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Abstract

We generalize several results of relatively normal nearlattices in terms of n-ideals. We
introduce the notion of relative n-annihilators in a nearlattice and include some interesting
results on this. Several characterizations of the set of principal n-ideals P,(S) are given
which forms a relatively normal nearlattice in terms of relative n-annihilators. It is shown
that P,(S) is relatively normal if and only if for any two incomparable prime n-ideals P and

Q,PvQ=L.
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1. Introduction

Relative annihilators in lattices and semi-lattices have been studied by many authors
including Mandelker [1] and Varlet [2]. Cornish [3] has used the annihilators in studying
relative normal lattices. On the other hand, relative annihilators in nearlattices have been
studied by Noor and Islam [4]. Recently Noor and Ali [5] have studied the relative n-
annihilators in a lattice L for a fixed element neL

In this paper we have introduced the notion of relative n-annihilators in a nearlattice.
Then with the help of relative n-annihilators we have studied those P,(S) which are
relatively normal.

2. Preliminaries
A nearlattice is a meet semi lattice together with the property that any two elements

possessing a common upper bound, have a supremum. A nearlattice S is distributive if
xAa(yvz)=(xnay)v(xaz)forall xy zes provided y. z exists.
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For a fixed element neS, a convex sub nearlattice containing n is called an n-ideal.
The concept of n-ideals is a kind of generalization of ideals and filters of a nearlattice.
Details on nearlattices and n-ideals in both lattices and nearlattices can be found in refs.
[6-9].

An element n of a nearlattice S is called a standard element if for all t, x, yeS

tA((XAY)VXAN))=EAXAY)V(EAXAN)

Element n is called neutral if
i) itisstandard and
i) nA(EAX)VEAY))=(nAtaX)v(natay)forallt, x, yes.

An element n of a nearlattice S is called a medial element if
m(x,n,y) = (XA Y) v (xAan)v (y an)exists forall x, yeS.

Element n is called an upper element of S if xv n exists for every xeS Of course,
every upper element is medial.

An element n of a nearlattice S is called a central element if it is upper, neutral and
complemented in each interval containing it.

For a medial element n, an n-ideal P of a nearlattice S is called a prime n-ideal if P =
S and m(x, n, y)eP (x, yeS) implies either xeP or yeP.

The set of all n-ideals of a nearlattice S is denoted by 1,(S) which is an algebraic
lattice. For two n-ideals | and J of a nearlattice S, the set theoretic intersection is their
infimum. Moreover, when n is standard and medial, then | ~J = {m(i, n, j): iel, jeJ}.
According to [7], the supremum is defined by |vJ={x:ianj<x<ivj}, for some
i,i el and j, j, eJ provided ;  ; exists.

An n-ideal generated by a finite number of elements a;,a,,...,an is called a finitely
generated n-ideal, denoted by < ay, a,,...,am >,. Following [8],

<ag &y @n>n= {yeSiai A AanAan<y=(yray) v..v(yray v(yan}

provided S is distributive.
When S is a lattice, <aq,ay,....,am >p istheinterval [ag n...Anap AN V...vayvN].
The set of finitely generated n-ideals is denoted by F,(S) which is again a nearlattice.
An n-ideal generated by a single element a is called a principal n-ideal, denoted by < a >,,.
The set of principal n-ideals is denoted by P,(S).
By [8] we know that
<a>, n<b> =<m(a,n,b) > When nis standard and medial.

Thus P,(S) is a semi lattice when n is medial and standard. Moreover by [8] it is a
nearlattice if n is neutral and upper.

Let S be a nearlattice. For a, b €S, <a, b > ={xeS: x A a < b} is called the annihilator
of a relative to b, or simply a relative annihilator. It is easy to see that in presence of
distributivity, < a, b > is an ideal of S.
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Also note that <a,b>=<a,anb>. Again for a, beL, where L is a lattice we define
<a, b>;={xeL: xvazb}, which we call a dual annihilator of a relative to b or simply
a dual relative annihilator. In presence of distributivity of L, < a, b >4 is a dual ideal
(filter).

For a, beS and an upper element neS, we define,

<a,b>"={xeS:m(a, n,x)e<b>.}
={xeS: ban< m(a,n x)<bvn}.

We call < a, b >" the annihilator of a relative to b around the element n or simply a
relative n-annihilator. It is easy to see that for all a, beS, < a, b >" is always a convex
subset containing n. In presence of distributivity, it can easily be seen that < a, b >" is an
n-ideal. If 0€S, then putting n =0, we have, <a,b>"=<a, b>.

For two n-ideals A and B of a nearlattice S,

<A, B> denotes {xeS: m(a, n, x)eB for all acA}, when n is a medial element.

In presence of distributivity, clearly < A, B > is an n-ideal. Moreover, we can easily
show that < a, b >" = < <a>,,, <b>, >.

A prime n-ideal P of a nearlattice S is called a minimal prime n-ideal if there exists no
prime n-ideal Q such that Q = P and Q — P.

A distributive nearlattice S with 0 is normal if every prime ideal of S contains a unique
minimal prime ideal. A distributive nearlattice S is relatively normal if each interval [x, y]
in S (x, yeS) x <y, is normal.

We start the paper with the following result on n-ideals due to [8].

Lemma 1.1 For a central elemenl neS, P(S) = (n]° x [n).
Following result is also essential for the development of this paper, which is due to [10].

Lemma 1.2 Let S be a distributive near-lattice with an upper element n andlet 1,J be
two n-ideals of S. Thenforanyx e IvJ, xvn=ivjandxan=i Aj forsome i,i e
I,jjedwithij=nandi,j<n.

Following result in lattices is due to [5] and can be proved by similar technique in case
of nearlattices. This is also a generalization of Lemma 3.6 [3].

Theorem 1.3 Let S be a distributive nearlattice with an upper element n. Then the
following conditions hold.

(i) <<X> v <y>, <X>>=<<y> <X> >,
(i) <<x>;,J>=v,cy<<X>, <y>;>, the supremum of n-ideals < < x>,
<y>,> inthe lattice of n-ideals of S, for any xeS and any n-ideal J.

Lemma 1.4 and lemma 1.5 are due to [5]. We prefer to omit the proofs as they are easy
to prove.
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Lemma 1.4 Let S be a distributive nearlattice with an upper element n. Suppose a, b,
ceS.
(i) Ifab,c=n,then <<m(a,n,b)>,<c>>=<<a>,<c>>
v<<b>,<c>,>isequivalentto<aab,c>=<a,c>v<b,c>.
(i) Ifa,b,c<n,then<<m(a,n b)>,<c>>=<<a>,<c>>v<<b>,
<c>,>isequivalentto<avh,c>3=<a,c>v<h, c>yq

Lemma 1.5 Let S be a distributive nearlattice with an upper element n. Suppose a, b,
ceS.
(i) Ifa,b,c>nandavbexists,then<<c>, <a> v<b>>=<<c>,<a>>
v <<c>,<b>,> isequivalentto <c,avb>=<c,a>v<c,b>.
(i) Ifa,b,c<nthen<<c>,<a>v<b>>=<<c>,<a>>v<<C>,
<b>>isequivalentto<c,anb>;=<c,a>gv<c, b>,
(iii) Foreachx, yeL, [x vy)=[x)"v [y)™
(iv) 1fxvy=1,then [x)™v[y)*=L.

Following result is due to Theorem 2.4 [3]:

Theorem 1.6: For a distributive lattice with 0, the following conditions are equivalent.
(i)  Any two distinct minimal prime ideals are comaximal,
(if) L is normal,
(iii) For any X,yeL,(XAyT:(XTv(yT.
(iv) Forany x yeL With x Ay =0 implies (x] v(y] =L

Moreover, when L has a largest element 1, then each of the above conditions is
equivalentto” foranyx,y e L, x Ay =0 implies x,y, e L suchthat xAx, =yAy, =0
and x, vy =1"

The following result is also due to Theorem 3.7 [3]:

Theorem 1.7. Let L be a distributive lattice. Let a, b, ¢ be arbitrary elements and A, B be
arbitrary ideals. Then the following conditions are equivalent.

(i) L isrelatively normal.

(i) <a,b>v<ba>=L.

(iii) <c,avb>=<c,a>v<c,b>

(iv) <(c],AvB>=<(c],A>v<(c],B>.

(v) <aab,c>=<a,c>v<hc>.

The following result has been proved by [5] in case of lattices. The idea of dual
relative annihilators in nearlattices is not always possible. Since (n] is a sublattice of S for
each ne S, we have:
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Theorem 1.8. Let a, b, ce(n] be arbitrary elements and A, B be arbitrary filters on (n].
Then the following conditions are equivalent.

(i) (n] is relatively normal.

(i) <a,b>3v<b,a>=(n].

(iii) <c,anb>3=<c,a>;v<c,b>g

(iv) <[c),AvB>3=<][c),A>v<]c), B>

(v) <avb,c>3=<a,c>v<h c>q

Now we prove our main results of this paper, which are generalizations of Theorem 3.7
[3] and Theorem 5 [1].

Theorem 1.9. Let n be a central element of a distributive nearlattice. Suppose A, B are
two n-ideals of S. Then for all a, b, ceS the following conditions are equivalent.

(i) Pn(S) is relatively normal.

(i) <<a>,<b>>v<<b>,<a>>=8S.

(iii) <<c>,<a>»v<b>@>=<<c> <a>>v<<c>, <b>>

whenever a v b exists.
(iv) <<c>,AvB>=<<c>,A>v<<c>,B>
(V) <<m(a,nb)>,<c>>=<<a>,<c>>v<<b>,<c> >

Proof. (i)=(ii). Let zeS. Consider the interval | = [<a> N <b> N<z>,<z>]in
Pn(S). Then <a >, n<b >, n<z>, isthe smallest element of the interval I. By (i), | is
normal. Then by Theorem 1.6, there exist principal n-ideals < p>,, < q >,el such that,
<a>Nn<z>nNn<p>=<a>nNn<b>n<z>=<b>n<z>n<qg>,and
<Z>=<p>,v<(q>,.

Now,<a> Nn<p>=<a>nN<p>nN<z> =<a>nNn<b>nNn<z>c<b>,
implies<p>,c<<a>, <b>>

Also,<b>, n<q>=<b> nNn<z>nNn<qg>=<a>nNn<b>n<z>c<a>,
implies<g>,c<<b>,<a>>

Thus<z>,c <<a>, <b>>v<<b>,<a>> and soze <<a>;,<b>>v
<<b>, <a>>.

Hence<<a>, <b>>v<<b>,<a>>=8S.

(ii)=>(iii). Suppose (ii) holds and a v b exists. For (iii), R.H.S. < L.H.S. is obvious. Now,
let ze<<c>,<a>v<b>>Thenzvne<<c>,<a>v<b>> and
m(zvn,nce<a>v<hb>,.

Thatis, m(zvn,n,c)e[anban,avbwvn]. Thisimplies(zvn)a(cvn)<avbvn.
Now, by (ii), zvhe<<a>, <b>>v<<b>,<a>> Sobylemmal2 zvn=
rvt for some re<<a>,<b>>and te<<b>,<a>> rt>n. Then
ban=m(r,n,a)=ra(avn)<bwvn.
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Hence,ra(cvn)=ra(zvn)a(cvn <ra(avbvn =(ra@avn)vira(v
n)) < (b v n). This implies re<<c >, <b >, > Similarly, te<<c>, <a>,>.
Hence zvne<<c>,<a>>v<<c>,<b>>

Again,z e <<c>,<a> v<b>,> implies zAne<<c>,<a>v<b>>A
dual calculation of the above shows, zAne<<c>, <a>,>v<<c>,<b>,> Thus
by convexity, ze<<c >, <a>,>v<<c>,<b>,>andsoLHS. < RH.S. Hence
(iii) holds.
(iii)=(iv). Suppose (iii) holds. In (iv), R.H.S. < L.H.S. is obvious.
Now let xe<<c>,, AvB> Thenxvne<<c>,AvB> Thusm(xvn,n,c)eA v B.
Now m(x v n,n,c)=(Xvn)A(nvc)=n implies m(x v n,n, c)e(A v B) n[n). Hence
by Theorem 1.3(ii), x vne<<c>, (An[M)) v BnM)>=Vicanmvenm <<C
>, <r>;> Butby Lemma 1.2, re(An[n)) v (B [n))impliesr=svt for some seA,
t eB ands, t>n. Then by (iii),

<<C>p, <r>>=<<C>, <SVE>>=<<C>, <S> v<t>>

=<<C>, <S>, >v<<Cc>, <t>>c<<c>,A>v<<c>,B>

Hence x vne<<c>, A>v<<c>, B> Alsoxe<<c>,AvB>implies
XANne<<c>,AvB>.
Sincem(xAan,n,c)=(XAan)v{XAc)<nsoxane<<c>, (AvB)n(n]>.
Then, by Theorem 1.3(ii),
xane<<ce> (An(M)vBAMD)>=Vicanmvenm <<C>n <i>.
Again, using Lemma 1.2, we see that i = p A q where peA, qeB and p, q < n. Then by
(iii),
<<C>, <i>>=<<C>, <PAQ>>=<<C>,<p>v<(g>>
=<<C>,<p>>v<<Cc>, <q>> c<<c>,A>v<<c>,B>

Hence x A ne<<c¢ >, A>v <<c >, B> Therefore, by convexity, xe<<c >, A>
v <<c>, B>andsoL.H.S. cR.H.S. Thus (iv) holds.

(iv)=(iii) is trivial.
(if)=(v). Suppose (ii) holds. In (v), R.H.S. < L.H.S. is obvious.

Now letze<<m(a, n,b) >, <c>,> whichimplieszvne<<m(a,n,b)>, <c>,>.
By (ii),zvne<<a>, <b>>v<<b>,<a>;,> Thenby Theorem1.2,zvn=xwvy
for some xe<<a>,, <b>;> and ye<<b>,<a>;>andx,y>n.
Thus, <x>Nn<a>c<b>, andso<x> N<a>=<x>Nn<a>N<b>c<z
vhi> n<a>nNn<b>=<zvn>n<m(a n b) >, c<c>,. Thisimplies xe<<a
>, <C>, >,
Similarly, ye<<b >, <c>;>andsozvne<<a>, <c>>v<<b>,<c>>.
Similarly, a dual calculation of above shows thatz A ne<<a >, <c>,>v<<b>,
< ¢ >, >. Thus by convexity, ze <<a>;, <c>>v<<b>,<c>>andsoLHS. c
R.H.S. Hence (v) holds.
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(V)=(i). Suppose (v) holds. Let a, b, c > n.

By (v),<<m(a,nb)>,<c>>=<<a>,<c>>v<<b>,<c>> Butby Lemma
1.5(i), this is equivalentto <a A b, ¢ >=<a, ¢ > v < b,c>. Then by Theorem 1.7, this
shows that [n) is relatively normal. Similarly, for a, b, ¢ < n, using Lemma 1.5(ii) and
Theorem 1.8, we find that (n] is relatively normal. Therefore by Lemma 1.1, P(S) is
relatively normal.
Finally we need to prove that (iii)=(i).

Suppose (iii) holds. Let a, b, ceS n [n). By (iii), <<c>,<a>v<b>>=<<c>,<
a>,v<<c>,<bh>, whenever av b exists. But by Lemma 1.6(i), this is equivalent to

<c,avb>=<c,a>v<c b> Then by Theorem 1.7, this shows that [n) is relatively
normal.

Similarly, for a, b, ¢ <n, using the Lemma 1.6(ii) and Theorem 1.8, we find that (n] is
relatively normal. Therefore by Lemma 1.1, P,(S) is relatively normal.

We conclude the paper with the following result which is a generalization of a result in
[11].
Theorem 1.10. Let S be a distributive nearlattice. If n is central in S, then the following
conditions are equivalent.

(i)  Pn(S) is relatively normal.
(ii) Any two incomparable prime n-ideals P and Q, P v Q =S.

Proof. (i)=(ii). Suppose (i) holds. Let P and Q be two incomparable prime n-ideals of
S. Then there exist a, beS such that acP-Q and beQ-P.
Then < a >, c P-Q and < b >, ¢ Q-P. Since by (i), P,(S) is relatively normal, so by
Theorem 1.9, <<a>, <b>>v<<b>,<a>,>=S
Butas P, Q are prime, so itis easy to seethat<<a >, <b>>cQand<<b>,
<a>;>cP.
Therefore, Sc P v Qandso P v Q =S. Thus (ii) holds.

(if)=(i). Suppose (ii) holds. Let P, and Q; be two incomparable prime ideals of [n). Then
by [12], there exist two incomparable prime ideals P and Q of S such that P, = P m [n)
and Q; = Q m [n). Since neP; and neQy, so P and Q are in fact two incomparable prime
n-ideals of S. Then by (ii), P v Q =S.

Therefore, P; v Q1 = (P v Q) n [n) = S n [n) = [n). Thus by [11], [n) is relatively
normal.

Similarly, considering two prime filters of (n] and proceeding as above and using the

dual result of Theorem 3.5 [3] we find that (n] is relatively normal. Therefore, by Lemma
1.1, Pn(S) is relatively normal.
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