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Abstract 

In this article, the concept of cyclic weakly generalized contraction mapping of Ciric type 

has been introduced and the existence of a fixed point for such mappings in the setup of 

complete metric spaces has been established. Result obtained extends and improves some 

fixed point results in the literature. Example is also given to show that class of contraction 

mappings introduced in the paper is strictly larger class than the class of mappings used in 

the literature and thus ensures wider applicability of the result by producing the solutions to 

new problems. 
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1.   Introduction 

It is well known that fixed point theorem of Banach is one of the main results of analysis. 

It is widely used in many fields of mathematics. Due to its importance, many authors have 

generalized this result in various directions [1-14]. Ciric [1] introduced the concept of 

generalized contractions.  

 

Definition 1.1. Let (X, d) be a metric space. If T : X  X is such that for all Xyx , , 

there exist non-negative real numbers ),( yxq , ),( yxr , ),( yxs  and ),( yxt  such that  

 
and  

 ),(),(),(),(),(),(),(),(),(),( TxydyTxdyxtyTydyxsTxxdyxryxdyxqTyTxd 

holds for all Xyx , then T  is said to be a generalized contraction.  

Ciric [1] proved that every generalized contraction in a complete metric space has a fixed 

point.  
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The class of generalized contractions include the Banach’s contractions and the 

contractions introduced by Kannan [3] and Chatterjea [4]. Alber and Guerre-Delabriere 

[6] introduced the concept of weakly contractive type mapping and proved the existence 

of fixed point for such mappings in Hilbert Spaces. Weakly contractive mappings include 

contractions as a special case. Many fixed point results were proved using the concept of 

weakly contractions [3-13]. Kirk et al. [2] introduced the concept of cyclic contractions. 

 

Definition 1.2: [2] Let X be a nonempty set and T: X X be a map.  

a) 
i

m

i

AX U
1

 where miAi .....,2,1,   are nonempty subsets of X. 

b) .)(,)(......,)(,)( 113221 AATAATAATAAT mmm    

c) ),(),()1,0( yxdkTyTxdk   for any 
iAx , 

1 iAy , mi ,...2,1  
where 

.
11

AA
m




 

In this case T  is said to be cyclic contraction. 

Karapinar et al. [5] introduced generalized cyclic weakly Chatterjea type contractions. 

 

Definition 1.3: [5] Let ),( dX  be a metric space and m be a natural number. 

miAi .....,2,1, 
 
be nonempty subsets of X  and 

i

m

i

AY U
1

 . An operator YYT : is called 

a generalized cyclic weakly Chatterjea type contraction if  

(a)
i

m

i

AY U
1

  is a cyclic representation of Y with respect to T . 

(b) For any 
iAx ,

1 iAy , ,...,2,1 mi 
 

)),,(),,(),,(),,((

)],(),(),(),([),(

TxydTyxdTyydTxxd

TxydTyxdTyydTxxdTyTxd








 

Where 
11 AAm 
 and ),0[),0[: 4   is lower semi-continuous map satisfying 

0),,,( 4321 tttt
 
if 04321  tttt  and )4/1,0( . 

Karapinar et al. [5] proved the following theorem. 

 

Theorem 1.4: [5] Let ),( dX  be a complete metric space and m be a natural number. 

miAi .....,2,1, 
 
be nonempty subsets of X  and

i

m

i

AY 
1

 . Suppose that T is a generalized 

cyclic weakly Chatterjea type contractions then T has a unique fixed point 
i

m

i

Ax 
1

  . 

In this paper, cyclic weakly generalized contraction mappings of Ciric type have  

been introduced and  the existence of fixed point for such maps has been proved. Example 

is also given to show that our result is a generalization of the result in Karapinar et al. [5]. 
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2. Main Results 

 

The concept of cyclic weakly generalized contractions of Ciric type has been introduced 

and a fixed point result for such contractions in the framework of complete metric space 

has been derived. 

Let   denote all monotonically increasing continuous functions ),0[),0[:   with 

0)( t if 0t  and  denote the set of all lower semi-continuous maps ),0[),0[: 5   

with 0),,,,( 54321 ttttt
 
if .0

54321
 ttttt  

Definition 2.1: Let (X, d) be a metric space and m be a natural number,
mAAA ...., 21

 

nonempty subsets of X and 
i

m

i

AY 
1

  is such that for all Xyx , , there exist non negative 

real numbers ),(),,(),,( yxsyxryxq  and ),( yxt  such that  

  1),(2),(),(),(
,
sup 


yxtyxsyxryxq
Xyx

,   

 

)),(),,,(),,(),,(),,((

)),(),(),(),(),(),(),(),(),(()),((

TxydyTxdyTydTxxdyxd

TxydyTxdyxtyTydyxsTxxdyxryxdyxqTyTxd









for any 
iAx , 

1 iAy , mi ,...2,1  
where  ,11 AAm

 and .  
Then T

 
is said to be a cyclic weakly generalized contraction mapping of Ciric type. 

Theorem 2.2: Let ),( dX  be a complete metric space, m be a natural number, 

mAAA ...., 21
be nonempty closed subsets of X and 

i

m

i

AY 
1

 . Suppose that YYT :  is a 

cyclic weakly generalized contraction mapping of Ciric type. Then T has a unique fixed 

point 
i

m

i

Ax 
1

 . 

Proof: Let Xx 0
.Define a sequence )( nx in X as ...2,1,0,1  nTxx nn

 

If for any ,n nn xx 1  then nx will be the fixed point and hence the result. Therefore, it 

is assumed that nn xx 1  for any ...2,1,0n  

As 
i

m

i

AY 
1

 , therefore for any 0n ,there exists },...2,1{ min  such that 
nin Ax 1

 and 

1
nin Ax . 

By definition 2.1 we have, 

))).,(),()(,(),(),(

),(),(),(),((

)),(),,(),,(),,(),,((

))),(),()(,(),(),(

),(),(),(),(()),((),((

111111

111

11111

111111

11111

nnnnnnnnnn

nnnnnnnn

nnnnnnnnnn

nnnnnnnnnn

nnnnnnnnnnnn

TxxdTxxdxxtTxxdxxs

Txxdxxrxxdxxq

TxxdTxxdTxxdTxxdxxd

TxxdTxxdxxtTxxdxxs

TxxdxxrxxdxxqTxTxdxxd


























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Since   is monotonically increasing function, for all n = 1, 2, ..., therefore , 

).),(),((),(),(),(

),(),(),(),(

)),(),()(,(),(),(

),(),(),(),(),(

11111

1111

11111

11111

















nnnnnnnnnn

nnnnnnnn

nnnnnnnnnn

nnnnnnnnnn

xxdxxdxxtxxdxxs

xxdxxrxxdxxq

xxdxxdxxtxxdxxs

xxdxxrxxdxxqxxd

 

Consequently   

)).,(),(),((),()],(),(1[),( 1.111111   nnnnnnnnnnnnnn xxtxxsxxqxxdxxtxxrxxd

(2.1.1)
 

Since 1 , from ,),(2),(),(),( 1111   nnnnnnnn xxtxxsxxrxxq
 

Therefore,
 

 

).,(),(

),(),(),(),(),(

11

11111









nnnn

nnnnnnnnnn

xxtxxr

xxtxxrxxtxxsxxq




 

Which implies that
 

 

.
),(),(1

),(),(),(

11

111 








nnnn

nnnnnn

xxtxxr

xxtxxsxxq
 

Thus from (2.1.1) it follows  

.),(),( 11   nnnn xxdxxd   

Repeating the above procedure n times,     

 ).,(),(),(),( 0121

2

11 xxdxxdxxdxxd n

nnnnnn   
                      (2.1.2) 

From (2.1.2), it follows that  0),( 1  nn xxd  as   n
        

(2.1.3) 

Now the sequence )( nx  will be proved to be a Cauchy sequence. For this purpose, we 

prove the following claim: 

For every 0 , there exists a natural no. n such that if nqr ,  with )(mod1 mqr  , 

then .),( qr xxd  

On contrary suppose there exists 0  such that for any Nn , we can find nqr nn ,  

with )(mod1 mqr nn  satisfying .),( 
nn qr xxd  

Now take mn 2 . Then, corresponding to nqn  , choose 
nr  such that it is the smallest 

integer with 
nn qr   satisfying )(mod1 mqr nn   and .),( 

nn qr xxd  

Thus .),(  nn qmr xxd  

By using the triangular inequality,  

.),(),(),(),(
1

1

1

1 






 
m

i

irir

m

i

irirmrqrq nnnnnnnn
xxdxxdxxdxxd

 

Letting n  and using 0),( 1  nn xxd ,  

.),( 
 nn rq

n
xxdLt                         (2.1.4) 
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Again, by triangular inequality,  

).,(2),(),(2

),(),(),(),(

11

1111









nnnnnn

nnnnnnnn

rrrqqq

rrrqqqrq

xxdxxdxxd

xxdxxdxxdxxd
 

Letting n  and using 0),( 1  nn xxd , 

.),( 11 
 nn rq

n
xxdLt

                                                                            
(2.1.5) 

Consider  

),(),(

),(),(

1

1









nnnn

nnnn

rrrq

rqrq

xxdxxd

xxdTxxd

 

and 

).,(),(),( 11 nnnnnn rqrrrq xxdxxdxxd  

 Taking limit n ,  

.),( 
 nn rq

n
xxdLt

                                                                 
(2.1.6) 

Consider 

 

),(),(

),(),(

1

1









nnnn

nnnn

qqqr

qrqr

xxdxxd

xxdTxxd

 
and  

).,(),(),( 11 nnnnnn rqqqqr xxdxxdxxd  
 

 

Taking limit n ,  
      

 

.),( 
 nn qr

n
TxxdLt                                                                  

(2.1.7) 

Now as 
nqx  and 

nr
x  lie in different adjacent set 

iA  and 
1iA  for certain mi1 , using 

the fact that T  is a cyclic weakly generalized contraction mapping of Ciric type,  

)),(),,(),,(),,(),,((

)),(),((),(),(),(

),(),(),(),((

),((

),(()( 11

nnnnnnnnnn

nnnnnnnnnn

nnnnnnnn

nn

nn

qrrqrrqqrq

qrrqrqrrrq

qqrqrqrq

rq

rq

TxxdTxxdTxxdTxxdxxd

TxxdTxxdxxtTxxdxxs

Txxdxxrxxdxxq

TxTxd

xxd

















 

 

)8.1.2()).,(),,(),,(),,(),,((

))),(),((),(),(),(

),(),(),(),((

1111

111

1













nnnnnnnnnn

nnnnnnnnnn

nnnnnnnn

qrrqrrqqrq

qrrqrqrrrq

qqrqrqrq

xxdxxdxxdxxdxxd

xxdxxdxxtxxdxxs

xxdxxrxxdxxq





 
 

Taking limit superior both sides in (2.1.8), using (2.1.3), (2.1.4-2.1.7), continuity of  and 

lower semi continuity of  ,  
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)),(),,(),,(),,(),,((

))),(),((),(),(),(

),(),(),(),((lim)(

1111

111

1













nnnnnnnnnn

nnnnnnnnnn

nnnnnnnn

qrrqrrqqrq

qrrqrqrrrq

qqrqrqrq

xxdxxdxxdxxdxxd

xxdxxdxxtxxdxxs

xxdxxrxxdxxq





 

),,0,0,())(),(lim

)0(),(lim)0(),(lim)(),(lim(









nn

nnnnnn

rq

rqrqrq

xxt

xxsxxrxxq

 

).,,0,0,()(

),,0,0,())),(2lim)),(lim((








nnnn rqrq xxtxxq

 Consequently 0),,0,0,(   

which is a contradiction with 0 .  

Hence the claim is proved. 

Now  the sequence )( nx will be proved to be Cauchy   

Let 0  be given. 

By previous lemma, we can find 0n  such that 
0, nqr  with )(mod1 mqr   

.2),( qr xxd                                                                                             (2.1.9) 

Since 

,0),( 1 


nn
n

xxdLt  

Therefore, there exists 1n  such that  

mxxd nn 2),( 1 
 for any 

.1nn                                      (2.1.10) 

Assume that  10 ,max, nnsr   and rs  

Then there exists  mk ...,,2,1  such that  

).(modmkrs   

Hence )(mod1 mjrs   where .1 kmj  

Thus we have  

).,(...),(),(),( 11 ssjsjsjsrsr xxdxxdxxdxxd                      (2.1.11) 

Using (2.1.9) and (2.1.10) in eq. (2.1.11),  

.
2222

),( 












m

m
m

jxxd sr
 

Hence )( nx is Cauchy sequence in Y . 

Since Y  is closed in X . Therefore Y  is also complete and there exists Yx such that 
 .xxLt

n
n




 

As 
i

m

i

AY 
1

  is cyclic representation of Y  with respect to T , the sequence )( nx  has 

infinite terms in each 
iA  for  mi ...,,2,1 . Suppose that 

1,  ii ATxAx  and a subsequence 

)(
knx of )( nx  with 

in Ax
k
 can be taken. 

By using the contractive condition,  
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)).,(),,(),,(),,(),,((

)),(),([),(),(),(

),(),(),(),((

),((),((

11

1

1

1

xxdTxxdTxxdxxdxxd

xxdTxxdxxtTxxdxxs

xxdxxrxxdxxq

TxTxdTxxd

kkkk

kkkk

kkkkk

kk

nnnnn

nnnn

nnnnn

nn























 

Taking limit superior both sides and using continuity of   and lower semi continuity of 

 , 

)0),,(),,(,0,0(

))0),((),(lim),(),(lim

)0)(,(lim)0(),(lim(),((

TxxdTxxd

TxxdxxtTxxdxxs

xxrxxqTxxd

kk

kk

nn

nn











 

)0),,(),,(,0,0(

))),(lim),(lim)(,((

TxxdTxxd

xxtxxsTxxd
kk nn








 

).0),,(),,(,0,0()),(( TxxdTxxdTxxd    

Which is a contradiction unless 0),( Txxd . 

Hence x  is a fixed point of T . 

Since 
iAx and 

ii AxAxTx  1
for all mi ...,2,1 i.e. .

1
i

m

i

Ax 


 . 

Now we prove the uniqueness of fixed point. 

Suppose 1x and 2x are two fixed points of T . 

Using the contractive condition, the continuity of   and lower semi continuity of  , 

)),(),,(),,(),,(),,((

))),(),((),(),(),(

),(),(),(),((

),((),((

1221221121

1221212221

11212121

2121

TxxdTxxdTxxdTxxdxxd

TxxdTxxdxxtTxxdxxs

Txxdxxrxxdxxq

TxTxdxxd















 

)),(),,(,0,0),,((

)),(),(2),(),((

122121

21212121

xxdxxdxxd

xxdxxtxxdxxq









 

)).,(),,(,0,0),,((),(( 12212121 xxdxxdxxdxxd    

Which is a contradiction unless 1x = 2x . 

Hence the main result is proved    

Now consider the following example, 

 

Example 2.3: Let X be the space of real numbers with usual metric. 

Suppose ]0,10[1 A , ]10,0[2 A  and  
21 AAY  Define YYT : as xTx

4

3
  then it 

is clear that 
i

i

A
2

1

  is cyclic representation of Y with respect to T . Then T is not a  

generalized cyclic weakly Chatterjea type contraction because otherwise T would satisfy 
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for all 
iAx  ,

1 iAy for some 
4

10  . 

But 8x , 8y do not satisfy above inequality. 

Now we see that is T cyclic weakly generalized contraction of Ciric type. 

Define ),0[),0[: 5  as  

)(
40

1
),,,,( wtzyxwtzyx 

 

 
 ),(),,,(),,(),,(),,(

),(),(),(),(),(),(),(),(),(

4

3

4

3

4

3
),(

TxydyTxdyTydTxxdyxd

TxydyTxdyxtyTydyxsTxxdyxryxdyxq

yx

yxTyTxd












 

)1.3.2(.
4

3

4

3

40

1
),(

4

3

40

1
),(

4

3

40

1
),(

40

1
),(

4

3

4

3

4

3

4

3

40

1

4

3

4

3
),(

4

3
),(

4

3
),(),(




































































xyyxyxt

yyyxsxxyxryxyxq

xyyxyyxxyx

xyyxyxtyyyxsxxyxryxyxq

 

Taking  
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we get 
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which is true. HenceT  is cyclic weakly generalized contraction of Ciric type. 

However, it is obvious that every generalized cyclic weakly Chatterjea type contraction is 

cyclic weakly generalized contraction of Ciric type. Thus the class of cyclic weakly 

generalized contraction of Ciric type is actually a strictly larger class of mappings than the 

class of generalized cyclic weakly Chatterjea type contraction. 

 

3. Conclusion 

 

In this paper, we introduced cyclic weakly generalized contraction mapping of Ciric type 

and presented fixed point for such mapping in complete metric spaces. We gave an 
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example to show that the class of these contraction mappings is strictly larger than the 

class of generalized cyclic weakly Chatterjea type contractions. Results obtained in this 

paper can be expanded. Also, a new more general condition can be achieved. There is also 

possibility of extending the results to other spaces.  

 

References 

1. L. B. Ciric, Publ. Inst. Math. 12, 19 (1971).   

2. W. A. Kirk, P. S. Srinivasan, and P. Veeramani, Fixed Point Theory 4, 79 (2003). 

https://doi.org/10.1155/S1085337503209064 

3. R. Kannan, Bull. Cal. Math. Soc. 60, 71 (1968).  

4. S. K. Chatterjea, C. R. Acad. Bulgare Sci. 25, 727 (1972).   

5. E. Karapınar and H. K. Nashine, J. Appl. Math. 2012, ID 107 (2012). 

https://doi.org/10.1186/1687-1812-2012-107 

6. Y. I. Alber and S. G. Delabriere, New Results in Operator Theory Its Applications, in Operator 

Theory: Advances and Applications (Springer, Switzerland, 1997) vol. 98, pp. 7-22. 

https://doi.org/10.1007/978-3-0348-8910-0_2 

7. B. E. Rhoades, Nonlinear Analysis: Theory, Methods Applicat. 47, 2683 (2001). 

https://doi.org/10.1016/S0362-546X(01)00388-1 

8. S. Reich, Matematiche e Naturali. Rendiconti. 57, 194 (1974). 

9. S. Chandok, J. Appl. Math. 29, 257 (2011). https://doi.org/10.1007/s00350-011-2889-0 

10. S. Chandok, T. D. Narang, and M. A. Taoudi, Vietnam J. Math. 41, 323 (2013). 

https://doi.org/10.1007/s10013-013-0024-4 

11. S. Chandok and M. Postolache, Fixed Point Theory Appl. 28, 1 (2013). 

https://doi.org/10.1186/1687-1812-2013-28 

12. S. Cho, Fixed Point Theory Appl. 2018, ID 3 (2018). https://doi.org/10.1186/s13663-018-0628-

1 

13. Z. Xue, B Aust. Math. Soc. 93, 321 (2016). https://doi.org/10.1017/S0004972715001069 

14.  B. Vijayabaskerreddy and V. Srinivas, J. Sci. Res. 12, 341 (2020). 

https://doi.org/10.3329/jsr.v12i3.44754 

 

https://doi.org/10.1155/S1085337503209064
https://doi.org/10.1186/1687-1812-2012-107
https://link.springer.com/bookseries/4850
https://link.springer.com/bookseries/4850
https://doi.org/10.1007/978-3-0348-8910-0_2
https://doi.org/10.1016/S0362-546X(01)00388-1
https://doi.org/10.1007/s00350-011-2889-0
https://doi.org/10.1007/s10013-013-0024-4
https://doi.org/10.1186/1687-1812-2013-28
https://doi.org/10.1186/s13663-018-0628-1
https://doi.org/10.1186/s13663-018-0628-1
https://doi.org/10.1017/S0004972715001069
https://doi.org/10.3329/jsr.v12i3.44754

