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Abstract

In this paper we introduce the notion of the Multiplicative Semi-Metric Space and proved
common fixed point theorems. We establish fixed point theorems for four self-maps which
can be extended to derive common fixed point theorems involving any finite number of
mappings in Multiplicative Semi Metric Space. Further examples are discussed to show that
compatible mappings of type-E, weakly compatible mappings and reciprocally-continuous
mappings are weaker forms of compatible mappings and continuous mappings respectively.
The main objective of this article is to prove the unique common fixed point theorems and
employing the notion of the compatible mappings of type-E, reciprocally-continuous
mappings in the Multiplicative Semi Metric Space. Our result generalizes the concept of
Multiplicative Metric Space as it does not involve the multiplicative triangle inequality.
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1. Introduction

In 1906, the idea of metric space was initiated by Frechet, which is an important tool in
scientific area particularly in fixed point theory. Since then metric space has been
generalized in several ways as quasi metric space, semi metric space etc.

In the 17" century, Newton and Leibnitz created most important mathematical
concepts in differential and integral calculus. In the year 1972, Grossman and Katz [1]
gave multiplicative calculus also known as Non-Newtonian calculus. In the year 2008,
Bashirov et al. [2] initiated the new metric space named as multiplicative metric space. In
Non-Newtonian calculus, Ozavsar et al. [3] studied the notion of convergence and gave
unique common fixed point results in the multiplicative metric space.

It can be observed that weaker form of metric space known as semi-metric space
which is obtained by dropping triangular inequality in a metric space. In 1922 Austrian —
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American mathematician Menger [4] initiated notion of semi-metric space is also known
as symmetric space. Thereafter Cicchese [5] verified the common fixed point results by
introducing the contractive mappings. In 1988, Jungck [6] introduced the compatible
mappings by generalizing the notion of commuting mappings. Singh et al. [7] introduced
the concept of compatible mappings of type-E and its weaker forms. In 1999, Pant [8]
introduced the notion of reciprocally continuous and its weaker forms. In the recent past,
many fixed point theorems are being generated [9,10] using the above ideas and also the
concept of compatible of type-E is significantly used in Menger spaces [11].

Our main objective is to obtain some results on compatible mappings of type-E and
obtain fixed point theorems without continuity and compatible requirements. Further the
concept of compatible of type-E is taken in the splitting form namely A-compatible type-
E, S-compatible type-E. Similarly the concept of reciprocally continuity can be divided
into two weaker forms, A-weakly-reciprocally-continuous mappings and S-weakly-
reciprocally-continuous mappings. In the final part of the paper, a fixed point theorem
using compatible mapping of type-E with weakly compatible mappings is presented.

2.Preliminaries

Now we give some definitions which are useful in proving our results.

Definition 2.1 [2]: Let X be any non-empty set. A mapping d*: X x X —» Rtsatisfying the
following conditions:

(MMS-i) d*(x,y) =1 forallx,y €eX andd*(x,y) = lex =y

(MMS-ii) d*(x,y) = d*(y,x)V x,y € X

(MMS-iii) d*(x,z) < d*(x,y).d*(y,2)Vx,y,z € X.

Then the pair (X, d*) is called Multiplicative Metric Space (MMS).

Definition 2.2: Let X be a non-empty set and the mapping d*: XxX—R™* then (X, d*) is
said to be a Multiplicative Semi Metric Space (we denote shortly by MSMS) if it satisfies
the following conditions:

(MSMS-i): d*(x,y) = 1lvx,yeXandd*'(xy) =1 x=y

(MSMS-ii): d*(x,y) = d*(y,x) ,Vx,y € X.

Definition 2.3: Two self-mapsAandS of MSMS (X,d*) are said to be weakly
compatible if they commute at coincidence points,i.e if At=St for somete
X implies ASt = SAt.

Definition 2.4:; Let A and S be two self-mappings of a MSMS (X,d*) are said to be
reciprocally — continuous (rc) if lim, ., ASx, = At and
lim, . SAx, = St whenever {x,} in X such that lim,_, Ax,=lim,_, Sx, =t
for some teX.

Definition 2.5: Two self-maps AandS of MSMS (X,d*) are said to be weakly —
reciprocally — continuous (wrc) if lim,_,, ASx, = At or lim,_,., SAx, = St whenever
a sequence {x,} in X such that lim,_., Ax, = lim Sx, =t for some teX.

Definition 2.6: Suppose that A and S are two self-maps of a MSMS (X, d*), then the pair
of self-maps (A,S) is said to be S — weakly — reciprocally — continuous (S — wrc) if
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lim, ., SAx, = St whenever a sequence {x,} in Xsuch that lim,_, Ax, =
lim,_, Sx, =t forsomet € X.
Now we give an example.

Example 2.6.1 [9]: LetX = [0,%] on usual metric space with the following mappings.

L fo<x<i L oex<t

- 1 X - - 1 X -

_Jeé = _) 8 =57
AX) =191 L1 1 S&) =194 L1 1
g " 3=%=3 27X N gsX=3

Clearly the pair of mappings (A,S) is S — wrc but not reciprocally — continuous(rc).
For this, take a sequence {x,} =%+%forn > 1. Then lim,_ Ax, = lim,_, Sx, =i

. 1 . 1
and lim, _,,, ASx,, = A also lim,, ., SAx, = "

Definition 2.7: Two self-mappings A and S of MSMS (X,d*) are said to be
Compatible of type — (E) (Shortly Comp-(E)) if lim,,_,., SSx,, = lim,,_,., SAx,, = At and
lim, ., AAx, = lim,_., ASx, = Stwhenever a sequence {x,} in X such that
lim,_, Ax, = lim,_, Sx, = tfor somet € X.

Example 2.7.1 [10]: Let X = [0,1] be endowed with MSMS. Let the mappings A and S as
follows

1 1 _1

x if 0<Sx<= Sx if 0<x<3

A =91 4« o1 <15(X)‘ S S
g M z=%= 5 2=

Take the sequence {x,} = % foreachn > 1.

Clearly  lim,_, Ax, =0 =lim,_,Sx, and this implies lim,_, A’x, =0 =
lim, _,,, ASx, = S(0) and lim,_,,, S?x, = lim,,_,., SAx, = A(0).

Therefore (A, S) is compatible type — (E).

Definition 2.8: Two self-maps Aand S of MSMS x,d*) are
said to be A — Compatible of type — (E) (shortly A — Comp — (E) ) if lim,_,., AAx, =
lim, . ASx, =St whenever {x,} in X such that lim,_ Ax, = lim,_. Sx, =

tfor somet € X.
Example 2.8.1 [10]: Let X = [0,10] be endowed with a MSMS. Consider

() =1 4
> if2<x<10

3—xif 0<x<2

-1
A) =41 if 2<x<10

if 0<x<2

Define a sequence {x,} forn > 1 wherex, =1 — % .

Clearly lim,_ Ax, =lim,_ Sx, =2 this implies lim,_ A’x, = lim,_,, ASx, =
S(2) =5 and lim,,_.., S?x, = lim, _, SAx, =7, but A2)=1.

Hence the pair (A,S) isonly S — Comp — (E).
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3. Results

Theorem 3.1: Let (X, d*) be a multiplicative symmetric space. Suppose A, B, S and T be

four self-maps defined on (X, d*) and also satisfying the following conditions

(i) the pairs (A,S) and (B, T) are weakly-reciprocally-continuous (wrc) and compatible
mappings of type-(E)

then (A,S) and (B, T) have a coincidence point each.

Further, the self-mappings A, B,S and T have a unique common fixed point in X subject

to the constraint

(if) for all x,y € X then 3 a real number A< (0,2) such that

A
d* (Ax, By)<[d*(Sx, Ty)d*(Ax, Sx)d*(By, Ty)d*(Sx, By)d* (Ax, By)]s.

Proof: From weakly-reciprocally-continuous of first the pair (A, S)3 a real sequence {x,}
in Xsuch thatlim,_., ASx, = At (or) lim,_. SAx, = St whenever lim,_, Ax, =
lim,_ Sx, =t forsomet € X.

Employing compatible of type — (E) for the given first pair (A,S), wehave SSx, =
lim,,_,,, SAx, = Atand lim,,_,,, AAx, = lim,_,, ASx, = St for some teX.

Then At=St and this implies (A, S) has a coincidence pointt. In a similar way, for the
weakly-reciprocally-continuous mapping of the pair (B, T), there may be a sequence {y,}
in X such that lim,_ BTy, = Bw or lim,_., TBy, = Tw whenever lim,_, By, =
lim,_,, Ty, = w for some w € X.

Also compatible type-(E) of the second pair (B, T) implies that lim,_, TTy, =
lim,_ TBy, = Bw and lim,_,., BBy, = lim,_,, BTy, = Tw for somew € X.

So we have, Bw=Tw, this indicates that the pair (B, T) is having was coincident point.
We claim At=Bw. For suppose AtZBw

now putting x=t and y=w in the inequality (ii) of Theorem 3.1, then we get

A
d* (At, Bw)<[d*(St, Tw)d* (At, St)d* (Bw, Tw)d*(St, Bw)d* (At, Bw)]e
since At=St and Bw=Tw gives

d* (At, Bw)<[d" (At, Bw)d" (At, A" (Bw, Bw)d" (St, Bw)d" (At, Bw)]s
d* (At, Bw)<[d" (At, Bw)d" (At, A" (Bw, Bw)d* (At Bw)d" (A, Bw)]:
d* (At, Bw)<[d" (At, Bw)(1)(1)d" (At Bw)d" (At, Bw)]:

d*(At, Bw)<[d** (At, Bw)]%

A
d* (At, Bw)<[d* (At, Bw)]z this implies At = Bw.
Now we prove t=Bw. Suppose Bw+t,
substitute x=x, , y=w in the inequality (ii) of Theorem 3.1, then we get
A
d*(Ax,, Bw)<[d*(Sx,, Tw)d*(Ax,, Sx,)d* (Bw, Tw)d* (Sx,, Bw)d* (Ax,, Bw)]¢
letting n—o0 and using Bw=Tw we get

d*(t, Bw)<[d* (t, Bw)d" (&, t) d* (Bw, Bw)d" (t, Bw)d" (t, Bw)]s
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>

d*(t, Bw)<[d**(t, Bw)[°

d* (t, Bw)<[d*(, Bw)]%

this implies t=Bw.

Hence t=At=St.

Next we shall prove that t=w. For this consider x=x, and y=y, in the inequality (ii) of
Theorem 3.1, we get

A
d* (Ax,, By,)<[d*(Sx,, Ty,)d*(Ax,, Sx, )d*(By,, Ty, )d*(Sx,, By, )d*(Ax,, By, )]é
letting n—o0  we get

d* (, w)<[d* (& w)d" (& Dd* (w, w)d" (& w)d* (&, w)]
d*(t, w)<[d** &, w)[°¢

d* (&, w)<[d" (& w2

this implies t=w.

Hence, At = Bt = St = Tt = t, which shows that t is a common fixed point of A,B, Sand T.
Finally, to show the uniqueness of the fixed point t, let @ may be considered as another
common fixed point of the four given maps then, we get Aq=Bg=Sg=Tg=q.

Write x = tand y = q in the inequality (ii) of Theorem 3.1, then

d* (t, @)=d* (At, Bq)<[d*(St, Tq)d*(At, St)d*(Bq, Tq)d* (St, Bq)d* (At, Bq)]%
d*(t, @<[d"(t, @)d"(t,)d"(q, )d"(t, 9)d"(t, q)]¢
d*(t, <[d* ¢, ]°

A
d*(t, @)<[d"(t @)]2
this implies t=q.
Hence the given four self-mappings have the unique common fixed point in X.
Now we prove the existence of common fixed point in another theorem by altering some
conditions.

Theorem 3.2: Let A, B, Sand T be four self-mappings of a symmetric space (X, d*).
Satisfying the conditions

(i) the pair (AS) is A-Compatiblemapping of type—(E) and
A — weakly reciprocally — continuous

and also

(ii) the pair (B,T)is B — compatible mapping of type — (E) and
B — weakly reciprocally — continuous,

then the two pairs (A, S) and (B, T) have a coincidence point each.

Further if the self-maps satisfy the condition

A
(iii) d*(Ax, By)<[d*(Sx, Ty)d*(Ax, Sx)d*(By, Ty)d*(Sx, By)d* (Ax, By)]¢
Vxy€EX, Ae (0,12).
Then the self-maps A, B, S and T are having a unique common fixed point.
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Proof: Since the pair of mappings(A,S) is A-weakly reciprocally-continuous then 3 a
sequence {Xn} in X such thatlim,_,, ASx, = At whenever lim,_, Ax, = lim,_,, Sx,
for some pointt € X.

Applying the condition A-compatible mapping of type-(E) of the pair (A,S) implies
lim, ., AAx, = lim,_,, ASx, = St for somet e X.

Then At=St, this shows that t is a coincidence point the of (A, S).

Now by the B-weakly- reciprocally-continuous nature of the pair (B,T), we find a
sequence {y,} in X such that lim, _,,, BTy, = Bw whenever lim,,_,, By, =lim,_,,, Ty, =
w for some weX.

Also since the pair (B, T) is B-compatible mapping of type-(E) then there exists some
w € X such that lim, _,,, BBy, = lim,_,, BTy, = Tw. Then, Bw=Tw and this shows the
pair (B,T) may have w as a coincident point.

Now we claim that At = Bw.

Put x=t, y=w in the inequality (iii) of Theorem 3.2, we get

d° (At, Bw)<[d" (St, Tw) d* (At, 5t) d* (Bw, Tw) d*(St, Bw)d* (At, Bw) s
d° (At, Bw)<[d" (At, Bw) d (At, AY) d* (Bw, Bw) d" (At, Bw)d" (At, Bw)]¢
d° (At, Bw)<[d" (At, Bw)d" (At, ADd" (Bw, Bw)d* (At, Bw)d" (At, Bw)]e
d° (At, Bw)<[d" (At, Bw)(1)(1)d" (At, Bw)d" (At, Bw)]e

d*(At, Bw)<[d** (At, Bw)]%

A
d* (At, Bw)<[d* (At, Bw)]2 this implies At=Bw.
Next we shall claim that t = w .
Put x = x, andy =y, in the inequality (iii) of Theorem 3.2 then

A
d*(Ax,, By,)<[d"(Sx,, Ty,)d"(Ax,, Sx,)d" (By,, Ty,)d" (Sx,, By, )d" (Ax,, By,)]é
letting n—o0

d (6 w)<[d* (& w2

this implies t = w.

Therefore At=St=Bt=Tt=t, this gives t is a common fixed point of self-maps A, B,S and T.
To prove the uniqueness, let g be another common fixed point. Then on putting x = t and
y = q in the inequality (iii) of Theorem 3.2 gives

d* (t, @)=d* (At, Bq)<[d*(St, Tq)d*(At, St)d*(Bq, Tq)d*(St, Bq)d* (At, Bq)]%
d*(t, q)<[d"(t, @)d"(t,)d*(q,q)d" (t, @)d"(t, Q) J¢

A
d*(t, @)<[d"(t, 9)]2
this implies t=q.
Hence, the self-maps A, B, S and T have the unique common fixed point.
Finally we prove another common fixed point theorem using different conditions.

Theorem 3.3: Let A, B,S, T: X — X be four self-maps of multiplicative symmetric space
(X, d*) such that



B. Vijayabaskerreddy et al., J. Sci. Res. 12 (3), 341-348 (2020) 347

(i) one of the pairs (A,S) or (B, T) is compatible of type-E and reciprocally-continuous
(i) AX) cTX)or BX) €SX)
(iii) one of the a pairs (4, S) or (B, T) is weakly-compatible

A
(iv) d*(Ax, By)<[d*(Sx, Ty)d*(Ax, Sx)d*(By, Ty)d*(Sx, By)d*(Ax, By)]é
for all x, yeX where A< (0,)

Further

(iv) The sequence {By,} converges V {y,} in X whenever {Ty,} converges or the
sequence {Ax,} converges V {x,} in X whenever {Sx,} converges.

Then, the self-maps A, B, S and T have the unique common fixed point.

Proof: If pair of the mappings (A, S) is reciprocally-continuous and compatible mapping
of type-(E) then, there exists a sequence {x,} in X satisfy lim, _,., Ax, = lim,_, Sx, = z
for some zeX and this gives Az=Sz. The condition A(X)cT(X) implies that there we find
a sequence {y, } in X such that lim, _,., Ax,, = lim,_, Ty, = z.

We claim that lim, ., By, = z if not, substitute x = x, and y = y,, in the inequality (iv)
of Theorem 3.3

" (Ax,, By, )<[d" (Sxp, Ty )d" (Axy, Sx,)d" (Byy, Ty, )d" (Sx,, By, ) (Ax,, By, )Je

letting n—o0

d*(z, By,)<[d*(z, Byn)]% a contradiction .

This implies lim, _,,, By, =z

We claim that z = Az = Sz, if not by putting x =z,y =y, in the inequality (iv) of
Theorem 3.3

A
d*(Az, By, )<[d*(Sz, Ty, )d" (Az, Sz) (By,, Ty,)d" (Sz, By,)d" (Az, By,)] s
lettingn — oo

d*(Az,z)<[d"(Az, Z)]%

this implies Az = z.

This shows z is a common fixed point for the mappings A and S.

Since A(X) € T(X) means we get a point w € X such that z=Az=Tw.

We will show that Tw=Bw, by taking x = zandy = w =z in inequality (iv) of Theorem
3.3 then we have,

d*(Az, Bw)<[d*(Sz, Tw)d*(Az, Sz)d* (Bw, Tw)d*(Sz, Bw)d* (Az, Bw)]%
d*(z, Bw)<[d*(z,z)d*(z,z)d* (Bw, z)d*(z, Bw)d*(z, Bw)]%

d*(z, Bw)<[d*(z, Bw)]%

which is not possible this implies z=Bw and this gives Bw=Tw=z.

Now we use weakly compatible nature of the pair (B, T) implies z =Bz = Tz and
consequently Az = Bz = Sz = Tz = z. This implies z is a common fixed point of the self-
mappings A, B,Sand T. Further the uniqueness of common fixed point can be easily
verified.
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4. Conclusion

In this paper three common fixed point theorems are established. In the first result, two
pairs are assumed to be weakly reciprocally continuous and compatible-E. In the second
theorem, the notion of compatible mappings of type-E and reciprocally-continuous
mappings are used in splitting form. Finally in the last theorem the notion of one of the
pairs of compatible mappings of type-E along with reciprocally continuous mappings and
the other pair as weakly compatible mappings with convergence is used.
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