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Abstract 

In this paper we have found out boundary values of degenerate configuration core of White 

Dwarf using Ramanujan’s method. By converting non-linear Lane Emden-type equation for 

degenerate core into a series using an iterative method. Considering the first five terms of 

the series numerical values has been calculated. The applied method is efficient and 

simplifies the calculation. The obtained result has been compared with exact values. 

Ramanujan’s method and the new iterative method are used for the first time to solve the 

Lane Emden equation for white dwarf core. 
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1.   Introduction 

Star, always a source of wonder as well as science is the most common existent we find in 

a galaxy and white dwarf, the later evolutionary stage of a star holds the second position.  

Stars which have masses less than 8 Msun will end up in this form. The first white dwarf 

identified is Sirius B. White dwarfs differ from other stars in some fundamental way, 

firstly they are much fainter as compared to an average star of same mass, as all helium 

and hydrogen inside the core is converted to oxygen and carbon and no further fusion 

takes place because of its lower initial mass thereby prevents the generation of internal 

pressure. Instead of energy generation the gradual emission of large amount of stored heat 

is the reason for the luminosity of white dwarfs, as it moves on HR diagram.  

 Secondly the degenerate nature of electron gas in the interior of white dwarfs, as they 

don’t follow perfect gas equation [1]. The extreme outer layers of white dwarf contains 

non degenerate matter which follows the gas law, P   T .The core of white dwarf is highly 

dense and electrons are packed tightly and all the energy levels from ground level up are 

filled obeying Pauli’s Exclusion Principle and electron gas attains the status ‘degenerate 

gas’. Degenerate configurations follow the relation P= K1ρ
5/3 

in non-relativistic conditions 
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which represent Lane Emden polytropes with index n=3/2. As the mass of white dwarf 

increases, the internal pressure increases in turn the velocity of electrons approach speed 

of light making the special relativity accountable and pressure density relation takes the 

form P= K2ρ
4/3   

and are polytropes of index n=3 [2]. 

 Thirdly in contradiction, more massive stars are smaller and also there is a limiting 

mass where degeneracy pressure exists without collapse, which is termed as 

Chandrasekhar limit [3]. The inversely proportional mass –radius relation of a white 

dwarf is described as R      ⁄  and limiting mass is 1.4 Msun [4]. 

 

2. White Dwarf Equation 

 

Idealising white dwarf as complete degenerate configuration and neglecting the gaseous 

fringe and moving towards the model equation for it. The second order structural equation 

of degenerate core in differential form is, 
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  ⁄                                                                                      (1) 

with boundary conditions,                   
 

  
  such that ϕ takes the value unity at 

origin and η1 specifies the boundary where the density vanishes. ϕ-density of white dwarf,               

η- dimensionless radial distance from the centre and 
 

  
   is a constant related to the density 

of white dwarf at the centre. 

 Our goal is to investigate a solution for equation (1). Different numerical methods 

were employed for the solution. General first kind of Lane Emden equation was solved by 

many researchers [5-14].  

 The special case of white dwarf equation was studied by Hojjati and Parand [15], 

Cardenas [16], Das, Ghosh et al. [17], Nouh [18], Singh [19], Aydinlink and Kiris [20].  

 In this paper we used new iterative method for solving the white dwarf equation (1) 

and the roots of the equation for different values of 
 

  
  is obtained using Ramanujan’s 

method. 

 

3. New Iterative Method 

 

Consider the functional equation 

                                                                                                                  (2) 

Where N is the nonlinear operator from a Banach space B B and      is a known 

function. 

The solution of equation (2) is assumed to be in the series form [21] 

         ∑  

 

   

 

The nonlinear operator can be decomposed as 
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So equation (2) can be re-written as 
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We define the recurrence relation 

                                                                                                               

                                                                                                                                   (3)                                                             

                          
 

                                               

then 

                                        

and  

          ∑  

 

   

 

If N is a contraction, that is ||         ||   ||   ||            

||    ||  ||                        ||  ||  ||    ||  ||                 

           

And the series ∑   
 
    absolutely and uniformly converges to a solution of equation (2) 

[22] which is unique in view of Banach fixed point theorem [23]. 

 

4. Ramanujan’s Method 

 

The smallest root of the equation  

                                                                                                                                   (4) 

where f(x) is of the form                
     

        using an iterative 

method is described [24,25]. 

For smaller values of x, we can write 

       [          
     

      ]              
    

Expanding left hand side by Binomial theorem and comparing the coefficients of like 

powers of x on both sides we get 

            

                  

            
               

                                                    

The successive convergents, viz., 
  

    
⁄ approach root of the equation (4) of the above 

given form. 
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5. Solution of White Dwarf Equation 

 

The Volterra integral form of first kind of Lane Emden equation of the form,  

           
 

 
          ;                  is set as [26]. 

             ∫     
 

 

 

 
      

Differentiating the equation, using Leibnitz rule 

               ∫   
  

  

 

 
                                                                                              (5) 

Solving equation (4) using New Iterative Method 

             ∫ ∫   
  

  

 

 
        

 

 
                                                                                           (6) 

White dwarf equation can be written in the form 
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Here   takes the form     
 

  
  

  ⁄  where 
 

  
  takes value from 0 to 0.9 
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Where      
 

  
  

Substituting the expansion in equation (6) and using the recurrence relation given in (3) 

                   ,    

                 ∫ ∫
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Summing up the series 

                        
  

 
  +

  

  
   

  

  
                

which is the series solution of white dwarf structure equation. The series is solved using 

Ramanujan’s method. 

 

6. Results and Discussion 

 

The obtained η1 for different values of 
 

  
  using Ramanujan’s method is presented in        

Table 1. The second column gives the boundary value for polytropic index n=3 found 

using Ramanujan’s method while third column gives Chandrasekhar’s values [27]. The 

fourth column gives the percentage error of the boundary values. The method employed 

gives result which almost matches with the earlier obtained results. The percentage error σ 

is 1% which shows the efficiency of Ramanujan’s method in solving such equations. 
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Table 1. The comparison for boundary value (η1) using 

Ramanujan’s method with Chandrasekhar’s value. 

 

 

 

 

 

 

  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
Fig. 1. Comparison between numerical values obtained using Ramanujan's method with 

Chandrasekhar's values. 

 

7. Conclusion 

 

The purpose of this paper was to suggest a numerical method for solving structural 

equation of degenerate core of white dwarf. The method is based on converting nonlinear 

differential equation to integral form [7] and obtains a series solution using New Iterative 

Method [21], which is solved using Ramanujan’s method. The Fig. 1 and Table 1 

compares the numerical result obtained by the suggested method and the results given by 

Chandrasekhar [27] which clearly shows the efficiency of the method. New iterative 

1/y0
2 

Ramanujan 

method(η1) 

Chandrasekhar’s 

value(η1) 
% error 

0.00 7.17137 6.8968 3.9811 

0.01 5.36011 5.3571 0.0563 

0.02 4.98109 4.9857 0.0925 

0.05 4.45916 4.4601 0.0212 

0.10 4.07569 4.0690 0.1646 

0.20 3.74124 3.7271 0.3793 

0.30 3.59787 3.5803 0.4907 

0.40 3.54415 3.5245 0.5575 

0.50 3.55423 3.5330 0.6008 

0.60 3.62650 3.6038 0.6300 

0.80 4.07155 4.0446 0.6663 

0

1

2

3

4

5

6

7

8

0 0.01 0.02 0.05 0.1 0.2 0.3 0.4 0.5 0.6 0.8

Ramanujan method

Chandrasekhar's
values

1/y0
2 

b
o

u
n

d
ar

y 
va

lu
e,

 (
η

1
) 



74 Boundary Values of Degenerate Configuration Core of White Dwarfs 

 

 

method used for series finding and the Ramanujan’s method used for obtaining boundary 

values (root of the series) is the unique identity of this paper 
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