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Abstract

This work investigates the mathematical model and solution for an unsteady MHD fourth
grade fluid flow over a vertical plate in a porous medium with the effects of the magnetic
field and suction/injection parameters using Homotopy Perturbation Method. The flow is
considered to satisfy the constitutive equations of fourth grade fluid flow model and because
of the Homotopy Perturbation Method used, only the momentum equation with initial and
boundary conditions are solved as governing equations. After initializing stability test, the
convergence of the governing equations are observed graphically using the results of
Homotopy Perturbation Method with the new analytical method used by Yurusoy in
literature and there is a perfect agreement in results. The impact of dimensionless second,
third and fourth grade parameters with the effects of magnetic field and suction/injection
parameters on the velocity field are displayed graphically and discussed. Increase in suction
parameter decreases the momentum boundary layer thickness while injection parameter
enhances velocity distribution in the boundary layer. Magnetic field reduces velocity
throughout the boundary layer because the Lorentz force which acts as retarding force
reduces the boundary layer thickness.

Keywords: Unsteady; MHD; Fourth grade fluid flow; Homotopy perturbation method;
Boundary layer thickness.
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1. Introduction

Industrially and technologically, considerable attention has been given in recent years to
flow problems of non-Newtonian fluids. Due to the flow behaviour of non-Newtonian
fluids, their governing equations are much more complicated and highly non-linear when
compared to Newtonian fluids which have few analytical solutions. Non-Newtonian fluids
exhibit normal stress differences and their viscosity depends on the shear rate. These
distinct features and other features of non-Newtonian fluids result in more complex
equations for the fluid flow. There is no single model that clearly exhibits the properties of
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all non-Newtonian fluids. Arifuzzaman et al. [1] analyzed heat and mass transfer
characteristics of naturally convective hydromagnetic flow of fourth grade radiative fluid
resulting from vertical porous plate taking into consideration nonlinear order chemical
reaction and heat generation with thermal diffusion by using finite difference scheme
explicitly. Rajagopal [2] examined the stability of third grade fluid with results and
discussions given on many of the interesting and challenging issues in the fluids of
differential type. Arifuzzaman et al. [3] numerically investigated the MHD convective and
chemically reactive unsteady micropolar fluid flow with nanoparticles through the vertical
porous plate with mass diffusion, thermal radiation, radiative absorption and heat source
with a flow model by using boundary layer approximation. Homotopy Analysis Method
was used for the fourth grade flow of a Couette and Poiseuille flows by Siddiqui et al. [4].
The effects of some thermos-physical parameters were considered on the flow of a fourth
grade or fourth order fluid in a porous space or plate by Hayat et al. [5-7]. Reza-E-Rabbi
et al. [8] elaborated the heat and mass transfer analysis of casson Nano fluid flow past a
stretching sheet together with MHD thermal radiation and chemical reaction effects using
explicit finite difference scheme. Arifuzzaman et al. [9] modeled an unsteady natural
convective and higher order chemically reactive MHD fluid flow with heat and radiation
absorption effects through a wvertical oscillating porous plate. Boundary layer
approximation was carried out to establish a flow model of time dependent momentum,
energy and diffusion balance equations using non similar technique with explicit finite
difference method. In another work, anomalous features were given in the model of
second order fluid by Fosdick and Rajagopal [10]. The governing differential equation is
highly non-linear and the analytic solution has not been reported in literature. Also, the
order of the differential equation in the case of fourth grade fluid flow was higher than
that of the Navier-Stokes equations. The no-slip boundary condition is sufficient for a
Newtonian fluid but for a non-Newtonian fourth grade fluid flow, it may not be sufficient
and therefore needs additional conditions at the boundary. The detailed review on the
boundary conditions and the existence and uniqueness of the solution for second and third
grade fluids were given by Passerini and Patria [11]. Arifuzzaman et al. [12] considered
the numerical investigation of MHD transient naturally convective and higher order
chemically reactive Maxwell fluid with nanoparticle flow through a vertical porous plate
with the effects of heat generation and radiation absorption using a boundary layer
approximation to develop the flow model representing time dependent momentum, energy
and concentration equations which were solved by non-similar technique explicit finite
difference method. This paper has established an analytic solution based on the Homotopy
Perturbation Method proposed by He [13] and found that there was no need to augment
the boundary conditions for the solutions of Homotopy Perturbation Method. The
Homotopy Perturbation Method was successfully applied to solve some related problems
by Sobamowo and Akinshilo [14]. Arifuzzaman et al. [15] gave a theoretical work with
numerical investigation of MHD transient naturally convective and higher order
chemically reactive, viscoelastic fluid with nanoparticles flow through a vertical porous
stretching sheet with the effect of heat generation and radiation absorption. A boundary
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layer approximation was carried out to develop the flow model representing time
dependent momentum, energy and concentration equations which were solved using non
similar technique of explicit finite difference method. Tan and Masuoka [16], Wang and
Wu [17] studied some important review on fluid of differential type; new analytical
solution of a fourth grade fluid past a porous plate was investigated by Yurusoy [18] and
Heat transfer analysis of the steady flow of a fourth grade fluid flow was studied by Hayat
etal. [19].

Homotopy Perturbation Method is a simple and total approximate analytical method.
Unlike Differential Transform Method (DTM), Homotopy Analysis Method (HAM),
Adomian Decomposition Method (ADM), Variation Iteration Method (VIM) etc. where
the search for a particular value that will satisfy the other end of the boundary condition
necessitate the use of a numerical method with the use of a software which could result in
additional computational cost in the generation of solution. Homotopy Perturbation
Method eliminates the “small parameter assumption’’ as in the traditional perturbation
methods. It is a powerful method that gives acceptable analytical results with convenient
convergence and stability. Therefore, in finding the approximate analytical solutions of
linear and nonlinear differential equations, Homotopy Perturbation Method has gained
more ground in many engineering and scientific research papers [20]. It is an approximate
analytical method that can solve differential equations, difference equations and
differential-difference equations, fractional differential equations, pantograph equations
and inter-differential equations. It also solves nonlinear integral and differential equations
without linearization, discretization, closure, restrictive assumption, perturbation,
approximations and round-off error that could result in massive numerical computations.
It does not require small parameters in algebraic or differential equations as in other
traditional perturbation method (regular and singular perturbations). It provides excellent
approximations to the solutions of non-linear equations with higher accuracy. Marinca et
al. [21] used an optimal homotopy assumption method to solve a steady flow of a fourth
grade fluid past a porous plate. An optimal solution for the flow of the fourth grade fluid
with partial slip was investigated by Islam et al. [22] and the effects of partial slip on
fourth grade fluid with variable viscosity was investigated by Nadeem et al. [23].

This work provides the mathematical model and solution for an MHD fourth grade
fluid flow past a vertical porous plate with magnetic and suction/injection effects. The
motivation comes from the desire to understand the shear thinning and thickening
property of non-Newtonian fluids in the presence of magnetic field and suction /injection.
This paper extends the works of Marinca et al. [21], Islam et al. [22] and Nadeem et al.
[23] to include the effects of magnetic field and suction/ injection parameters with semi-
analytical solution via Homotopy Perturbation Method to solve the higher order non-
linear differential equations describing the fluid flow.

2. Nomenclature

MHD - Magnetohydrodynamics
% is the material time derivative defined by % = %+ V.v)
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x denotes the vector product
T is the Cauchy stress tensor for an incompressible fourth grade fluid,
J is the current density, B is the magnetic induction
R = (R, Ry, R,) is the Darcy’s resistance due to the porous media in the x, y, and z axes
respectively
u(y, t) represents the fluid velocity field in the x direction
V, > 0 is the suction velocity and V,, < 0 is the injection velocity
B, is the applied magnetic field and b is the induced magnetic field
o is the electrical conductivity of the fluid
P is pressure, I is the identity matrix and p is the viscosity
A;,A;, Ajand A, are Rilvlin-Ericksen tensors
p denotes fluid density
U, is the mainstream velocity
oy, 0, By, B2y B3y Y1, Y2, Y3, Y4 Y5, Y6 Y7, and yg are the material parameters
a is the second grade parameter, g is the third grade parameter and » is the fourth grade

parameter.
3. The Constitutive Equations for Fourth Grade Flow

Considers an unsteady, MHD, incompressible, electrically conducting fourth grade fluid
flow (a subclass of differential type fluids) which is an important class of hon-Newtonian
fluids that occupies region y > 0 in a porous medium. A Cartesian frame of reference
along x-axis is chosen as the direction of fluid flow, parallel to the porous plate and the y-
axis is perpendicular to it. Att = 0, the fluid is bounded by an infinite porous plate. A
transverse uniform magnetic field B = (0, B,, 0) is applied at the surface of the plate. Due
to porous character of the plates, there is a cross-flow of the fluid with a constant velocity
Vy. The velocity field of the fluid flow is a functions of y and t only. The plate is
coinciding with the plane at y = 0. Unsteady motion of the conducting fluid through a
porous medium is governed by the conservation laws of momentum and mass as stated
below:
Continuity equation V.Vv=0 1)

Momentum equation j—‘t] =V.T+]xB+ )

Where % is the material time derivative defined by % = %+ (V.V)
X denotes the vector product, T is the Cauchy stress tensor for an incompressible fourth
grade fluid, J is the current density, B is the magnetic induction and
R = (Rx, Ry, RZ) is the Darcy’s resistance due to the porous media in the x, y, z
respectively. For the flow model under investigation, we consider a velocity field V of the
form

V=u®t),-V0) ®)
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Where u(y, t) represents the fluid velocity field in the x direction, V, > 0 is the suction
velocity and V, < 0 is the injection velocity. This velocity field identically satisfies the
continuity equation (1). Thus, the disturbance in the fluid is a function of y and t only.

u(y,t) - 0 as y - o

y-axis

X-axis

x-axis (y=0)

(Fourth-grade .
u(0,1) = Uy V(1) fluid filling the (Infinite porous plate)
space y>10)

Fig. 1. Geometry of the physical model and coordinate system.

The current density given by J and B gives the total magnetic field such that B=B, + b
where By is the applied magnetic field and b is the induced magnetic field.

In the analysis, the fluid is electrically conducting and a magnetic field is applied in
the transverse direction to the flow. With the low magnetic Reynolds number, the induced
electric and magnetic fields can be neglected and thus the magnetic force J x B becomes

] X B =0(VXB)xB=—cBV (4)
o is the electrical conductivity of the fluid
The Cauchy stress tensor for a fourth grade fluid which satisfies the constitutive equation is

T = —PI+ pA; + 0;A1 + 0,A] + B, (A2A1 + A1Ap) + B, (trAf)Ar +7,As +
v,(A3A1 + A1A3) + B, Az +7,A% +7,(A1A] + AJA ) + v, (trAz)A; + v, (trAx)AS +
[v,(trA3)+y4(trAzA,) A4 5)
Where P is pressure, | is the identity matrix, p is the viscosity,
oy, 0, By, B2y B3s Y1, Y2, Y3, Y4 Y5, Ye, Y7, and yg are the material parameters;
A4, A, Ajz and A, are Rilvlin-Ericksen tensors . The tensors are defined as
Ay = (VW) + (VW) (6)

A, = ““(‘;'1 +Ap_1(VV) + (VWTA,_;, n>1 (7)

Where V is the gradient operator, T denotes the transpose of the resultant matrix. For the
model (5) above, when a; =0, B; =0 and y; = 0, the fluid is Newtonian. If a; # 0,
Bi =0 and y; = 0; it is equivalent to second grade fluid; if o; = 0, B; # 0 and y; = 0, it
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is equivalent to the third grade fluid and if «; #0,8; # 0,and y; # 0; then it is
equivalent to a fourth grade fluid.

For the fourth grade fluid flow past a porous vertical plate with suction or injection,
the x and y-axes are respectively chosen to be parallel and normal to the plate while the
velocity field depends on y only. The complete sets of governing equations for the fourth
grade fluid flow in the presence of magnetic field are:

div V=0 ®)
p==divT+JxB Q)

where p denotes fluid density
We seek a velocity field V of the form

V= (u(y), =V, 0) (10)

Where u(y) represent the fluid velocity field in the x direction, V, > 0 is the suction
velocity and V, < 0 is the injection velocity. The velocity field satisfies the continuity eq.
(8). Thus, the disturbance in the fluid is a function of y

Using egs. (6), (7), (8) and (10), eq. (5) gives stress components as follows

Zdud u

Tyy =P+ ay (Zy) - ﬁzVOZuZZ 2y,Vs dy dy? +v3Ve (Zz,lzl) + 2y, ( )(11)

d a*
H—+a1V0d2 B1 ozdz+2(31+.32)( ) Vo3d11

d’u

(672 + 273 + 214 + 275 + 675 + 210)Vo (%) (12)
_ du\® dud u 2 d (dud?u
Ty = =+ Q2 + @) () = 208,480V ok + 6y, Y (L)
d3ud a2 du\*
200+ Y VE A 4y (20 4 22 + 20, + 27 + 6v0) () (13)
Tzz =D (14)
Ty =Ty =0 (15)
Txy = Tyx 1 Txz = Tzx » Tyz = Tzy (16)
Substituting equations (11-16) in equation (9) gives
du d?u d*u d?u dSu
Vo, =zt 1Vod3 B 02a4+6(B1+B2)( )d—ﬂ—ylng—ys—
du\“ d?u
(672 + 272+ 27, + 275 + 677 + 27V s (&) L8 (17)
The boundary conditions on u are
u(0)=0 (18)
u(y) - U,, v, 0 as y—> o forn=12,3 (19)

dym
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where U, is the mainstream velocity, ¢ is the second grade parameter, g is the third
grade parameter and » is the fourth grade parameter.
Introducing the following non-dimensional quantities

Yo

_ _ Uoy _

u—U_O;y—T,Vo—UO; (20)
Using (20) in (17) - (19), then the governing equation is obtained as

d? da* d? as

dyLZL + Vo dy a1V0 dy3 =+ BV§ dy:L + ﬁ( ) dyI; YiVe dylé

d?u du\“ d%u 2

v, (248 (54) + (5" %) - 2w =0 (21)
with the dimensionless boundary conditions

u(0) -0, aty =0,u (1) - 1, Z%AO as y > o forn=123 (22)

The dimensionless parameters in eq. (21) are

i3 U, U 6 + U,
—alvz",ﬁl ﬁl,,;’,h “vf,ﬁ—% F=6@y,+ys+vatys+y, +
yS) p‘li4' (23)

The fifth order differential eq. (21) subject to the boundary conditions (22) is solved using
Homotopy Perturbation Method (HPM).

3.1. Homotopy perturbation method and convergence

Consider a system of nonlinear differential equations given as

AU)-f(r)=0, re 0 (24)
with the boundary conditions
a
B (u, 5) =0, rel (25)

where A is a general differential operator, B is a boundary operator, f(r) is a known
analytical function and I" is the boundary of the domain .

The operator A can be divided into two parts, L and N, where L is a linear operator, N is a
non-linear operator. Then, eq. (24) can therefore be written as

Lw)+Nu)—f(r)=0 (26)

By the Homotopy technique, an homotopy U(r,p):2 X [0,1] - R can be constructed
which satisfies

HU,p) = 1 —p)[LW) — LWUY] + p[AW) — f(r)] = 0, pe[0,1] (27)
Or
H(U,p) = L(U) — L(Uy) + pL(U) + p[N(U) — f(r)] =0 pe[0,1] (28)
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Inegs. (27) or (28), p € [0,1] is an embedding parameters, u is an initial approximation of
(24) which satisfies the boundary condition.
Also, from egs. (27) or (28),

H(U,p) = L(U) = L(Uy) = 00rH (U, p) = A(U) = f(r) = 0 (29)
The changing process of p from zero to unity is like U(r,p) changing from wu,(0) to
u(r). This is referred to as Homotopy in topology. Using the embedding parameter p as a

small parameter, the solution of eq. (27) or (28) is assumed to be written in power series
as

It should be noted that all the values of p are between 0 and 1 but p=1 produces the best
result. Therefore, setting p=1, results in the approximate solution of (24) gives

U=lim,, U=Uy+ Uy + Uy + - (31)

The convergent series (31) is a combination of Homotopy and Perturbation Methods.
Hence, the method is called Homotopy Perturbation Method (HPM).

According to Homotopy Perturbation Method (HPM), one can construct a homotopy for
eg. (21) as

u

H(p,y) =10 -pn (V03 dsu) [dyz + Vo dy 051V0 1y’ 5+ B 02 - i
L e P iy Y O R B (32)

dy/ dy dy? dy/ dy

The power series of velocity field is given as

U=uUy+u +u;+--. (33)
Then, substituting eg. (33) into eq. (32) using perturbation method yields
dSu
Pt 5= (34)
dsu d?u, dug d3u d*u,
pl: dysl 0 a1V0 & 30 +‘81 2 & 0 _ MZuO +
duo\? d?uo 1 (o duo (@Puo)? | (dug)? duo) _
ﬂ(dy) dy? yVO (2 dy (dyz) +(dy) dy2 )~ 0 (35)
dSu, | d*u du d3u d*u dug\* d%u
p*: dy52+dy21+V0d 1Vod31+ﬁ1 02d41 ﬁ( 0) dyo+
dugdus ug _ 1, () duo (@Puo) | duo dug (@Pur)* | (duo)? dPug
2‘8 dy dy dy? yVO(Z dy(dy2)+dy dy(dyz) +(dy) dy2+

dug duq d?ug

dy dy dy? ) —M*u; =0 (36)



0. J. Fenuga et al., J. Sci. Res. 12 (4), 485-498 (2020) 493

3. d5u3 d“u, dusy 2d Uy duq zuo
p: PR 2 a1V0d3+[>’1 dy4+[3( ) Rt

2 42 2 2 2 2

du, (du d“u duq duq d“u, dug (d“u dug (d“u
I 1( 0) 21+2ﬁ 1 duy 20 —yV, (2 0( 20) + 0( 21) +
dy \dy dy dy dy dy dy \dy dy \dy
(du1)2 d?ug dug duy d? d®u; | dug duy d?ug
dy) dy? ' dy dy dy? ' dy dy dy?

)—Mzu2 —0 37)

The boundary conditions for Egs. (34)-(37) are

uy(0) » 0, at y=0,uy, (1) = 1, dy (38)
dn
u(0) - 0, at y =0,uy (1) - 0, dy (39)
dn
u,(0) » 0, at y=0,u, (1) = 0, dy (40)
u3(0) - 0, at y =0,u3 (N) (41)
Solving eq. (34) and applying the boundary condition (38) results gives
4 3 2
_ vt 4y ey* 4y
UM =53t v (42)
Solving eg. (35) and applying the boundary condition (38) gives
w(y) =
BB+1D%Y°  4(o+1+a)5y03 | aMn+i+a)dyd | (Tag+1)?
+ +
23N% N3 N3 23N%
4(3B+1\/11Vn3+a)5 3y2 4(Mnﬁ+1;éz)5 y10y,3 4(3B+1J;Va3)5 y10y 3y 4(3ﬁ+1+a)5y1°y3+4(3a+;’;a)5 y*
e - V3 + =3 (43)
Also, solving eq. (36) and applying the boundary condition (40) gives
u(y) =
Gr+1)%y°  (5B+1)%y°  4(Vp+6+a)°y*0y3 + 4(Mn+V+a)®y® | (7a;+1)?
23N* 23N* N3 N3 23N*
4BB+Mn+a)®y3 5 aMnf+1+a)?y10y3  4(3B+1+a)Syl0y3
6 N3 Yo NZ 4 N5
N2 - N°® +
a T+a 5
43R+ y 0y TN LSyt M1+ @)Y AT 1) YO | A(Mrt )5y
N3 NS N3 N4 + NSl
BR+1)%y°  4(Vp+1+a)5y1%y3 | 4(Mn+1+a)Sy3 5 3 (7a1+1)
= 5 + 3 + Mn+1+a)y —+
23N N N 23N
U4(3B+lv[lvr;+a)5y3yz 4(Mnﬁ+1;a)5y1°y3 4(3B+1+a)5y1°y3 4(33+1+a)5y10y3+4(3“*;§“)53’4
3 - 3 + 3 (44)
N N N

In the same way, u;(y) in eq. (37) is obtained using the boundary conditions (41) as
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u.(y) = (Gr+1)2y° (5B+1)%y°  4(Vp+6+a)5yi0y3  a(Mn+Gr+a)Sy® | (7a,+1)?
3V 23N+ 23N* N3 N3 23N*
4(3B+Mn+a)Sy3 4(Mnp+1+a)2y10y3 4(3B+1+a)5y10y3 4(3a+Gr+a)Sy*
pracl Nrg @)y y24 (Mnp N;z) % praeli ;5) YV 4(3B+1+a) Yy 0y3+ (3a NT3 @°y AWy +1+0)5y*
- +
N2 N° N3 N3

4(Mn+1+a)5y? 4(V0+1+a)5y1°3+4(Mn+1+a)5y3 7y +1)? (7a;+1)?

N3 N* N51 23N* 23N*
4(3+Mn+a)5y3 4(MnB+Vo+a)Sy* 4BMn+Vo+a)sy3 4@Ba+Gr+a)Sy*
6 ;,Lza Ly24 ne Ng 2 4= Ng Ly a(@p+1+a)SyS+ e Y N:oa z
N3 - N3 + N3 +
4
3 5
43+6rMn+a)®y” 5  17(MnB+Vy+a)’y
4(661‘0:+Gr+0¢)5y4 2 4
44p+1+0)°y +——————  (7y;+1)” (7a;+1)? 3 i 3
N3 23N* 23Nt N?
3
5
44(3Mn+V2+a) y
— (45)

N3
Other subsequent solutions are too long to be displayed in this paper and so are in the
simulated results shown graphically in the next section.

4, Numerical Results and Discussion

There is an excellent agreement when the results of the Homotopy Perturbation Method
(HPM) of the present work in the absence of unsteady parameter, slip and convective
boundary conditions is plotted graphically in Fig. 2 using the default values y = 1,8 =
2,71 =05,8, =08, Mn=0.6, a = 2.5, V, = 0.8 and compared respectively with the
numerical method and new analytical solution of results of Hayat [19] and Yususoy [18].

Fig. 3 shows the effects of suction parameter V0 on the velocity profile. Suction
decreases the flow velocity at the surface of the plate while injection increases the flow
velocity at the surface of the plate as shown in Fig. 4. It was shown that velocity profile
decreases with increase in suction parameter because momentum boundary layer thickness
decreases with a rise in suction velocity. The damping effect of suction on the fluid flow
is attributed to the fact that the heated fluid is being pushed towards the plate with the
action of the buoyancy force to resist the fluid flow as a result of high influence of
viscosity. On the other hand, injection parameter enhances velocity distribution with the
boundary layer. These results reveal that suction on the plate can be used to control the
boundary layer thickness.

Fig. 5 shows the influence of magnetic field parameter M on the velocity profiles. It
was observed that the velocity profiles decreases with increase in the values of the
magnetic field parameter M. The imposition of magnetic field in an electrically
conducting fluid induces a drag-like force known as Lorentz force on the flow field which
acts against the fluid flow and slows down its motion. Thus, Lorentz force increases as
magnetic field parameter M increases and so dampens the velocity profiles. The presence
of magnetic field reduces the velocity throughout the boundary layer which is in
conformity with the fact that the Lorentz force (magnetic force) acts as a retarding force
which significantly reduced the momentum boundary layer thickness.
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In order to describe the influence of the third grade parameter /3 and fourth grade
parameter } on the flow model, the velocity profiles have been plotted in Figs. 6 and 7.
The results revealed that both third grade g and fourth grade } parameters have opposite
roles on the structure of the velocity. Increase in third grade parameter g decreased the
velocity field which indicates the shear thickening behavior of the fluid. However,
increase in fourth grade parameter » increased the velocity profile which indicates the
shear thinning property of the fluid. In Fig. 8, the fluid velocity decreases as second grade
parameter increases. Table 1 shows the effect of the various embedded flow parameters on
u(y) and u'(y). Table 1 shows that as the distance from plate increases, the fluid
velocity increases which satisfy the boundary condition and shows an excellent agreement
with the Homotopy Perturbation Method (HPM) of the present work and numerical
methods by Yurusoy [18].

Table 1. The results of Homotopy Perturbation Method (HPM) of the present work and Numerical
Method for u(y) and u'(y) of Yurusoy [18] in literature.

u(y) u'(y)
¥ HPM Mumerical DIFF HPM Mumerical DIFF

0.00 0.000000000 | 0.000000000 | 0.000000000 | 0.202330464 | 0.202330464 | 0.000000000
0.50 0.095008864 | 0.095031320 | 0.000022456 | 0.173419500 | 0.178435574 | 0.000015674
1.00 (0.178986457 | 0.179043189 | 0.000056732 | 0.158173350 | 0.158185695 | 0.000012345
1.50 (0.253689000 | 0.253756740 | 0.000067740 | 0.141129079 | 0.141174440 | 0.000045361
2.00 (0.320635949 | 0.320690678 | 0.000054729 | 0.126923781 | 0.127002344 | 0.000078563
2.50 (0.381103945 | 0.3831169679 | 0.000065734 | 0.115262239 | 0.115295004 | 0.000032765
3.00 0.436277311 | 0.436339652 | 0.000062341 | 0.105645333 | 0.105712738 | 0.000067455
3.50 0.487173579 | 0.487186257 | 0.000012678 | 0.097920387 | 0.097954603 | 0.000034216
4.00 0.534488560 | 0.534554294 | 0.000065734 | 0.091734408 | 0.091757864 | 0.000023456
4.50 0.579149879 | 0.579166465 | 0.000016586 | 0.086870717 | 0.086896287 | 0.000025570
5.00 0.621627274 | 0.621640729 | 0.000013455 | 0.083110820 | 0.083176573 | 0.000065753
5.50 0.662470404 | 0.662505870 | 0.000035466 | 0.080320526 | 0.080434699 | 0.000054173
6.00 0.702149667 | 0.702215201 | 0.000065534 | 0.078477871 | 0.078532197 | 0.000054326
6.50 0.741112825 | 0.741158457 | 0.000045632 | 0.077286774 | 0.077352664 | 0.000065850
7.00 0.779647485 | 0.779672021 | 0.000024536 | 0.076704282 | 0.076793600 | 0.000094318
7.50 (0.818035301 | 0.818047647 | 0.000012346 | 0.076743741 | 0.076788504 | 0.000044763
2.00 (0.856459307 | 0.856539607 | 0.000080300 | 0.077198620 | 0.077252941 | 0.000054321
2.50 (0.895323455 | 0.895367021 | 0.000043566 | 0.078101437 | 0.078111436 | 0.000009959
9.00 (0.934568610 | 0.9346633359 | 0.000094779 | 0.073968134 | 0.078976002 | 0.000007363
9.50 0.973697786 | 0.973698680 | 0.000000824 | 0.073002707 | 0.073018486 | 0.000015779
10.00 | 1.000000000 | 1.000000000 | 0.000000000 ( 0.000000000 ( 0.000000000 | 0.000000000
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Fig. 2. Comparison of HPM solutions and Runge-Kutta solution with Hayat [19] an Yurusoy [18].
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Fig. 7. Velocity profiles for varying y. Fig. 8. Velocity profiles for varying a.

5. Conclusion

This work investigates and analyses a mathematical model and solution for an unsteady
Magnetohydrodynamic fourth grade fluid flow over a vertical plate in a porous medium
with magnetic and suction/injection parameters effects. The impact of dimensionless
second, third and fourth grade parameters with the effects of magnetic field and
suction/injection parameters on the velocity field are displayed graphically and discussed.
The system resulted in a higher order nonlinear differential equations governing the flow
model with some boundary conditions which were solved via Homotopy Perturbation
Method and the results show that:

1. Velocity profile decreases with increase in suction parameter at the surface of the
plate thereby decreasing the momentum boundary layer.

2. Injection increases the flow of the velocity at the surface of the plate because it
enhances velocity distribution in the boundary layer.

3. The damping effect of the suction velocity on the fluid flow is due to boundary force
of high influence viscosity which resisted the heated fluid flow towards the plate.

4. The presence of magnetic field reduces velocity throughout the boundary layer
because the Lorentz force acts as a retarding force and significantly reduced the
momentum boundary layer thickness.

5. Fluid velocity decreases with increase in second grade parameter.

6. Increase in third grade parameter decreases the velocity field due to thickening
behavior of the fluid.

7. The velocity profile increases as the fourth grade parameter increases due to shear
thinning property of the fluid.

8. As the distance from the plate increases, the fluid velocity increases which satisfy the
boundary condition.
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