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Abstract

We prove coincidence and common fixed point theorems of four self mappings satisfying a
generalized contractive type condition in complete cone metric spaces. Our results
generalize some well-known recent results.
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1. Introduction

The concept of cone metric space was introduced by Long-Guang and Xian [1], where the
set of real numbers is replaced by an ordered Banach space. They introduced the basic
definitions and discuss some properties of convergence of sequences in cone metric
spaces. They also obtained various fixed point theorems for contractive single - valued
maps in such spaces. Subsequently, some other mathematicians have generalized the
results of Long-Guang and Zhang [1]. Afterwards, Rezapour and Hamlbarani [4] studied
fixed point theorems of contractive type mappings by omitting the assumption of
normality in cone metric spaces. Also many authors proved some fixed point theorems for
contractive type mappings in cone metric [2, 5-7] spaces.

Wardowski [8] introduced the concept of multi valued contractions in cone metric
spaces and, using the notion of normal cones, obtained fixed point theorems for such
mappings. In 2008, Abbas and Jungck [2] proved some common fixed point theorems for
weakly compatible mappings in the setting of a cone metric space.

The main purpose of this paper is to present fixed point results for contractive
mappings in complete cone metric spaces.

2 Preliminaries

We recall the definitions of cone metric space, the notion of convergence and other results
that will be needed in the sequel.
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Definition 2.1 Let E be a real Banach Space and P — E. Then the set P is called a
cone if and only if

(i) P isclosed, non-emptyand P #{0};

(ii) a,beR,a,b20,x,ye P= ax+byeP,;

(i) P n (-P)={0}.

For a given cone P < E, we define a partial ordering < with respectto P by x <y if
and only if y—xeP. We shall writt x<y if x<y and x#y, and x[ yif

y—x € Int(P), where Int(P) denotes the interior of the set P.

Definition 2.2 [1] Let E be a Banach Space and P < Ea cone. The cone P is called
normal if there is a number k > 0 such that for all x,y € E,

0<x<y = ||x||§k||y||

The least positive number k satisfying the above inequality is called the normal
constant of P.

In the following we always suppose that E is a Banach space, P is acone in E with
is partial ordering with respectto P.

Lemma 2.1 [1]If Pisacone, x€ P, a € R,0<a<1l,and x < a x, then
x=0..

Proof. If x< a x,then o x — x =(a—1) x € P.Since x € Pand0< o <1,we
have, from Definition 1.1 (ii), (1-a¢)x € P.

It follows from Definition 1.1 (iii) that x =0. o
In the following definition, we suppose that E is a real Banach space, P acone in E
with Int(P) # ¢ and that < is the partial ordering with respectto P.

Definition 2.3 Let X be a non-empty set. Suppose that the mapping
d: X x X — E satisfies following conditions:
(@ 0<d(x,y)forall x,yeXand d(x,y)=0 ifandonly if x =1 ;

(o) d(x,y)=d(y,x) forall x,yeX;
(¢) d(x,y) < d(x,z)+ d(y,z)forall x,y,zeX.

Then d is called a cone metric on X and (X, d)is called a cone metric space.

Notice that the notion of cone metric space is more general than the corresponding metric
space followed by an example:

Example 2.1 Let E=R2, P={(x,y) e E:x,y>0}c R%, x=Rrand d:XxX — E such that
d(x y) = (x -y
space.
Example 2.2 E=R?, P={(x,y)eE:x,y20}cR2, x=R?and d: XxX — Esuch that
d(x y) =d(6q, %) (1.¥2))
z(\xl -vilthx2 - v2

Jalx — y|),where a > 0 is a constant. Then (x,4) is a cone metric

,amax{‘xl — Y1 X2 — yZ‘})
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where « > 0 is a constant. Then (x, 4)is a cone metric space.

Definition 2.4 [1] Let (X, d)be a cone metric space. Let {x,,} be a sequence in X and

x € X.
(i)  {x,,}converges to x if for every ce Ewith 00 c, there is an ng € N such

that for all n>ng, d(x,,x)J c.

We denote this by limx, —xor x, - x (n—>w©).

n—o0

(ii) Ifforany ce Ewith 00 c, thereisan ny € N such that
forall n,m>ngy; d(x,,x,,)0 c,then {x,}is called a Cauchy sequence in X

(iif) (X, d)is called a complete cone metric space, if every Cauchy sequence in X is

convergentin X .
The proof of the following lemmas is very simple and need not to be discussed.

Lemma 2.2 [1] Let (X,d)be a cone metric space. If {x,,}is a convergent sequence in
X, then the limit of {x,, } is unique.
Lemma 2.3 Let (X,d)be acone metric space, {x,,}asequence in X . If {x, }converges

to x and {x”k } is any subsequence of {x,, }, then {x } converges to x .

g
Definition 2.5 Let f and g be two self-maps onaset X . Maps f and g are said to be
commuting if fex =gfx forall x € X .

Definition 2.6 Let f and g be self-maps on a set X . If fx=gx, for some x in
X then x is called coincidence point of f and ¢.

Definition 2.7 [3] Let f and ¢ be two self-maps defined on a set X . then f and g are
said to be weakly compatible if they commute at coincidence points. that is, if
fu = gquforsomeu € X, then fqu = gfu.

Proposition 2.1 [2] Let f and g be weakly compatible self mappings of a set X . If
fand g have a unique point of coincidence, that is, w = fx = gx, then w is the

unique common fixed point of f and g.

3. Main Result

In this section we prove a common fixed point theorem for two pairs of weakly
compatible mappings in complete cone metric spaces.

Theorem 3.1 Let (X,d)be a complete cone metric space and P be a normal cone with

normal constant k. Suppose that the mappings f g, S and T are four self-maps of X

satisfying the following conditions:
(i TX)c f(X)and S(X) c g(X);
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(i) d(Sx,Ty) < a, d(fx,Sx) +a, d(gy,Sx) +a, d(fx,Ty)+a, d(gy, Ty) +a,
d(fx,8y) ;
(iii) The pairs (f,S)and (g, T) are weakly compatible.
forall x, y € X,where a,,a,,a,,a,,a, >0 and a, +a, +2a, +2a, +a, <1.

Then f g, S and T have a unique common fixed point.

Proof: Suppose x, is an arbitrary point of X and define the sequence {y, }in X such
that,

You = szn = 8%

Your = Tx2n+l = fx2v1+2
By (ii), we have,

A1 Yapir) = A(5%,,,TX,,,,)
< a, d(fx,,,Sx,,)+a, d(gx,,,,,5x,,)+a, d(fx,,,Tx, ) +a, d(gx,, , Tx
+ a5 d(fxy,,8%,.)
=y AYor You) T8y AYor Yo ) O AWoss Vo) ¥ 8y AYor Vo)
5 d(Ya 1 Y5,)
S Ay Ay 0 Yo) 0+ ALYy, Ya,) + Aoy Vo) 1F Ay d(Yay s Yoy
+ a5 d(Y, 1Y)

= (a1+ a3+a5)d(y2n—l’y2n) + (a3 + a4) d(yZ;l’y2n+l)
which implies that

2u+1)

a +a, +a

a(y, , <h d , where h=—L_3 5
(yZn y2n+1) (er!fl yZn) 1—({13+{14)
Similarly it can be shown that

d(y2n+1’y2n+2) S h d(yZn’y2rz+1)

Therefore; for all 77,

YY) < 1AW, y,0 S S HT Ay, )
Now for any m > n;
Ay, y,) S AW, Yt A Yt et Ay, Y,)
S W+ AR Ay, )
By definition of normal cone, we have
ldy, .|| < 5kl v
which implies that d(y,,y,,)—0as n,m—o.
Hence {y, }is a Cauchy sequence in X .
Since X is complete, there exists a point z in X such that limy =z .

n—>0
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Thus lim Sx,, = limgx, , =z and limTx,, , =lim fx, , =z.

> 2n+2

1.e. lim szn = !}_{E 8Xopi1 = }}_{2 Ix,,., = !}_{E fx2n+2 =z

n—ow

Since T(X) C f(X), there exists a point u € X suchthat z = fu .
Then, by (ii), we have

d(Su, z) £ d(Su, TXzn1) + d(TXzn1, 2)
< a, d(fu,Su) + 4, d(gx,, ,,Su)*a; d(fu,Tx,, )+ a4, d(gx,, ,, Tx,. ;)
+4a d(fu,gx,, ,)* d(Tx,, ,,z)
By definition of normal cone, we have
||d(5u, Z)" <ak "d(fu, Su)" +a, k||d(gx2m1 ,Su)" +a, k”d(fu,szIF1 )"
+a, k|d(gx,, ,, Tx,, )| +as k|d(fugx,, )| +k[d(Tx,, ., ,2)|
Taking the limit as n — oo gives,
d(Su, z) < a, d(z, Su) +a, d(z, Su)+a, d(z, z)+a, d(z, z)+ 4, d(z, z) +d(z, z)
< (a,+ ay) d(z, Su)
which is a contradiction since a,,a,,a,,a,,a, 20 and a, +a, +2a, +2a, +a; <1
Therefore Su=fu=z.

Since S(X) € g(X), there exists a point v € X such that z = gv.

Then, by (ii), we have
d(z,Tv)= d(Su, Tv)

< a, d(fu,Su) + a, d(gv,Su)+ a, d(fu,To)+ a, d(gv, To) +a, d( fu, gv)
a,d(z, z)+ a, d(z, z) + a, d(z,Tv) a, d(z,To) +a, d(z, z)
=(a,+a, ) d(z,To)

Thus d(z,Tv) < (a, + a,) d(z,To)
which is a contradiction since a,,a,,a,,a,,a, >0 and a, +a, +2a, +2a, +a, <1
Therefore To=gv==z.
Thus fu=Su=Tv=gv==z.
Since f and S are weakly compatible maps, then Sfu = fSui.e., Sz= fz.

Now we show that z is a fixed point of S .
If Sz # z, then by (ii), we have
d(Sz,z) = d(Sz,Tv)

< a, d(fz,52) + a, d(gv,5z)+ a, d(Fz,To)+ a, d(gv, Tv) + a d(fz, gv)
a, d(Sz,Sz) + a, d(z,5z) + a, d(Sz,z) + a, d(z, z) + 4 d(Sz, z)
(a, + a,+ a; ) d(Sz,z)
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Thus d(Sz,z) < (a, + a;+ a; ) d(Sz,z), which is a contradiction since
a,,a,,a,,a,,a; >0 and a, +a, +2a, +2a, +a, <1
Therefore Sz=z.

Hence Sz=fz=z.
Similarly gand T are weakly compatible maps, we have Tz = gz.

Now we show that z is a fixed point of T.

If Tz # z, then by (ii), we have

d(z,Tz)= d(S5z,Tz)

< a, d(fz,5z) +a, d(gz,Sz) +a, d(fz,Tz) +a, d(gz,Tz) +a, d(fz, gz)

= a,d(z, z)*+ a, d(Tz,z) + a, d(z,Tz) + a, d(Tz, Tz) + a, d(z,Tz)

= (a, + a,+ a;) d(Tz,z)

Thus d(Tz,z) < (a, + a,+ a,) d(Tz,z)
which is a contradiction since a,,a,,a,,a,,a;, >0 and a, +a, +2a, +2a, +a, <1
Therefore Tz=z. Hence Tz=gz=2z.

Thus Sz=Tz= fz=gz =z, i.e. z isacommon fixed pointof f, g, S and T.
Uniqueness : For uniqueness of z let if possible, we assume that z and w ,(z # w) are
common fixed points of f, g, Sand T,

then by (ii), we have

d(z, w)= d(Sz, Tw)

< a, d(fz,5z) +a, d(gw,Sz) +a, d(fz, Tw) +a, d(gw, Tw) + a, d(fz, gw)

= a,d(z,z2)+ a, d(w, z)+ a, d(z,w)+ a, d(w, w)+ a, d(z, w)

=(a, + a,+ a; ) d(z, w)

Thus d(z, w) < (a, + a,+ a; ) d(z, w)
which is a contradiction since a,,a,,a,,a,,a, >0 and a, +a, +2a, +2a, +a, <1
Therefore z=w .

Thus z is the unique common fixed point of f, g, S and T.

Hence the Theorem. [
Corollary 3.2 Let (X,d)be a complete cone metric space and P be a normal cone with
normal constant k. Suppose that the mappings, f.s and T are self-maps of X satisfying the
following conditions:

) SX)UTX) c f(X);

(i) d(Sx,Ty) <

a, d(fx,Sx)+a, d(fy,Sx)+a, d(fx, Ty)+a, d(fy, Ty) +a. d(fx, fy);
(iii) The pairs (f,S)and (f,T)are weakly compatible.
forall x, y € X, where a,,a,,a,,a,,a, >0 and a, +a, +2a, +2a, +a, <1
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Then f S and T have a unique common fixed point.

Proof : By taking f= g in theorem 3.1, we get the proof. U
Corollary 3.3 Let (X,d) be a complete cone metric space and P be a normal cone with
normal constant k. Suppose that the mappings f and S are self-maps of X satisfying the
following conditions:

i) SX) < fx;

(i) d(Sx,Sy) <

a, d(fx,5x) +a, d(fy,Sx)+a, d(fx,Sy)+a, d(fy,Sy) +a, d(fx, fy);
(iii) The pair (f,S) is weakly compatible,
forall x, y € X,where a,,a,,a,,a,,a, >0 and a, +a, +2a, +2a, +a, <1

Then f and S have a unique common fixed point.

Proof : Bytakingf=gand s=T intheorem 3.1, we get the proof. 0
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