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Abstract

In this work, a modified decomposition method namely Sumudu-Adomian Decomposition
Method (SADM) is implemented to find the exact and approximate solutions of fractional
order telegraph equations. The derivatives of fractional-order are expressed in terms of
caputo operator. Some numerical examples are illustrated to examine the efficiency of the
proposed technique. Solutions of fractional order telegraph equations are obtained in the
form of a series solution. It is observed that the solutions of fractional order telegraph
equations converge towards the solution of an integer-order problem, which confirmed the
reliability of the suggested method.
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1. Introduction

In last few years, the numbers of studies on fractional partial differential equations
(FPDEs) have increased dramatically since they can be used in many areas of science and
engineering. The theory of fractional partial differential equations helps to translate the
real word problems in a better and systematic manner. FPDEs have been solved out by
many researchers through several techniques such as iterative Laplace transform method,
Adomian decomposition method, Homotopy analysis method, Homotopy perturbation
method and many more.

It would be difficult to imagine a world without communication systems. The
transmission of a signal from one point to another is a typical engineering problem. A
transmission media is part of the circuit and represents a physical system that directly
propagates the signal between two or more points. Telegraph equations is generally used
to describe electrical phenomenon in a more practical approach by using short segments
of an electrical system. For analysis of distributed electrical parameters of any electrical
system, Telegraph equation is being used because analysis of electrical parameters in
lumped form is very difficult. The Telegraph equation was developed by Oliver Heaviside
[1] in the 1880s, which describes the distance and time on an electric transmission line
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with voltage and current. The Telegraph equation has many applications in fields such as
wireless signals, telephone lines, radio frequency and microwave transmission [2]. In view
of the above applications, mathematicians have developed different analytic and
numerical methods for solving fractional order telegraph equations. In this connection, the
numerical solution of one-dimensional linear hyperbolic telegraph equation, have obtained
by well-known Homotopy perturbation method and Laplace transform [3]. The numerical
solution for fractional model of telegraph equation by using g-homotopy analysis
transform method (g-HATM) was discussed in reference [4]. Adomain decomposition
method (ADM) and Modified ADM are used to obtain the solution of nonlinear telegraph
equation [5]. A new fractional Homotopy analysis transform method was successfully
applied to find the solution of space-fractional telegraph equation [6]. Prakash [7] have
applied Homotopy perturbation transform method to find the analytical solution of space-
fractional telegraph equation. Inc et al. [8] have obtained the numerical solutions of the
second-order one-dimensional telegraph equation based on Reproducing Kernel Hilbert
Space Method. Inc et al. [9] have established explicit solution of telegraph equation based
on Reproducing Kernel Method. Modanli et al. [10] have studied the numerical solution
of fractional telegraph differential equations by Theta-method. Akgil et al. [11] have
demonstrated the existence of unique solutions to the non-homogeneous telegraph
equation in binary reproducing kernel Hilbert spaces. Modanli et al. [12] have presented
the solutions of fractional order telegraph partial differential equation by Crank-Nicholson
Finite Difference Method. Atangana et al. [13] have successfully obtained the transfer
function and Bode diagram from Sumudu transform. Devi et al. [14] presented a reliable
computational algorithm for solving fractional biological population model which is very
beneficial in the present work. Manjare et al. [15] introduced Sumudu decomposition
method for solving fractional Bratu-type differential equation.

In the present work, authors will be applying Sumudu-Adomian Decomposition
Method (SADM) to solve the following type of fractional order multi-dimensional
Telegraph equations [4,16].

The 1-D space-time fractional telegraph equation is defined as

9%%9 %6 a%Fg
~77a +2am+b29 =37 + gl t), 0<a<1 0<pB <1,
@

with ICs and BCs

8(x, O) = ¢)1(x)l Ht(xl 0) = d)z(x),

8(0,t) = ¢1(¢), 0,(0,8) = ¢, (0.
Also 2-D time-fractional telegraph equation is

82%9 299 , 5, _ 9%0 9%

at2a+2aﬁ+b 6—ax2+ay2+g(x,y,t), 0<ac<l, 2

with ICs and BCs

Q(X,y' 0) = lpl(X,y), et(xly' 0) = wz(x,Y)-
Similarly, 3-D time-fractional telegraph equation is given as
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%0
dy?

8%2%
atza
with ICs and BCs
e(x,y'z' 0) = fl(x'y'z)' gt(x,}’:z: O) = fz(x,}’:z)-
In (1), (2) and (3); a and b denote positive constants and g, ¢4, ¢4, Y1, ¥, &, &, are
known continuous functions.
Here, the accuracy and efficiency of the proposed method are demonstrated by the five
test examples.

+ 2a +b29—g—+ +azz+g(xy,zt)0<a<1 (3)

2. Preliminary Results Required in the Sequel

Sumudu transform was given by Watugala [17],|thich is defined on the set of functions
A= {f(t)/EI Mt;>0 j=12|f@ < Me% if te(-1)) x [0,00)},Vt >0, (4)
as
w1 -t

SIF@sul = F@) = [ ~eTuf(B)dt,  f(£) € Au € (=11,75) 5)
For more details about this transform, refer to the references [18-20].
Fractional integral (right-sided) of order a of Riemann-Liouville type [21], is

12(6(x,t)) = D7 %(0(x, 1)) = @ )f (t —1)*10(x, t)dr, (t > a), R(a) > 0.(6)
Here, I'(-) denotes the Gamma function

Mw) = [, e*x*dx, we C. @)

Fractional derivative (right-sided) of order a of Riemann-Liouville type [21], is
mpr(ate,0) = (2) (70(,))  R@>0, n=[R@]+D, ()

Here [] is the integral part of a.
Caputo [22], introduced fractional derivative of order R(a) > 0 as

1 t 0™M(x,1)
De(60x, 1)) = - Jy (t—r)a+1—de' m—1<a<mR(@)>0meN, o)
at—mG(x t), if a=m
The Sumudu transform of (9) is given in [23], as
)
S[EDE (0 ) u] = w0 w) - Ept =2 (m—1<a<m) (10)

Where 8(x,w) is the Sumudu transform of 8(x, t).
3. A Computational Technique

Here, authors proposed a new computational method, called Sumudu-Adomian
Decomposition Method (SADM) for solving FPDEs

D%O(x,t) + LO(x,t) + NO(x,t) = g(x,t), xt =0 m—-1<a<m, (11)
Having the initial conditions

6(x,0) = f(x). (12)
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(24
In eq. (11), D% = DZ = §DE = ;7 is the Caputo fractional derivative operator, m €

N(Natural Number), L and N represents linear and nonlinear terms respectively and
g(x, t) represents source term.

Taking Sumudu transform of (11) and using various results, as given in literature [18-20],
it yields

S[D® 6(x,t)] + S[LO(x,t)] + S[NO(x,t)] = S[g(x,t)], (13)
on using (10), get as

u”*S[0(x, t)] —u*0(x,0) = S[g(x, t)] — S[LO(x,t) + NO(x,t)], (14)
again, using ICs (12), eq. (14) reduces to

S[O(x, )] = f(x) + u*S[g(x,t)] — u*S[LO(x,t) + NO(x, t)]. (15)

The Sumudu-Adomian Decomposition Method represents the solution as an infinite
series, as

6(x,t) = XiZo6:(x, 1), (16)
Specific algorithms of Adomian Decomposition Method is reported in literature [24,25]
and the non-linear terms (if any) in the problem are defined by the infinite series of
Adomian polynomials [26,27] in the form

NO(x,t) = ¥iZo As (A7)

A= -[;7 (v z;?‘;ouieo]] . i=0,1,23.. (18)
i=0

Substituting eq. (16) and (17) into eq. (15), get as
S[EZ00:(x, )] = f(x) +uS[g(x, )] —u*S[LEZ,0;(x, t) + TZ0 Ail. (19)
Taking inverse Sumudu transform on (19), gives
Ni2o 0i(x, t) = ST (x) + uS[g(x, )] = ST uS[L X2 0:(x, ) + X2 4] (20)
On using the SADM, yields the following iterative algorithm

Bo(x,£) = ST [f(x) + u%S[g(x, D)]], (21)

0, (x,t) = =S~ HuS[LO,(x, ) + Ao]], (22)
Generally, can be write as

010, t) = =S uS[LO;(x, ) + A;]], i=1 (23)
The SADM solution for eq. (11) is

0(x,t) =X200;(x,0). (24)

The series solution (24) converges very fast in a very few terms.
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4. Numerical Experiments

This part of the manuscript contains the application of Sumudu-Adomian Decomposition
Method to find the solution of fractional order telegraph equations to check the
effectiveness and usefulness of the proposed computational method.

Example 1. Consider the following time-fractional linear telegraph equation

a%%9 320
6t20‘ Zm Gzﬁ, 0<a§1,t20, (25)
with ICs
0(x,0) =e*, 06,(x,0) =—2e*. (26)
Applying Sumudu transform on (25) and simultaneously using I1Cs (26), it gives
040
s[5 = s[5+ 6 - 53]
w2 0 (x, )] — u=?%0(x, 0) — u2%*19,(x, 0) = —S [2 40 —6—9
X X 62
S[o(x,t)] =e* —2e*u— _ZaS[Z Frrald —ﬁ],
Applying the inverse Sumudu transform
— ¢—1 X _ X -
6(x,t) =S [e 2e*u [2 o T ]],
Using the SADM process, get as
Oy(x,t) = S e* — 2e*u]
Oo(x,t) =e* (1 —2t)
and
- %0 920; .
0,01(x,t) = —S [ s [2 6, - xz]] i=0123.. @7)

fori =0, eq. (27) gives

— %6 926
0,(x,t) = —S [ _ms[z 216, —?;’]]

6, (x,t) = =S7* [ —zaS [ata a- Zt)”

0,(x,t) = 4e*S~ 1[u"‘“]
t%
(a+2)’

6,(x,t) = 4e*

fori =1, eq. (27) gives

0,(x,t) = —S~1 [ 5[2a St - ";x";]]

0,(x,t) = S~ [uLs [ﬁ t““]]

—2ar(a+2)  lotx
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0,(x,t) = —8e* S~ 1[u2e*1]

t2d+1

— _QpX
f2(x,t) = —8e r2a+2)’

Similarly, subsequent components are

- %6 a%0
05(x,t) = —S [ s[22 240, —?;]]

x t3d+1
05(x,t) = 16e G
= _§- 3%s | o _ 9203
0,(x,t) = —S [ =S[25 2+ 6, axz]]
t4a+1

0,(x,t) = —32e*

r'(4a+2)
On using eq. (24), SADM solution for example 1, is obtained in the form of series
6(x,t) = XiZo0:(x, t)
0(x,t) = 0y(x,t) + 0, (x, t) + Hz(x, t) +6050x,t) + 0,(x,t) + -

t2a+1 t3a+1 t4u+1
0(x,t) = e* [1 — 20+ 4 I(a+2) -8 r(2a+2) +16 TGa+2) ~CT(aa+2) ] (8)
Putting @ = 1 in (28), get SADM solution for example 1, as
6(x,t) =e* [1- 2t+(ng)2 %+%—%+m]. (29)
This solution is equivalent to exact solution
0(x,t) = e*72¢, (30)
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()

#(x.t)

Fig. 1. The surface shows the SADM solution 6(x,t) for example 1, when (@) a =1, (b)a =
0.75, (c) a = 0.2.

Example 2. Consider the following space-fractional linear telegraph equation

2%  9%0 a0
e=20+%40, 1<as2:20, G1)

with initial conditions
0(0,t) =e"t, 6,(0,t) =et.
Taking the Sumudu transform on (31) and simultaneously using ICs (32), it yields

[zl = s[5+ 5ol

ox®

after little simplification, get as

u"S[O(x, )] —u=*0(0,t) — u~**10,(0,t) = S[atz +%+ 9],

(32)
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=>5[0(x,t)]=et +tuet + S[at2 +6],

again, applying the inverse Sumudu transform, it gives

B(x,t)zS_l[e‘t+ue‘t]+S‘[ s[Z8 420 +9]]

using the SADM process, it gives
Oo(x,t) =S e ™t +uet]
Oo(x,t) =e * (1 +x)

and
2%0; aal ,
0,01 (x,t) = [ S [atz + 0 ]] i=0123.. (33)
fori =0, eq. (33) reduces
820, 46
Hl(xl t) = [ S[atzo =2 + 90]]
0,(x,t)=S5"1 [u%aS[e‘t (1+x) ]]
0,(x,t) = et S™Hu% +u*tt]
L " _p xotl
O1(x,t) = e T(a+1) te I(a+2)’
The subsequent components are
[ 2
0,06,t) = 57|15 [22 4+ 22 4 91]
¢ xza _ x2a+1
O2(x,t) = e [(2a+1) rza+2)’
1 ore%e, | a6
0,(x,t) = §1 Fas[at; 2+92]
" x3a —t x3a+1
O5(x,t) = e I(3a+1) r(3a+2)’
On using eg. (24), SADM solution for example 2, is obtained in the form of series
0(x,t) = 0y(x,t) + Ol(x, t) + 60,0, t) + 03(x,t) + 0,(x, t) + -
—t xa+1 x20£ x2a+1 x3a x3u+1
Q(X t) =€ [1 txt F(a+1) I'a+2) TQRa+1) T(a+2) TBa+l) TQ@Ba+2) ]
(34)
Putting @ = 2 in (34), get SADM solution for example 2, as
— ot XX Xt X X
O(r,t) =e [1+x+2 - ~ 4 it Y Yo e T | (35)

This solution is equivalent to exact solution

O(x,t) = e*t, (36)
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@

#(x,t)

#(x,t)

Fig. 2. The surface shows the SADM solution 6(x,t) for example 2, when (8) a =2, (b)a =
1.75, (¢) a = 1.2.
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Example 3. Consider the space-fractional linear telegraph equation of non-homogeneous
type
%0 _ 9%6 00

ax_a_ﬁ-l'_+9_x —-t+1, 1<a<2,t=20 (37)
with initial condition
0(0,t) =t, 6,(0,t) =0. (38)

Taking the Sumudu transform on (37) and simultaneously using ICs (38), it yields
s[=e] = 5[6t2+ +0-x*—t+1]

= u9S[0(x, )] — u=%6(0,t) — u=**16,(0,t) = —2u® —t + 1+ § m +2 4 9]

> S[0(x, )] = t = 2u™*? — tu® +u® + —§ ﬁ+ +9]

again, applying the inverse Sumudu transform, it gives
— a+2 __ a 1
O0(x,t) =St —2u tu* + u*]1+ S~ [ at2 + 9]]
using the SADM process, it gives
0o(x,t) = STt — 2u%*? — tu® + u?]

2xa+2 txa x(l
Oo(x,t) =t - T(a+3) T(a+1) + T(a+1) '

and

001 (x,t) = S~ [u_ius[a T+ Dt o, ]] i=0123.. (39)

at?

fori =0, eq. (39) gives

2
0,(x,t) =S~ [%S [S2+20+ 90]]

u at? at

Q a txoc
(1) = T(a+1) + T(a+1) T(2a+3) TQa+l)’

fori =1, eq. (39) gives

200 a0
6,(x,t) = [ oS[Ee 42y 91]]
x2a 3a 2a 3a+2 3a
Qz(x t) X tx 2x tx

F(2a+1) T r@Ba+D) + ra+1) T(GBa+3) T@a+l)’

Similarly, will find out the components ahead as authors have found out the previous
components. On using eq. (24), SADM solution for example 3 is obtained in the form of
series

0(x,t) = 0g(x,t) + 0,(x,t) + 0,(x,t) + O5(x,t) + -
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2xa+2 txa xa xa txa 2x20{+2 txZa
O(x,t) =t— r@r3)  T@rD T@rn Tt T T Tears  Tearn T
ZXZIX _ x3zx + txZa _ 2x3(l+2 _ tx3ll » (40)
[(2a+1) T@a+l) = T2a+1) T[(3a+3) T[@a+l)

Putting @ = 2 in (40), we get SADM solution for example 3, as

2x% tx? x? x? tx 2x®  tx* | 2x* x6 tx*  2x8
O(x,0) = t— 20 ot <

IG) T@) | TE) r(3)+ r@ T(7) TG TG T TG T
tx®

s (41)

this solution is equivalent to exact solution

0(x,t) =t + x2. (42)
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X e o t

Fig. 3. The surface shows the SADM solution 8(x,t) for example 3, when (a) a =2, (b)a =
1.75, (c) a = 1.2.

Example 4. Next, time-fractional telegraph equation of linear type

62
at2d+3m+29_ﬁ+a_2' 0<0(S1,t20, (43)

with initial condition

0(x,y,0) =e**Y, 0,(x,y,0) = —3e**Y, (44)

Taking the Sumudu transform on (43) and simultaneously using ICs (44), it yields
_ 220  9%6
S [Ge] = s 35+ 20555

= u2*S5[0(x,y,t)] —u"?*6(x,y,0) —u"2**10,(x,y,0) = =S [3W + 260 -

2% _ a0

ax%2  dy?

— Xty _ x+y _ 276 9%0  3%¢

= S[0(x,y,t)] = e 3ue —2S [3 20 -2 ayz],

again, applying the inverse Sumudu transform
+y __ +, _ il 7 _ZZ

O(x,y,t) =S~ [e**Y —3ue V] -5~ [ _2a5[3 ora T 260 sz ]]
using the SADM process, it gives

Oo(x,y,t) = S XY —3e**V ]

0o(x,y,t) = e**Y (1 —3t),
and

0; 8%6; 2%6; .
041 (x, 7, ) = — [ Lo5[3% %+ 20, - 2% - ayz]], i=01,23.. (45)

fori = 0, eq. (45) redues
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- %6 %0, 926,
0,(x,y,t) = =S [ oS[35 2+ 260, - 22 - ay;]] ,
0,00y, 6) = =57 [z S[=9e 7wt ]|
a+1
— x+y
0.(x,y,t) =9e F(oc+2)
after putting different values of i in eq. (45), get as
- _g %9, _9%01 9%,
02(x,y,8) = [ -2“5[3 aca T 26, ax2 ayz]] '
xvy 2
ez(x; y! t) —27e F(2a+2)
similarly

a%e,

_ %6 226
93(x’ v, t) = -9 [ —Za's [3 + 292 axZZ — ayzz]] )

3«
r(3a+2)’

On using eq. (24), SADM solution for example 4, is obtained in the form of series

0;(x,y,t) = 81le*tY

O0(x,y,t) = 6,(x,y,t) + 01(x y, ) +0,(x,y,t) + 6050, y,t) + 6,(x,y,t) + -

27t2a+1

81t3a+1 ]

-3t + rGa+2)

0(x,y,t) = eXt¥ [

l"((x+2) F(2a+2)

Putting « = 1 in (46), we get SADM solution for example 4, as

(3t)? (3t)3 " (3t)* . ]’

“3tt e re r@ re

0(x,y,t) = e*t¥ [

this solution is equivalent to exact solution
x+y-3t

0(x,y,t)=e

727

(46)

(47)

(48)
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Fig. 4. The surface shows the SADM solution 6(x,y,t) for example 4, when () a =1, (b)a =
0.5, (c) a = 0.2.

Example 5. Finally, consider time-fractional telegraph equation of linear type
2 2 2
220 | 9%6 , 026 (49)

040 L 990 L 39 = 900,20 % 5 < 1,t2>0
at2a at T oxZ | ay? | 9z2’ - =

with initial condition
0(x,y,z,0) = sinh(x)sinh(y)sinh(z), 6,(x,y,z,0) = —sinh(x)sinh(y)sinh(z) (50)

Taking the Sumudu transform on (49) and simultaneously using ICs (50), it yields

S|y = -s[22e+30-25-22 27

at2a ot dx2  0y? 09z2
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= u2%5[6(x,y,z,t)] —u2*0(x,y,2z,0) — u"2**19,(x,y,2,0) = =S [2 T
a%0  09%0 9%p
R |
S[6(x,y,z, t)] = sinh(x) sinh(y) sinh(z) — usinh(x) sinh(y) sinh(z)
820  9%0 020
~ S [2 5+ 30 e 5 )
again, applying the inverse Sumudu transform
0(x,y,zt) = S~sinh(x) sinh(y) sinh(z) — usinh(x) sinh(y) sinh(z)]
- 820 920 020
_s [ L2S[252+ 36 _ﬁ_ﬁ_(ﬁ]]'
using the SADM procedure, we get
0o(x,y,2,t) = S~![sinh(x)sinh(y)sinh(z) — usinh(x)sinh(y)sinh(z)]
0y(x,y,z,t) = sinh(x)sinh(y)sinh(z)(1 — t),
and
- 0; a%0; 98%6; 026, .
0,01(x,y,2,t) = —S [ _Zas[z 430, - 35 -0~ ]] i=0,1,23..(51)
Fori =0, eq. (51) gives
_ s 00y | 5p _ 900 _ 90y _ 00y
0.(x,y,2,0) = [ _Z“S [2 at* + 36, dx? ay? 0z2 ]] !
0,(x,y,zt) = ZSinh(x)sinh(y)sinh(z)S‘1[u““] ,
0,(x,y,2,t) = 251nh(x)smh(y)smh(z) faD
similarly, for i = 1 ineq. (51), it gives
_ s 0, | 3o _ 0% 0% _ 0%
02(x,y,2,t) = =5 [ S [2 +36, dx?2 ay? 022 ]]’
0,(x,y,z,t) = —4smh(x)smh(y)smh(z) Far)
Also, for i = 2, eq. (51) reduces
s 0, | 3o _ 0% _ 0% _ 0%,
0;(x,7,2,t) = [ =S [2 52430, - 5202 -2 ]]
05;(x,y,z,t) = 851nh(x)smh(y)smh(z) G
On using eq. (24), SADM solution for example 5, is obtained in the form of series
0(x,y,z,t) =04(x,y,2,t) + 0,(x,y,2,t) + 0,(x,y,2,t) + 05(x,y,z,t) + -+
. . . 2tl¥+1 4t2a+1 8t3a+1
0(x,y,z,t) = sinh(x)sinh(y)sinh(z) [1 —t+ r@rs  Tearn TTean ].(52)
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When a = 1 in (52), get SADM solution for example 5, as

o . . t2 ¢3 t*

0(x,y,z,t) = sinh(x)sinh(y)sinh(z) [1 —t+2 ) 4@ + SE — ] (53)
This solution is approximate equivalent to exact solution in closed form

0(x,y,zt) = e”tsinh(x)sinh(y)sinh(z). (54)

=0.5)

i(x,y, z=1,t

=1, t=0.5)

x,y, z

=0.5)

nx,y, 2=1,t

Fig. 5. The surface shows the SADM solution 6(x, y, z, t) for example 5, when (a) a =1, (b) a =
0.5, (c) @ = 0.2.
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5. Conclusion

In this study, a powerful computational technique, called Sumudu-Adomian
Decomposition Method (SADM) is applied to find the solution of some fractional order
telegraph equations. This computational technique provides the numerical solution in
form of series solution, this series converge to exact solution very rapidly. Numerical
experiments on test examples show that proposed computational technique is of high
accuracy and support the theoretical results. The fractional order derivatives are computed
in Caputo sense. Obviously, SADM is easy to implement for the multi-dimensional space
and time fractional order physical problems emerging in various fields of science and
engineering.
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