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Abstract 

This manuscript investigates the combination difference synchronization between identical 

Generalised Lotka-Volterra Chaotic Systems. Numerical Simulations have been performed 

which are in complete agreement of theoretical results. 
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1.   Introduction 

CHAOS is one of the significant features of nonlinear phenomenon. Chaos has been 

described in many ways, some describe it as a disorder appearing in the events so that 

they appear unpredictable. Chaotic behavior exists widely in engineering, biology, 

economics and many other scientific disciplines. As initially chaos was not known to be 

so important in any field but it was only after the ice-breaking work of Pecora and Caroll 

who gave the concept of synchronization and synchronized two chaotic systems by 

designing suitable controllers. With time many synchronization schemes were developed 

and currently many new schemes are being developed also. Some familiar schemes used 

are anti-synchronization, compound synchronization, complete synchronization, 

combination synchronization etc. Many techniques are used to achieve the above 

mentioned type of synchronization like adaptive control method, active control method, 

tracking control method etc. [1-5]. 

 In this article the combination difference synchronization between identical chaotic 

systems has been achieved. The theoretical results are verified graphically which clearly 

exhibit that the technique used is effective and reliable for synchronizing the considered 

systems. We have arranged the remaining article as: Sec 2: formulates the problem; Sec 3: 

develops the synchronization theory. Sec 4: conducts the combination difference 

synchronization scheme [6-8]. Sec 5: consists of the discussions regarding numerical 

simulations and displays the results performed in MATLAB. Sec 6: concludes the article.  
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2. Problem Formulation 

The scheme of combination difference synchronization requires two chaotic drive systems 

and one response system. Let the one drive system be 

�̇� = 𝑓(𝑥) (1) 

and the other drive systems be 

�̇� = 𝑕(𝑥)  (2) 

Let the response system be  

�̇� = 𝑟(𝑧) + 𝑢 (3) 

where 𝑥 = (𝑥 , 𝑥 , … , 𝑥 )
 , 𝑦 = (𝑦 , 𝑦 , … , 𝑦 )

 , 𝑧 = (𝑧 , 𝑧 , … , 𝑧 )
  are the state vectors 

of the respective systems. f, h, r are three continuous vector functions. 

𝑢 = (𝑢 , 𝑢 , … , 𝑢 )
             are the controllers to be designed. 

Defining the error of combination difference synchronization as 

𝑒 = 𝐷𝑍 − (𝐴𝑥 − 𝐵𝑦) 

Where 𝐴 = 𝑑𝑖𝑎𝑔(𝛼 ), 𝐵 = 𝑑𝑖𝑎𝑔(𝛽 ), 𝐷 = 𝑑𝑖𝑎𝑔(𝛾 )for 𝑖 = 1, 2, … , 𝑛 

Definition: Systems (1)-(3) are said to be in combination difference synchronization if 

lim    ‖𝑒‖ = lim    ‖𝐷𝑍 − (𝐴𝑥 − 𝐵𝑦)‖ = 0  

Here, we assume 𝑋 = 𝑑𝑖𝑎𝑔(𝑥 ), 𝑌 = 𝑑𝑖𝑎𝑔(𝑦 ), 𝑍 = 𝑑𝑖𝑎𝑔(𝑧 )for 𝑖 = 1, 2, … , 𝑛 

3. Synchronization Theory 

 

We now develop the theory for combination difference synchronization among two 

chaotic drive systems (1)-(2) and one chaotic response system (3). We design the control 

function as 

𝑢 =
  

  
− 𝑔 −

    

  
 (4) 

Where 𝜙 = (𝛼 𝑓 − 𝛽 𝑕 ) for 𝑖 = 1, 2, … , 𝑛 

 

Theorem: To have the chaotic drive systems (1)-(2) in combination difference 

synchronization with (3), we choose the controllers as (4). 

 

Proof: The error is given by: 

𝑒 = 𝛾 𝑧 − (𝛼 𝑥 − 𝛽 𝑦 ) for 𝑖 = 1, 2, … , 𝑛 

The error dynamical system is given by:  

𝑒 ̇ = 𝛾 �̇� − (𝛼 �̇� − 𝛽 �̇� ) 

= 𝛾 (𝑔 + 𝑢 ) − (𝛼 𝑓 − 𝛽 𝑕 ) 

= 𝛾 (𝑔 +
𝜙 
𝛾 
− 𝑔 −

𝐾 𝑒 
𝛾 

− 𝜙 ) 

= 𝜙 − 𝐾 𝑒 − 𝜙  

= −𝐾 𝑒  

We define the Lyapunov Function as: 

𝑉(𝑡) =
1

2
𝑒 𝑒 
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=
1

2
∑ 𝑒 

 
 

   
 

⇒  𝑉(𝑡)̇ = ∑𝑒 �̇�  

=∑𝑒 (−𝐾 𝑒 ) 

= −∑𝐾 𝑒 
  

 

We choose (𝐾 , 𝐾 , … , 𝐾 ) in such a way such that 𝑉(𝑡)̇  is negative definite. Therefore, by 

Lyapunov Stability Theory, we get lim    ‖𝑒‖ = 0. Hence, the master systems and slave 

system are now synchronized. 

4. Combination Difference Synchronization between Generalized Lotka Volterra 

Chaotic Systems 

 

The master system first Lotka-Volterra chaotic System given by: 

�̇� = 𝑥 − 𝑥 𝑥 + 𝑐𝑥 
 − 𝑎𝑥 

 𝑥  

�̇� = −𝑥 + 𝑥 𝑥  (5) 

�̇� = −𝑏𝑥 + 𝑎𝑥 
 𝑥  

Where 𝑥 = (𝑥 , 𝑥 , 𝑥 ) is the state vector of the system and 𝑎, 𝑏, 𝑐 its parameters. For 

𝑎 = 2   51,   =  3,   =  2, this system shows chaotic behaviour for initial conditions 

(1 2, 1 2, 1 2) displayed in Fig. 1  

 

 

 

 

 

 
 

 
 

 

 

 

                (a)                                                (b)                                              (c) 
 

Fig. 1. (a) Phase portrait of the first master system, (b) phase portrait of the second master system 

and (c) phase portrait of the slave system. 

 

The second identical master Lotka-Volterra chaotic system described respectively as 

follows: 

�̇� = 𝑦 − 𝑦 𝑦 + 𝑐𝑦 
 − 𝑎𝑦 

 𝑦  

�̇� = −𝑦 + 𝑦 𝑦  (6) 

�̇� = −𝑏𝑦 + 𝑎𝑦 
 𝑦  

Where 𝑦 = (𝑦 , 𝑦 , 𝑦 ) is the state vector of the system. For parameter values 𝑎 =

2   51,   =  3,   =  2 and initial conditions (14 5, 3 4, 10 1) the phase portrait shows 

chaotic behaviour as displayed in Fig. 1. 
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              (c)                                                           (d) 
 

Fig 2. The synchronized trajectories and the simultaneous error plot. 

 

The slave system is described by the identical chaotic Lotka-Volterra System described 

as: 

�̇� = 𝑧 − 𝑧 𝑧 + 𝑐𝑧 
 − 𝑎𝑧 

 𝑧 + 𝑢  

�̇� = −𝑧 + 𝑧 𝑧 + 𝑢  (7) 

�̇� = −𝑏𝑧 + 𝑎𝑧 
 𝑧 + 𝑢  

Where 𝑧 = (𝑧 , 𝑧 , 𝑧 ) is the state vector of the system. For parameter values 𝑎 =

2   51,   =  3,   =  2 and initial conditions (5 1,   4, 20  ) the system shows chaotic 

behavior and 𝑢 , 𝑢 , 𝑢  are the controllers. 

We define the error (𝑒 , 𝑒 , 𝑒 ) as:  

𝑒 = 𝛾 𝑧 − (𝛼 𝑥 − 𝛽 𝑦 ) 

𝑒 = 𝛾 𝑧 − (𝛼 𝑥 − 𝛽 𝑦 ) (8) 

𝑒 = 𝛾 𝑧 − (𝛼 𝑥 − 𝛽 𝑦 ) 
On substituting the values of the derivatives and simplifying, we get: 
 

�̇� = 𝛾 (𝑧 − 𝑧 𝑧 + 𝑐𝑧 
 − 𝑎𝑧 

 𝑧 + 𝑢 ) − (𝛼 (𝑥 − 𝑥 𝑥 + 𝑐𝑥 
 − 𝑎𝑥 

 𝑥 ) − 𝛽 (𝑦 
− 𝑦 𝑦 + 𝑐𝑦 

 − 𝑎𝑦 
 𝑦 )) 

�̇� = 𝛾 (−𝑧 + 𝑧 𝑧 + 𝑢 ) − (𝛼 (−𝑥 + 𝑥 𝑥 ) − 𝛽 (−𝑦 + 𝑦 𝑦 )) 
�̇� = 𝛾 (−𝑏𝑧 + 𝑎𝑧 

 𝑧 + 𝑢 ) − (𝛼 (−𝑏𝑥 + 𝑎𝑥 
 𝑥 ) − 𝛽 (−𝑏𝑦 + 𝑎𝑦 

 𝑦 )) (10) 

We choose the control functions: 
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𝑢 =
𝜙 
𝛾 
− 𝑔 −

𝐾 𝑒 
𝛾 

 

Where 𝜙 = (𝛼 𝑓 − 𝛽 𝑕 ) 

𝑢 =
𝜙 
𝛾 
− 𝑔 −

𝐾 𝑒 
𝛾 

 

Where 𝜙 = (𝛼 𝑓 − 𝛽 𝑕 ) (11) 

𝑢 =
𝜙 
𝛾 
− 𝑔 −

𝐾 𝑒 
𝛾 

 

Where 𝜙 = (𝛼 𝑓 − 𝛽 𝑕 ) 

 

Substituting (11) into (10), we get 

𝑒 ̇ = −𝐾 𝑒  

𝑒 ̇ = −𝐾 𝑒  

𝑒 ̇ = −𝐾 𝑒  

Consider the Lyapunov function as 𝑉(𝑒(𝑡)) =
 

 
𝑒(𝑡)𝑒(𝑡)  

                =
1

2
(𝑒 
 + 𝑒 

 + 𝑒 
 ) 

   𝑉(�̇�(𝑡)) = 𝑒 �̇� + 𝑒 �̇� + 𝑒 �̇�  

                = 𝑒 (−𝐾 𝑒 ) + 𝑒 (−𝐾 𝑒 ) + 𝑒 (−𝐾 𝑒 ) 

= −𝐾 𝑒 
 − 𝐾 𝑒 

 − 𝐾 𝑒 
  

Where 𝐾 , 𝐾 , 𝐾 > 0 are constants. 

⇒ 𝑉(�̇�(𝑡)) is negative definite. 

Therefore by Lyapunov Stability Theory, we know that error tends to zero, i.e. 𝑒  0 for 

𝑖 = 1, 2, 3 implying complete synchronization has been attained. 

 

5. Numerical Simulations and Discussions 

 

We have carried out the numerical simulations using MATLAB. We have considered 

here,𝛼 = 𝛽 = 𝛾 = 𝛿 = 1, for 𝑖 = 1, 2, 3. Also we have considered 𝐾 = 1 for 𝑖 =
1, 2, 3. Fig. 2 displays the synchronized trajectories of systems (6)-(8) with system (9). 

Fig. 2 also displays the simultaneous error plot tending to zero with time. 

 

6. Conclusion 

 

In this paper, combination difference synchronization has been performed on identical chaotic 

Generalized Lotka-Volterra Systems. This type of synchronization technique can be used to 

determine the effect of some coexisting species on some particular species represented by slave 

system of Generalized Lotka-Volterra model. Further, the theoretical results are in excellent 

agreement with computational results. 
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