be a weak n-system
sQ is a  semiprime hyperideal of R [oy  Theorem 3.15]
o (aocRoRoaoRoRoa)c Q=a€Q [by (ii) of the Corollary 3.7] ®a¢Q=>
(acRoRoaoRoRoa)ZQ

S a€eQ > (@ocRoRocaocRoRoea)NQ# ¢

Lemma 3.17 Let Q be a semiprime hyperideal of a ternary hypersemiring (R, +,0)
with an unital element e and a € Q€, then there exists a weak m-system M in R such that
a€EeEMc Q-

Proof. We take a subset M = {a;,a,,as,+--} of R, in which the elements a;,a,,- are
defined as follows:

Let a; = a. Since a € Q¢ and Q€ is a weak n-system (as Q is semiprime hyperideal of
R with unital element e), (a; cReRoa; cRoRoa;)NQ° # ¢ (by Lemma 3.16). Take
an element of (a;oRoRoa;oRoRoa;)NQ° as a,. Take a; € (a,oRoRoa,oRo
R o a,) N Q€. Repeating this process, we get elements a,, a,,:-- of M. Thena € M € Q°. It
remains to show that M is a weak m-system in R. Let a;,a;, ax € M. Without loss of
generality, we may assume thati <j <k
Now

agy1 €agoRoRogpoRoRogy
= ayy; €agoRoRo(ag_;oRoRoay_;oRoRoay ;)oRoRoay
CagxoRoRoay ;oRoRoa,
C (ag.;°cRoRoay_;oRoRoay_;)oRoRoay_;oRoRoay
Qak_loRORoak_loRORoak
c (ak_z °R°R°ak_2 °R°R°ak_2)°R°R°ak_1 °R°R°ak
Cag,°RoRoag_;0RoRoay

CajoReRoajoReRogy

i.e, agy; EajoRoRoajoRoRoay. This implies that (axcReReoagoRoRoa)N
M # ¢. So M is a weak m-system.

Definition 3.18 The prime radical B(I) of a hyperideal I in a ternary hypersemiring R
is defined to be the intersection of all prime hyperideals of R which contain .

Theorem 3.19 For a proper hyperideal I of a ternary hypersemiring R, B(I) = {r € R:
every weak m-system in R which contains r has a nonempty intersection with I}.
Proof. Let S = {r € R: every weak m-system in R which contains r has a nonempty
intersection with I}. Let r € B(I). Then, there exists a prime hyperideal P of R containing I
such that r  P. Then r € P€. Since P is a prime hyperideal of R, P€ is a weak m-system
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of R (by Proposition 3.10). Thus, we get a weak m-system P€ containing r, which has an
empty intersection withI. Sor ¢ S. Thus S € () --- (1)

Conversely, suppose that r & S, then there exists a weak m-system M containing r
such that M has an empty intersection with I, i.e., M N1 = ¢. Let F = {J:] is a hyperideal
of R containing I such that M N J = ¢}. Obviously F # ¢ and F is a poset with respect to
the set inclusion. Using Zorn’s lemma, we can find a maximal element P in F. Then P is a
hyperideal of R containing Iand PN M = ¢ --- (2). We claim that P is a prime hyperideal
of R. If possible let P be not prime. Then there exist three elementsa € P,b ¢ Pand c ¢ P
but (a)e(b)eo(c) € P. Now by maximality of P in F, MNn(P+(a)) #dp,Mn
(P+)) =dpandMn (P+(c)) # ¢. Letm; e M N (P + (a)), my, € M N (P + (b)) and
ms; € M N (P + (c)). Then m;, m,, m; € M. Since M is a weak m-system, (m; e Rom, o
Roemzg)NM=#=¢ or (myeReRomyoReRomzg)NM=#=¢ or (mjyeRoRoem,oRo0
mgeR)NM#¢ or (Rom;oRomyoReRomz)NM#¢. Let (myeoRem,oRo
mg)NM=#=d¢. Now myoRemyoRomg & (P+(a)) o (P+(b))o(P+(c)) S P. So
PN M # ¢, a contradiction. Similarly, we can show that in each of the above cases we
arrive at a contradiction. Thus P is a prime hyperideal of R. Since PN M = ¢ and
r € M,r ¢ P. This implies that r ¢ B(I). Therefore B(I) < S--- (3). Combining (1) and (3)
we get B(I) = S.

Theorem 3.20 A proper hyperideal Q of a ternary hypersemiring (R, +,0) with an
unital element ‘e’ is semiprime if and only if (Q) = Q.

Proof. Let B(Q) = Q. Now I olol < Qwherelisahyperideal of R. = 1olo] S B(Q)
= [olo]l €N {P: Pisaprime hyperideal of R containing Q} =1 1-1C
P; Pisa prime hyperideal of R containing Q

= | € P, since P is a prime hyperideal of R

= | € N{P : P is a prime hyperideal of R containing Q}

=>1SBQ)=Q

Therefore Q is a semiprime hyperideal.

Conversely, we assume that Q is a semiprime hyperideal of R. We shall show that
B(Q) = Q. Obviously Q € B(Q). Now let r ¢ Q. Then r € Q°. Since Q is a semiprime
hyperideal of R, by the Lemma 3.17, there exists a weak m-system M in R such that
r € M € Q° Then M n Q = ¢. Thus, there exists a weak m-system M in R containing r
which has an empty intersection with Q. So, r € B(Q). Hence B(Q) < Q. So B(Q) = Q.

Corollary 3.21 A proper hyperideal Q of a ternary hypersemiring (R, +,0) with an
unital element ‘e’ is semiprime if and only if it is the intersection of some prime
hyperideals.

Proof. We first suppose that Q is a semiprime hyperideal of R. Then Q = B(Q). This
implies that Q is the intersection of some prime hyperideals of R.
Converse is obvious.

Corollary 3.22 Let I be a hyperideal of a ternary hypersemiring (R, +,0) with an
unital element ‘e’, then B(I) is the smallest semiprime hyperideal of R containing 1.

Proof. Obviously I € B(I). Since B(I) is the intersection of some prime hyperideals of R,
B(1) is a semiprime hyperideal of R containing 1. Let T = {P: P is a prime hyperideal of R
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such that I € P} and S = {P: P is a prime hyperideal of R such that Q € P where Q is a
semiprime hyperideal of R containing I}. Then SCT=nTcnS= B() < BQ) =
B(M) € Q [~ Q is semiprime]. Hence B(I) is the smallest semiprime hyperideal of R
containing 1.

Proposition 3.23 Let | be a hyperideal of a ternary hypersemiring (R, +,0). Then the
following conditions are equivalent :

(i) 1is a semiprime hyperideal of R;

(ilU{aexoca:xER}C I acl
Proof. (i) = (ii) : Leta€ Rand I'=U{acxoca:x€R}. Ifa€l, thenI'"c I (sincel is a
hyperideal of R).
Conversely, let I'c 1, J=(a) =RoRoca4+aoRoR+RocaocR+RoRocaocRoR+
{na:a € N}. Let, x EJoJo]=(a)o(a)o(a). x E(RoeRoa+aoRoR+RocacR+Ro
RoaoRoR+{na:a€N})o(RecRoca+aocRocR+RoaocR+RoRocacReR+
{na:a€N})o(RoReca+aoRoR+RocaoR+RoRocaocRoR+{na:aeN}) cI(as
I'SI).ThenJoJoJSI=>]CS 1. Hencea€l.
(ii) = (i) is obvious.

Proposition 3.24 Let | be a semiprime hyperideal of a commutative ternary
hypersemiring (R, +,2). Then foranya € R,a* C1=>a €l
Proof.a® €1 =>U{aoxoa:x € R} C 1= a € I, by Proposition 3.23

Definition 3.25 A nonempty subset A of a ternary hypersemiring (S, +,0) is called a
weak p-system if for any a € A, (a o S a) N A is nonempty.

Proposition 3.26 A hyperideal I of a ternary hypersemiring R is semiprime iff I€ is a
weak p-system of R.

Note 3.27 Every weak m-system is a weak p-system and union of weak p-systems is
also a weak p system.

Proposition 3.28 A nonempty set A is a weak p-system of a ternary hypersemiring R
if and only if it is a union of weak m-systems.
Proof. Necessary part is followed by Note 3.27.
Conversely, let A be a weak p-system. Let us construct a sequence {a;,a,,as,..... } from
elements of A such that,

(i) aq isafixed element of A, chosen arbitrarily.

(i) fore Nm>1,a, € (ap_1°Roay_1) NA(F 0).
Soforallm > 1, a,, € A, thena,, € (ap,_; © Roay_;). Thus, there exists s,,_; € R such
that a,, € (-1 © Spm—1 ° am-1)- Let B(a;) = {a;,a5,as,..... }. We shall prove B(a;) is
a weak m-system. For any subset A,_(k=0,1,2,....,n,n € 2N U {0}) of R, we write
[Tk=o Ap—k = Ap—O ° Ap—l ° Ap—2 Cu.i0 Ap—n and [Tk=o Ap—k = Ap—n ° Ap—n+1 °
Ap_nszo....0Ap. Then, for any m € N, the following two cases can be proved by
mathematical induction for 0 < k < m.

(I) Apt1 € (H?:ko am—i) ° (H12=ko Sm—i) ° Ap—k»

(") A1 €Ay © (H? 2k Sm— 1) (H? 2k Am- l)
Now for any ap, € B(a,) withp > q, then a,, € (Hz(p D ap- i) e (T 0Sp— K aq =
ap o (2% Pa, jos, o [I29 s, ) oaq S a,oRoaq But, ay,; € B(a;) = (ap o Ro
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ag N B(a;) # ¢. Similarly, we can prove when p < g by using case (ii). It is already
proved for p=q. So B(a;) is a weak m-system. Then, by the formation of B(a,),
obviously A =U B(a,), where a; € A.

Proposition 3.29 Intersection of any class of prime hyperideals of a ternary
hypersemiring is a semiprime hyperideal.

Proof. It follows from Proposition 3.26, Note 3.27 and Proposition 3.28.

Definition 3.30 Let V(I) be the set of all Prime hyperideals of ternary hypersemirings
S, containing a hyperideal 1. Then n V(I) is a semiprime hyperideal of S and denoted by
VL

Proposition 3.31 A hyperideal I of a ternary hypersemiring S is a semiprime
hyperideal if and only if I = V1.

Proof. If 1 is a semiprime hyperideal of the ternary hypersemiring S, then by
Proposition 3.26 and Proposition 3.28, there exist weak m-systems B;(i € A) such that
A =S\ 1= UjpB;, where InB; =¢. By applying Zorn’s lemma we get a prime
hyperideal K; such that I € K;. Therefore I € N;cqK; S (S\ B;) €I, whence I = 1.
Converse part is proved by Proposition 3.29

Proposition 3.32 Let I be a hyperideal of a commutative ternary hypersemiring S,
then J = {a € S:a?™*! c I for some n € N} is a hyperideal and I < ] € V1.

Proof. Let a€l, al={a}SI=>al€e]=1c]. Let ab€]. Then there exists
m,n € N such that a?™*1,b?2"™1 c]. For m=n=1, a3 b3 €l then (a+b)3cl
whence a+be€]. Let mn>1=>2(m+n)+1>1. Now (a+b)?m+ntlc
Z r=12m+2n + 1(2m+:n+1) 2M+2n+1-T o & 4 42m+2n+1 4 j2m+2n+1 — A 4 B, where
A = g2m+2n+1 b2m+2n+17 B = Z r=12m+2n + 1(2m+fn+1) 2m+2n+1-r o pyro Ag
m,n > 1, a?mFantl — 2m+l, 420 c [ Now 2m+2n+1—-r<2m+1=2n-r<
0=>r>2n> a2m+20+1-rophr c [ Otherwise 2m+2n+1—r>=2m+ 1. In this
case we can similarly prove a?™*2nti-rophr ] This implies A+B<SI=> (a+
b)2m+2n-1 c = a+be] So (J,+) is a subsemigroup of (S,+). For any r,r' € S, let
pE roaor 3p2m—1 c (roaor’)zm“ = p2m+1 4 g2m+l  Wr2m+1) o | >pEJ=>ro
aor' C]J. ] is a lateral hyperideal of S contains 1. Similarly, we can show that J is a left
and a right hyperideal of S. If VI=S, then J € V1. Let VI Sand let a € ] = a?™*! C |
for some n € N. Hence for any prime hyperideal P of S, containing I, a?**1 C P> a €
P=2aeVI=]cVI

Definition 3.33 A prime hyperideal I of a ternary hypersemiring (S, +,0) is said to be
idempotentif [elol =1.

A ternary hypersemiring S is called fully idempotent if each of its hyperideals is
idempotent.

Definition 3.34 Let (S, +,0) be a ternary hypersemiring. An element x € S is said to
be regular if x €xoSox, that is, there exist s; € S(i=1,2,:=-,n) such that a€

Liacsjoa.
A ternary hypersemiring (S, +,°) is called regular if each of its elements is regular. If S is
strongly distributive ternary hypersemiring, an element x € S is regular if only if there
exsistsa € Ssuch thatx € x e ao x.
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Proposition 3.35 The following statements are equivalent in a ternary hypersemiring S

(i) Sis fully idempotent;

(ii) for three hyperideals L], Kof S, InJNnK =10 o K;

(iii) If S is a commutative ternary hypersemiring with hyperidentity then S is a regular

commutative ternary hypersemiring with hyperidentity.
Proof. (i) & (ii) is obvious. (iii) = (i): S is regular, I € R. For any hyperideal 1 € S we
have IeIol=1= S is fully idempotent. (i) = (iii): Let S is fully idempotent and a € S
be an arbitrary element. a€acSoa=(acSoa)o(aocSoa)o(aoSca)=aoSocao
aocSoaoaoSoca=acaocaoSoSoSocacaoca, (S is commutative) = a€ao
(acaoxioylozlioaoa). This implies a is regular, since a is arbitrary. Thus S is
regular.

4. Conclusion

Several significant findings on semiprime hyperideals in ternary hypersemirings were
obtained from this work. Every prime hyperideal has been shown to be a semiprime
hyperideal; however, the opposite is not true. That is, in ternary hypersemirings, this is a
unique kind of hyperideal. In hyperstructure theory, the n-system, m-system, and p-system
are important concepts. In the light of weak and strong p-systems, the researchers
characterize the semiprime hyperideal. One may try to prove more standard results on
regular ternary hypersemiring. In the future, semiprime hyperideals in ternary
hypersemirings can be generalized to quasi-semiprime hyperideals. Lastly, the question
remains open: can semiprime hyperideals be used to characterize regular ternary
hypersemirings?
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