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Abstract 

Augmentation of heat transfer can be in so many ways, heat transfer of a nanofluid in a 

porous is one of the most recent methodologies. In this analysis, the physical properties of 

water as the base fluid and copper as the nanoparticles exercise. The Finite element method 

is applied to obtain numerical solutions. The effects of the Darcy number, Richardson 

number and solid volume fraction of nanofluids on the streamlines, isotherms, 

dimensionless temperature, velocity profiles, and average Nusselt numbers and average 

fluid temperature examined graphically. It has found that both the Richardson number and 

solid volume fraction have a noteworthy influence on streamlines and isotherms. Darcy 

number has a good control parameter for heat transfer in fluid flow through a porous 

medium in the enclosure. A heat transfer correlation of the average Nusselt number for 

various Darcy numbers and solid volume fraction presented here. Finally, for the validation 

of the existing work, the current results are compared with the published results, and a 

favorable agreement attained. Besides this, heat transfer in the square enclosure remains 

better than for the other enclosures with the wavy walls or curved walls.  

Keywords: Nanofluid; Porous medium; Constant heat flux; Finite element method; Lid-

driven. 

© 2023 JSR Publications. ISSN: 2070-0237 (Print); 2070-0245 (Online). All rights reserved.  

doi: http://dx.doi.org/10.3329/jsr.v15i2.61667                 J. Sci. Res. 15 (2), 383-399 (2023) 

1.   Introduction 

Heat is the form of energy that can be transferred from one system to another as a result of 

temperature differences. The science that deals with the determination of the rates of such 

energy transfers are heat transfer. Heat transfer in an enclosure is an important 

development and an area of very rapid growth in the contemporary trend of heat transfer 

research. Analysis of natural convection heat transfer and fluid flow in enclosures has 

been extensively made using numerical techniques experiments because of its wide 
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applications and interest in engineerings such as nuclear energy, double pane windows, 

heating and cooling of buildings, solar collectors, electronic cooling, micro-

electromechanical systems (MEMS). Nanofluid is a composite fluid that consists of 

nanoparticles with a dimension measured in nanometers, less than 100 nm, dispersed in a 

based fluid. Over the past decade, many researchers reported that nanofluids possess 

substantially higher thermal conductivity [1-4]. The numerical study has been performed 

by Rahman et al. [5] using unsteady natural convection in Al2O3-water nano liquid filled 

in an isosceles triangular enclosure with sinusoidal thermal boundary condition on the 

bottom wall introducing nanofluid in it. Chamkha et al. [6] worked on mixed convection 

flow in single- and double-lid driven square cavities filled with water- Al2O3 nanofluid: 

Effect of viscosity models. The most usage of the mixed convection flow with lid-driven 

effect is to include the cooling of electronic devices, lubrication technologies, drying 

technologies, etc. Mansour et al. [7] have examined the numerical simulation of mixed 

convection flows in a square lid-driven cavity partially heated from below using 

nanofluid. Ahmed et al. [8] have analyses of mixed convection from a discrete heat source 

in enclosures with two adjacent moving walls filled with micropolar nanofluids. 

Moreover, Parvin et al. [9] have studied the Flow and Heat Transfer Characteristics for 

MHD Free Convection experimentally in an Enclosure with a Heated Obstacle. Therefore, 

Billah et al. [10] studied the numerical simulation of Heat Transfer Enhancement of 

Copper-water Nanofluids in an Inclined Lid-driven Triangular Enclosure. Abu-Nada et al. 

[11] investigated the effects of inclination angle on natural convection in enclosures filled 

with Cu-water nanofluid. Oztop et al. [12] analyzed the numerical study of natural 

convection in partially heated rectangular enclosures filled with nanofluid. Bensouici et 

al. [13] numerically investigate mixed convection of nanofluids inside a lid-driven cavity 

heated by a central square heat source. Guo et al. [14] studied mixed convection in 

rectangular cavities at various aspect ratios with moving isothermal sidewalls and a 

constant flux heat source on the bottom wall. Parvin and Nasrin [17] conducted the effects 

of Reynolds and Prandtl numbers on mixed convection in an octagonal channel with a 

heat-generating hollow cylinder. Later, Munshi et al. [18] extended their works by 

considering a mixed convection double lid-driven square cavity with an inside elliptic 

heated block. At the same time, a numerical study of mixed convection in square lid-

driven with an internal elliptic body and constant flux heat source on the bottom wall was 

presented by Munshi et al. [19]. 

 To the author's knowledge, the problem simulation of nanofluid in a porous square-

shaped enclosure has not been treated so far. The present study addresses the effects of the 

Darcy number, solid volume fraction, and Richardson number on such geometry's thermal 

and flow fields. 

 The rest of the paper is compiled as follows. Sections 2 and 3 formally approves the 

mathematical formula for this work. Section 4 describes the simulation for validation of 

this work. A thorough discussion of simulation results takes place in Section 5. Finally, 

conclusions and some future developments are set out in Section 6. 
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2. Physical Model 

 

Consider the physical model consisting of a porous square shape enclosure with sides of 

length L, within which a heated elliptic obstacle is placed at a different location. In the 

square-shaped enclosure, the left and right walls are kept to be cooled.  

 

                                                

 

                  

 

 

 

   

 

 

                                   

 

 

 

 

  

 

 

 

 

 

 

 

 

 

 

 

Fig. 1. Schematic diagram with boundary condition of the present problem. 

 

A constant flux heat source is located on the part of the bottom wall, and the other 

parts are thermally insulated. The top wall and elliptic obstacle heated the temperature. 

The right wall moves upwards while the left wall moves upwards and downwards with 

uniform velocity   . The base fluid water and nanoparticles of copper are in thermal 

equilibrium.  
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3. Mathematical Formulation 

 

The mass, momentum, energy, and volume fraction equations for the laminar and steady-

state two-dimensional incompressible flow solution are as follows:   
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where     are the velocity components in the x and y directions,   is the density,   is the 

pressure,   is the kinematic viscosity,   is the acceleration due to gravity,   is the thermal 

diffusivity,   is the volume expansion coefficient,   is the temperature. 

The boundary conditions for the present problem are specified as follows: 

On top wall: T = Th, u =0, v = 0 

On cold right wall with moving: T = Tc, u = 0 , v = V 

On cold left wall with moving: T = Tc, u = 0 , v =    
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The effective density and thermal diffusivity of the nanofluid are:  
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The heat capacity and thermal expansion coefficient of the nanofluid are:  

(   )   
(   )(   )   (   )   

(  )   (   )(  )   (  )  

Brinkman [Brinkman (15)] as follows: 
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[16]): 

    
         (     )

        (     )
    

 

 

 

(1) 
(2) 

(3) 

(4) 

(5) 

(6) 

(7) 

(8) 

(11) 

(10) 

(9) 



M. J. H. Munshi et al., J. Sci. Res. 15 (2), 383-399 (2023) 387 

 

Table 1. Thermo-physical properties of water-Copper nanofluid [8]. 
 

Physical properties Water Copper 

Cp 4179 385 

  997.1 8933 

k 0.613 401 

                    

 

Dimensional variables used for making the governing equations (1) - (5) into 

dimensionless form are stated as follows:  
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After the substitution of the dimensional variables into the equations (1) - (5), we get the 

following dimensionless equations as 
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The dimensionless boundary conditions would be adjusted as follows:  

On the top wall:             

On the right wall with moving:             

On the cold left wall with moving:              

On the bottom wall: 
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On the elliptic obstacle:             

We define the local heat transfer coefficient    
  

[     ]
 at a given point on the heat 

source surface where   ( ) is the local temperature on the surface. Accordingly, the local 

Nusselt number and the average or over all Nusselt number can be obtained respectively 

as    
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4. Numerical Implementation  

 

The nonlinear governing partial differential equations, i.e., mass, momentum, and energy 

equations, are transferred into a system of integral equations by using the Galerkin 

weighted residual finite-element method. The integration involved in each term of these 

equations is performed with the aid Gauss quadrature method. The nonlinear algebraic 

equations so obtained are modified by the imposition of boundary conditions. These 

modified nonlinear equations are transferred into linear algebraic equations with the aid of 

Newton's method. Lastly, the Triangular Factorization method is applied to solve those 

linear equations.   

 

4.1. Validations  

 

The computer code and Guanghong et al. [14] were modified and used for the 

computations in the study. The working fluid is chosen Prandtl number Pr = 0.733. The 

left and right wall is kept heated Th, and the upper wall is kept at cold Tc. Performing 

simulation for natural convection in the lower wall is adiabatic. Streamlines and isotherms 

are plotted in Fig. 2. showing good agreement. 

 

 

 

 

 

 

 

    Streamlines                    Isotherms                       Streamlines                    Isotherms 

                              ( )                                                                      (b) 

Fig. 2. (a) Present study (b) Guanghong et al. [14] obtained streamlines and isotherms for Re = 10, 

Gr = 10, Pr = 0.733, and Ri = 0.01. 

 

4.2. Grid independency study 

 

In order to determine the proper grid size for this study, a grid independence test is 

conducted with five types of mesh                                     

considering both the accuracy of numerical value, the present calculations are performed 

with 20438 nodes and 6686 elements grid system. This is described in Fig. 3. 
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Fig. 3. Effects on (a) average fluid temperature and (b) average Nusselt number in the enclosure, 

while                                     

 
Table 2. Grid sensitivity check at                                     
 

Nodes 2646 7320 11670 20438 24087 

Elements 862 1205 2233 6686 25918 

Nu 9.99096 21.00239 26.28221 25.68892 27.47390 

Temperature(    ) 0.51078 0.52438 0.54245 0.56993 0.57239 

 

5. Results and Discussion  

 

In this section, the results of the numerical study on mixed convection nanofluid flow in a 

lid-driven porous square enclosure with an eccentric elliptic body and constant flux heat 

source on the bottom wall are numerically presented. The results have been obtained for 

the Darcy number ranging from             , Richardson number ranging from 

          , solid volume fraction of nanoparticles ranging from            and the result 

are presented in distinct sections.  

 

5.1. Effect of darcy number (left wall lid moves downwards) 

 

The streamlines in the square enclosure for water-based copper nanofluid  are shown in 

Fig. 4 for various cases of the moving lids, and when the Darcy number varies from 

             and at                                     Fig. 4 shows 

the streamlines when the mixed convection effect is dominated for various moving lid 

orientations. For all cases, the moving lids have a stronger influence compared with the 

buoyancy force. It can be seen that when the right wall lid moves upwards and when the 

left wall lid moves downwards, two large separate vortices with perfectly symmetrical 

patterns about the square of the enclosure can be generated, which occupy most of the size 

of the enclosure. This is because the convection currents begin from the heated elliptic 

obstacle in a different location in the heated upper wall, and the left wall moves 

downward due to both buoyancy forces.      

 

 

 



390 Simulation of Nanofluid Flow  

 

 
Fig. 4. Streamlines at different values of darcy number with left wall lid move downwards. 

 

Isotherms for different values of Darcy numbers are presented in Fig. 5. With respect 

to isotherms; there is a clear accumulation of them adjacent to the constant flux heat 

source located at the bottom wall of the square enclosure. This is due to the strong 

temperature gradient in the horizontal direction which to the strong temperature gradient 

in the horizontal direction which gives an indication that the convection heat transfer 

because more significant compared to the conduction heat transfer. For all cases with 

increases in Darcy numbers, isotherms are concentrated near the right and bottom wall, 

and isotherms lines are more bending, which nears increasing heat transfer. 
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Fig. 5. Isotherms for different values of darcy number with left wall lid move downwards. 

 

 

 

 

 

 

 

 

 

 
 

Fig. 6. Variation of (a) local Nusselt number, (b) velocity, and (c) dimensionless temperature along 

the right wall of the square enclosure with left wall lid move downwards in various Darcy numbers.  

 

Variations of the local Nusselt number along the right wall are shown in Fig. 6(a). As 

can be observed from Fig., in the whole portion of the enclosure, the local Nusselt number 

decreases with an increase in the Darcy number. Variations of the velocity component 

along the right are shown in Fig. 6(b). It can be seen from the Fig. that the absolute value 

of the maximum and minimum value of velocity increases with increasing the Darcy 

number. Fig 6(c) presents the temperature profiles along the right wall for different Darcy 
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numbers. As seen from Fig., the temperature value is decreased from the increasing Darcy 

numbers.  

 

5.2. Effect of darcy number (left wall lid move upwards) 

 

Figs. 7 and 8 illustrate the streamlines and isotherms when the different Darcy numbers 

effects moving lid orientations. In this case, flow strength increases inside the enclosure, 

and the flow field behavior for all cases is approximately similar to the one presented in 

Fig. 7. The only difference between these cases is two or more circulating vortices inside 

the enclosure. This increase in the Darcy number reduces the influence of the moving lids 

and causes to increase in the circulation intensity. The maximum streamlines for these 

cases can be found in the Darcy number       . Regarding the isotherms, for all 

moving lid orientations, the distributions of the isotherms increase gradually right wall lid 

move upwards compared with the left wall lid moving upwards. This is because the 

intensity of circulation increases due to the increase in the effect of the vortices coming 

from the buoyancy force effect when the Darcy number is increasing.  

The local Nusselt number along        of the enclosure with different values of 

Darcy numbers are shown in Fig. 9(a). As seen from this Fig., minimum and maximum 

shape curves are obtained here. The lower value of the Darcy number local Nusselt 

number is a more significant change, but the higher value of the Darcy number is a less 

significant number. The variation of the velocity profile along        for different 

Darcy numbers of the enclosure is shown in Fig. 9(b). Maximum and minimum shape 

curves are found, and a lower value of Darcy number symmetric      , but a higher 

value of Darcy number maximum shape curves are found, and the absolute value of the 

velocity profile is increased from the increasing of Darcy numbers. Fig. 9(c) presents the 

variation of dimensionless temperature along the        for different Darcy numbers. 

For the lower Darcy, the number temperature value has a more significant change, but for 

the higher Darcy, the number temperature value has a less significant change.  

 

 
 

Case II Case III Case IV Case I 

              

               

D
a 

= 
1

e
-5

 
D

a 
= 

1
e

-4
 



M. J. H. Munshi et al., J. Sci. Res. 15 (2), 383-399 (2023) 393 

 

 
Fig. 7. Streamlines at different values of Darcy number with left wall lid move upwards. 

  

        
 
Fig. 8. Isotherms at different values of Darcy number with left wall lid move upwards. 
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Fig. 9. Variation of (a) Local Nusselt number, (b) velocity, and (c) dimensionless temperature along 

the right wall of the square enclosure with left wall lid move upwards in various Darcy numbers.  

 

5.3. Effect of Richardson number (left wall lid move upwards) 
 

This section shows the mixed convection nanofluid flow resultsow in a lid-driven porous 

square enclosure with an eccentric elliptic body and constant flux heat source on the 

bottom wall filled with an electrically conductive fluid with        are presented. The 

results have been obtained for the Richardson number ranging from 0.01-10. The results 

are presented in terms of streamlines and isotherms inside the enclosure, the vertical 

velocity components, the local Nusselt number, and the dimensionless temperature of the 

heated wall.  

 Variation of streamlines and isotherms inside the enclosure with Richardson number 

is shown in Fig. 10, respectively. When the lower value of Richardson numbers, more 

fluid is raised inside the enclosure, and the moving lid becomes very strong. For the 

higher value of Richardson number, two cells are formed with two elliptic-shaped eyes 

lower side of the cavity, and also flow strength increases are shown in Fig. 10. Conduction 

dominant heat transfer is observed from the isotherms in Fig. 10. With the increase in 

Richardson number, isotherms concentrate near the bottom wall, and isotherms line are 

more bending which means increasing heat transfer through convection.  

 

         

         

 

 

 

 

 

 

 

 

 
 

Fig. 10. Streamlines and isotherms at different values of Richardson number with left wall lid move 

upwards when                               .  
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The local Nusselt number along the bottom wall for different Richardson numbers 

with               of the enclosure is shown in Fig. 11(a). Minimum and maximum 

shape curves are found, and       maximum shape curves are found, and       

minimum shape curves are found, and the absolute value of the local Nusselt number (that 

is, heat transfer rate) is increased from the increasing of Richardson numbers.  

 

 

 

 

 

 

 

 

 
Fig. 11. Variation of (a) local Nusselt number, (b) velocity profile, and (c) dimensionless 

temperature along the right wall of the square enclosure with left wall lid move directions in various 

Richardson numbers upward when                               . 

 

Variation of the vertical velocity component along the bottom wall for different 

Richardson numbers with        and       of the enclosure is shown in Fig. 11(b). 

It can be seen from Fig. that the absolute value of the maximum and minimum value 

velocity increases with increasing the Richardson number. For lower Richardson, the 

number value of velocity has a smaller change, but the higher Richardson number value of 

velocity has a larger change. Fig. 11 (c) presents the temperature profiles along the bottom 

wall for different Richardson numbers with        and      . As seen from Fig., 

the temperature decreases from the increasing of Richardson numbers. For lower 

Richardson, the number temperature value has more significantly changed, but for higher 

Richardson, the number temperature value has less significance.   

 

5.4. Effect of solid volume fraction of nanoparticles (left wall lid move upward) 

 

Fig. 12 shows the effect of the solid volume fraction of nanoparticles with the left wall lid 

moving upward direction. The results are presented in terms of streamlines and isotherms 

inside the enclosure. For the lower values of volume fraction of nanoparticles flowing 

flow due to moving lid becomes very weak streamlines are little change, but for the higher 

volume fraction of nanoparticles, two cells are formed with two vortices on the lower side 

of the elliptic shape heated block and flow strength increases. Conduction dominant heat 

transfer is observed from the isotherms, as shown in Fig. 12. With the increase in the solid 

volume fraction of nanoparticles, isotherms concentrate near the bottom wall, and 

isotherms lines are more bending, which means increasing heat transfer through 

convection.  
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Fig. 12. Streamlines and isotherms at different values of solid volume fraction of nanoparticles with 

left lid move upward direction when                   when                 
               

 

 

 

 

 

 

 

 
Fig. 13. Variation of (a) Local Nusselt number, (b) velocity profile, and (c) dimensionless 

temperature along the right wall of the square enclosure with left lid move upward direction in 

various solid volume fraction of nanoparticles when                                

 

The local Nusselt number along the bottom wall for different values of volume 

fraction of nanoparticles with              of the enclosure is shown in Fig. 13(a). 

Minimum and maximum shape curves are found, and the absolute value of the Local 

Nusselt number is decreased from the increasing volume fraction of nanoparticles. 

Variation of the vertical velocity component along the bottom wall for the different 

volume fractions of nanoparticles with                  of the enclosure is shown 

in Fig. 13(b). It can be seen from the Fig. that the absolute value of the maximum and 

minimum value of velocity increases with increasing the volume fraction of nanoparticles. 

The lower volume fraction of nanoparticles' value of velocity has a smaller change, but 

the higher volume fraction of nanoparticles' value of velocity has a larger change. Fig. 

13(c) presents the temperature profiles along the bottom wall for the different volume 

fractions of nanoparticles with                   As seen from the Fig., the 
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temperature value is decreased from the increasing volume fraction of nanoparticles. For 

the lower volume fraction of nanoparticles, the temperature value has a more significantly 

changed, but for the higher volume fraction of nanoparticles, the temperature value has 

less significance.      

     

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

   
Fig. 14. Variation of average Nusselt number versus Richardson number for the different solid 

volume fractions of nanoparticles along the right wall where when                       
    

 

The influence of solid volume fraction of nanoparticles on average Nusselt number 

versus different Richardson numbers is displayed in Fig. 14 at when           

               It is clearly observed that adding nanoparticles in the base fluid inside 

the porous enclosure causes an increase in the average Nusselt number. Also, the rate of 

increment on heat transfer clearly depends on the value of the Richardson number. It is 

also evident from this Figure that the value of the average Nusselt number grows as the 

percentage of nanoparticles increases from 0 to 9. This means that the addition of 

nanoparticles causes enhancement of the heat transfer for all considered values of the 

Richardson number.   
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6. Conclusion 

 

A numerical study has been performed to investigate the effect of mixed convection 

nanofluid flow in a lid-driven porous square enclosure with an eccentric elliptic body and 

constant flux heat source on the bottom wall using the finite element method approach. 

Some important points can be drawn from the obtained results, such as  

(a) Both Darcy and moving lid ordinations significantly affect the flow and thermal 

fields in the temperature. 

(b) The type of nanofluid is a key factor for heat transfer enhancement. The highest 

values are obtained when using Cu nanoparticles. 

(c) Fluids flow and heat transfer characteristics inside the cavity strongly depend upon 

the eccentric elliptic body. The average Nusselt number at the hot wall becomes 

higher, and the average fluid temperature in the cavity becomes lower for the lower 

values of the heater length as the considered Grashof number.  

(d) Depending on the moving lid cases and Darcy number, different velocity profiles are 

observed. 

(e) Richardson number is a good control parameter for heat transfer in fluid flow through 

a porous medium. 

(f) The location of the heated block significantly affects the flow and thermal fields, 

together with the average Nusselt number result. 

(g) The velocity of the fluid is augmented by the increase of the solid volume fraction of 

nanoparticles which results in an increase in heat transfer rate. 

(h) Copper water nanofluid has greater merit in being used for heat transfer enhancement. 
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