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Abstract

The objective of this paper is to establish some results for generalized (U, M) -
derivations in semiprime I -rings, where U is a Lie ideal of a semiprime 7-ring M . Let
d be a(@,M)-derivation and f be a generalized (U, M) -derivation on M then we
proved that

« f(uav) = f (Wav +uad(v) for allu,veU andg T, when U is an admissible Lie
ideal of M;

« f(uam) = f (U)am+uad(m)for allueU,meMand o eI, when U is a square
closed Lie ideal of M.
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1. Introduction

(U, R) -derivations in rings have been introduced by A. K. Faraj, C. Haetinger and A.
H. Majeed [1] as a generalization of Jordan derivations on a Lie ideal of a ring. We
introduced (U, M) -derivations in T"-rings as a generalization of Jordan derivations
on Lie ideals of a r-ring in [2] and proved that, d(uav) =d(u)av+uad(v) for all
uveU,aell, where u is an admissible Lie ideal of M and d is a U,Mm)-
derivation of M. We also proved that, if uaueU for all ueU and o er then
d(uam) =d(u)eam+uad(m) for all ueU,meM and « T . Following the notion
of (U, Mm)-derivations we then introduced the concept of generalized (uU,m)-
derivations in [3] and proved the analogous results considering generalized u,m)-
derivations of prime I"-rings corresponding to the results of (U, M) -derivations. We
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refer the reader to R. Awtar [4], M. Ashraf and N. U. Rehman [5], W. E. Baarnes
[6], Y. Ceven [7], I. N. Herstein [8], and A. K. Halder and A. C. Paul [9] where we
can find further references and more detailed explanations concerning the motivations
and the background of these researches. The notion of a r-ring has been developed by
N. Nobusawa [10], as a generalization of a ring. Following W. E. Barnes [11]
generalized the concept of Nobusawa’s I'-ring as a more general nature in the
following way.
Let m and r be additive abelian groups. If there is a mapping M xI'xM — M

(sending (x,a,y) into xqy) such that

() (x+y)az = xaz+yoz, X(a+ L)Y = Xay + Xy, Xa(y +2) = Xay + Xoz ,

(ii) (xay)fz = xa(ypz) forall x,y,zeM and a,feT,
then m is called a r-ring. A T-ring M is semiprime if alMI'a=0 (with aeM)
implies a=0. We denote the commutator uav —veau by [u,v], for all yvem and
a el . An additive subgroup U of a T'-ring m is a Lie ideal of M if for all
ueUmeM and ger, implies [u,m], €U . A Lie ideal U is a square closed Lie
ideal ofa T'-ring m if uau €U, forall ueU,a eI and if the Lie ideal U is square
closed and U € Z(M) where z(m)denotes the center of m then U is an admissible
Lie ideal of M . In this article, we generalize some results of [3] for square closed and
admissible Lie ideal of semiprime T -rings by the new concept of (U, M) -derivation.

2. Generalized (U, M) -Derivations in Semiprime r-Rings

Following the notions of (U, M) -derivation of a " -ring in [9], we then introduced the
concepts of generalized (U, M) -derivations of r-rings in [3] in the following way.

Definition 1. Let U be a Lie ideal of a r-ring M . An additive mapping f:M — M

is a generalized (U, M) -derivation of m if there exists a (U, M) -derivation d of m
suchthat f (uem+sau) = f (U)om+uad(m) + f (S)au +sad(u) is satisfied for
alueU;mseM and ger.

The following are examples of (U, M) -derivation and generalized (U, M) -derivation
ofa r-ring M.

Example 1. Let R be an associative ring with 1, and let y be a Lie ideal of R. Let

n'l - -
M =M,,(R) and =l 0 lnez ,then M isa I -ring. If

N ={(x,X):xe R} M , then N isasub r-ringof m.Let U, ={(u,u):ueU},
then y, isaLieideal of N.If f:R— R isageneralized (U, R) -derivation, then
there exists a (U, R) -derivation d : R — R such that

f (ux+su) = f(U)x+ud(x)+ f(s)u+sd(u) forall yeuand x,seR. If we
define a mapping D: N — N by D((x, X)) = (d(x),d(x)), then we have
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D((u, u)[gj(x, X) + (Y, y)(gJ(u, u)) = D((unx,unx) + (ynu, ynu))

= D((unx + ynu,unx + ynu))
= (d(unx + ynu),d (unx + ynu)).

After calculation , we get
D(uyax, + y,ath) = D(uy)ax, +,aD(x,) + D(y,)au, + y,aD(u,),

where :(u,u),a=(8j, x = (x,x) ad y; =(y,y). Hence D isa (uU,,N)- derivation
on N.Let F:N — N be the additive mapping defined by F((x, x)) = (f (x), f (X)),
then considering y = (u,u) eU,, o = (HJ er and x, =(x,x),y, = (y,y) € N, we have

0

F(u,ax, + y,au,) = F((unx + ynu,unx + ynu))

= (f (unx + ynu), f (unx+ ynu))

(funx+und(x) + f(y)nu+ ynd(u), f (u)nx+und(x) + f (y)nu + ynd(u))
(f (u)nx+und(x), f (u)nx+und(x)) + (f (y)nu+ ynd(u), f (y)nu+ ynd(u))
(f (u)nx, f(u)nx) + (und(x),und(x)) + (f (y)nu, f (y)nu) + (ynd (u), ynd (u))
(

) f(u»@(x, x)+(u,u)[g](d(x>,d<x»+<f(y>, f(y»(gj(u,u)

+O, y)(gj(d(u),d(u»
: F«u,u))[(';j(x,x>+<u,u)[g](D«x,x»+ F(, y»[g](u,u)
+O, y)((”JD«u,u».

= F(uox +Yy,au;) = F(u)ax, +u,aD(x,) + F(y;)au, +y,aD(u,).

Hence F is a generalized (U,,N)—derivationon N .

Except otherwise mentioned, throughout this paper, M is a 2-torsion free semiprime
r-ring which satisfies the condition (*) aabpfc=apbac for all ab,ceM;
a,fel and U isa Lieideal of M.

To generalize some results of [3] in semiprime T -rings with generalized (U,M)-
derivations, we develop some important results proceeding as follows.

Lemma 2.1 If ¢ is a generalized (U, M)—derivation of M for which d is the
associated (U, m)-derivation of M. Then forall u,veU;meM and ¢, ger,

(i) f(uampu) = f(u)empu +ued(m)Au +uempd (u);

@ity fuampyv+vampu) = f (U)ampv+ued(m)sv +uempd(v) + f (V)ampu

+veod(m)pu +vampd (u).

Proof. By the definition of a generalized (U, M) -derivation of m, we have
f(uam+sau) = f (UW)am-+uad(m)+ f (s)au+sad(u) forall yeu;m,seM and
a T . Replacing M and S by (2u)sm+mp(2u) and let

w=uea((2u) fm+mp2u)) + ((2u) m+mpB(2u))ou -
On the one hand



170 Theorems for Generalized (U, M)-Derivations

f(w) =2(f (UW)a(upm+mpu) +ued(UBm-+mpu) + f (upm+mpu)au + (USm-+mpu)ad (U))
=2(f (uW)aufm+ f(U)empu +ued () fm+ucud(m) +ued (M) Su +uempBd (u)
+ f (U)Smau +upd (m)au + (M) Lucu +mpd (u)eu +upfmed (U) + mBued (u))
=2(f (Waupm+ f (U)ampu +ued (u) fm-+ucupd(m) +ued(m) Su +uaempsd (u)
+ f (U)ampu +ued () Au + f (M)aufu + med (U) Au +uem/Bd (u) + meud (u)). (1)
On the other hand
f(w) = f(Quau)pm+mp(2uau)) + 2 f (uampu) + 2 f (upmau)
=2(f (U)aupm+uad(U)pm+ucupd(m) + f(m)puau
+mpgd(u)au + mpBuad (u)) + 4 f (uampBu)
=2(f (Waupm+ued(u) fm+ucupd(m) + f (m)aupu
+med (u) Su+maufd(u)) + 4 f (uampu) 2)
Comparing (1) and (2), and since M is 2-torsion free

f (uampu) = f (W)ampu+ued (M) pu+uempd(u),YueU;meM;a, S <T.
If we linearize (3) on U, then (ii) is obtained.

Definition 2. Let f be a generalized (u,m)-derivation with the associated U, m)-
derivation d of M . We define W_(u,m) = f (uem)— f (u)am—ued(m) and

@, (u,m)=d(uoem)—d(u)am-ued(m) forall ueU;meM and ger.

Directly from the definition, the following properties follow at once.

Lemma 2.2 If f is a generalized ,m)-derivation of M, then for all
uveU;mneM and ¢, geT,
(i) W, (u,m)=-¥_ (mu); (i) ¥, (u+v,m)=¥, (u,m)+¥, (v,m);
(i) W, (u,m+n) =¥, um+¥,un); (V) ¥, (um) =¥, (u,m+%¥,um).
Proof. (i) By the definition of w (y m), we have
¥_(u,m) = f(uam)— f (u)am—uad(m). Using Definition 1, we get
Y, (u,m)+ ¥, (m,u) = f(uam) - f (u)am —uad(m) + f (mau) — f (m)oa —mead(u)
= f(uem + mau) — f (U)am —uad(m) — f (m)au —mad(u)
= f(u)am + f(m)ca + uad(m) + mad(u) — f (u)am —uad(m)
— f(m)au —med (u) = 0.
=Y, (um)=-¥, (mu).
(i) By the definition of W (u,m), we get
Y, (u+v,m) = f(u+v)em)— f(u+v)am—(u+v)ad(m)
= f(uam+vam)— f (u)am— f (v)am —uad (M) —ved (M)
= f(uam)— f (UW)am—uad(m)+ f (vam)— f (vV)am—vad (m)
=¥, (u,m)+¥, (v,m).
(iii)- (iv): These are too easy to prove.

Lemma 2.3 With our notations as above, for any y,veU;meM and «, BT, the
following are true: (i) ®_(u,m) = -®_(m,u); (i) ®_(u+v,m)=d_(u,m)+d_ (v, m);
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(ii)®_ (u,m+n)=d_(u,m)+®,(u,n);
V)@, ,(u,m)=,u,m)+®,u,m).
Proof. Proceeding in the same way of the proof of above lemma.

Lemma 2.4 Let y be a Lie ideal of a 2-torsion free I'-ring m satisfying the
condition(*) then T(U) ={xeM :[x,M]. cU} is both a subring and a Lie ideal of
M such that U =T ().

Proof. We have u is a Lie ideal of M, so [U,M]. cU. Thus U cT(U). Also we
have [T(U),M].cUcT@U). Hence T() is a Lie ideal of m. Now suppose that
x,yeT(U) then [x, m] eU and [y,m], eU forall mem and o €I,

Now [xay,m], = xaly,m], +[x,m],ay €U. Therefore, [xay,m], U forall
x,yeTU),meM and ¢, gI'. Hence xay eT (U).

Lemma 2.5 Let U«Z(M) be a Lie ideal of a 2-torsion free semiprime I"-ring M
satisfying the condition (*) then there exists a nonzero ideal K = MIU,U].ITM of m

generated by [U,U]. suchthat [K,M]. cU.
Proof. First we prove that if [u,U]. =0 then U = Z(M), so let U U] =0 for ueU
and o eI', we have [u,[u,x],], =0 for all xem. Forall zeM and ger, we
replace X by xpz in [u,[u,x],], =0 and obtain
0 =[uuxsl,l,

=[u, xp[u, z], +[u,x], Az,

=[uxplu, 2], ], +[u,[u, x], Azl

=xplu,[u, 2], ], +[u,x], Alu. 2], +[u, [u, x], ], fz +[u, X], Blu, 2],

=2[u,x], Alu.z],
By the 2-torsion freeness of M, we obtain [u,x] A[u,z], =0. Now replacing Z by
ZyX, we obtain
0 =[u,x],Alu,zx],

=[u.x], Azylu, ], +[u, ], Alu. 2],

= [u,x], Beylu, X1,
That is, [u,x], AMy[u,x], =0. Since M is semiprime, [u,x], =0- This implies that
uezZ(M) and therefore, U cz(M) is a contradiction. So let [U,U]. #0. Then
K=MI[U,U].TM is a nonzero ideal of M generated by [U,U].. Let
x,yeUmeM and qo,pel’, We have [x,ypm] ,vy,[x,m], eUcT(U). Hence
[x 1. Am =[x, ypm], - ypix,m], eTU).
Also we can show that, mp[x,y], e T(U) and therefore, we obtain [[U,U].,M]. cU.
Thatis, [[[[x,y],,m],,s],.t], €U forall m;s;teM and o er.
Hence [x, y], amas —malx, y], a8 +[s,m], alx,yl, ~[salx yl,,m],, m],t], € T(U).
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Slnce [Xl y]a arnas’ SO.’[X, y]a 1 [S' m]a a[x’ y]a € T (U ) ' Thus we ha.Ve,
[mafx,y],es.t], eU forall ms;teM and o . Hence [K,M], cU.

Lemma 2.6 Let U< Z(M) be a Lie ideal of a 2-torsion free semiprime I'-ring M
satisfying the condition (*) then apa=0 and there exists a nonzero ideal
K=MI[U,U], M of M generated by [u,u]. such that [K,M].cU and
Kra=ark ={0}.

Proof. If acUpa={0} for all 4 ger, then agfa,adm] pa=0 for all meM and
S eT. Therefore, by our assumption

0 =aa(acadm-adneaa)pa

= acacadnfa—acadnmaafa

= acadaampa—acadmpaca.
Since acada =0, we have (aca)dnp(aca) = 0. Since m is semiprime, aca = 0.
Now we obtain aafkya,m],aupa=0 for all keK,meM,ueU and a,pB, u,eT.
Again using our assumption and acUpa ={0}.
0 =aa(kyaum-mukya)aufa

= aakyaumaufa—aamukyaaufa

= aakyaumpuca.
So, we obtain ackyazmplk,a], ca = 0. This implies that ackyaump(kya—ak)ca =0
and hence ackyaumpkyaca—ackyaumpajkaa=0. By using assumption and
aca =0, we obtain (aakya) umpB(ackya) = 0. Since M is semiprime, ackya=0. Thus
we find that (ack)I'MpB(ack) =0. Hence ack =0 for all keK, that is aoK ={0}.
Similarly we obtain Kea ={0}.

Lemma 2.7 Let U Z(M) be a Lie ideal of a 2-torsion free semiprime T-ring M
satisfying the condition (*) (i) if acUpa={0}, then a=0; (ii) If acU ={0} (or
Uca={0}), then a=0; (iii) if uaueUfor all ueUandagUpo={0} then
acb=0andbca=0forallgeT.
Proof. (i) By Lemma 2.5, we have Kga=MIU,U].I'Maa={0} and aca=0 for all
a eT. Therefore, forall x,yeM and ¢, 8T, we obtain
0 =[axl,al, Ay

=[aax-xca,a], pyoa

=aa[x,al, fyca-[x,a], capyoa

= aaxyafyoa—acaypfyca— xyacafyoca+ayxaapfyaa

= aaxyafyoa+ayxoafyca

= 2aaxyapyaa
By the 2-torsion freeness of M, we have aoxyafyca=0. Thus we obtain,
aaxyafycadkya=0. By using aabpc=apoac forall a,b,ceM and o ger, we
have (aaxya)pys(aaxya) =0. This implies that (aaxya) fMS(aaxya) =0. Since M is
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semiprime aaxya=0, for all xeM and ¢,y . Again using the semiprimeness of
M ,we obtain a=0.

(i) If acU ={0}, then aqUpa ={0}) forall g1, therefore by (i), we obtain a=0.
Similarly, if uga={0}, then a=0.

(iii) If agupn={0}, then we have (bya)aUp(bya) ={0} and hence by (i), bya=0 for
all yer. Also (ajb)aUpB(asb) ={0} if acupp ={0} and hence a;b =o0.

In obtaining our main results the following lemma plays an important role.

Lemma 2.8 If y is an admissible Lie ideal of a 2-torsion free semiprime r-ring M
satisfying the condition (*) and f is a generalized (U, M) —derivation of m for

which d is the associated (U, M) —derivation of M , then for all u,v,weU and
a,Byel, ()WY, (uv)pwylu,v], =0; (i) ¥, (u,v)ewalu,v], =0;
(i) ¥_(u,v)pwplu,v], =0.
Proof. (i) Let x = 4(uavpwwau +vauBwuay) . Using Lemma 2.1(ii), we have
f(x) = f((uav) pwy (2ven) + (2vau) fwy (uav))
=4f (uav) fvvau + duavd (W) ol + duav fwd (Vvau) + 4 f (vau) fwpuov

+4voufd (W) + 4vau pwid (Uav).
On the other hand, using Lemma 2.1(i), we have

f(x) = f (Uua(@vpww)au +va(dupwu)av)
= f(U)advpwnau +uad (Avpww)au +uadvpwned (U) + f (V)adupwpuav
+vead (dupwp)av + vadufwpuad (V)
=4f (WavSwwau +ducd (V) S au + duav Sd (W) el + 4uav fwd (V) au
+4uavpfwpwod (u) +4 f (V)aupwpuan +4ved (U) fvpuav + dveu Sfd (W) av
+4vaupwid (U)av +dvau v ad (V).
Comparing the right side of f (X) and using the 2-torsion freeness of M
f (uav) fvwau +uavwvd (Vvau) + T (vau) fvpuav +vau fwd (Uew)
= f (Wavpwwau +ued (V) fvpvou +uav fwvyd (V)au +uav Sy ed (U)
+ f (V)aupwpav +vead (U) Swpuav +vou pwpd (W) av +vauSwed (V).
Therefore,
(f(uav)— f (U)av—ucd (v)) Swvau + (f (vau) — f (V)au —ved (U)) Svpuov
+uavpwy(d(vau) —d(v)au —vead (u)) + veupwy(d (uav) —d (U)av —ued (v)) = 0.
Using Definition 2, we obtain

Y, (u,v)fwvau +\¥, (v,u) fwpuen +uavpwpd  (v,u) +veupwyd,, (u,v) = 0.

Now, using Lemma 2.2(i) and 2.3(i), we have
Y, (u,v)pwylu,v], +[u,v], pvyd, (u,v) =0,Vu,v,weU;a, B,y €I
Since d isa (U, M) -derivation, we have @_(u,v)=0 forall u,veU and eI’ by

[9].

Using this we obtain the desired result. All other results are proved similarly.
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Lemma 2.9 Let U be an admissible Lie ideal of a 2-torsion free semiprime T-ring M
and let abeUu. If acum+baupa=0 Tfor all ueuandg,peTthen
acufb=0=baupa.
Proof. Let xeU and ,cr be any elements. Using the relation acufb+baufa=0
forall ueUand ¢, g T repeatedly, we get
4(aaupb)yxy(acupb) =—4(baupa)yxy(acupb)
—(ba(4upayx)ya)aufb
(aa(4ufayx)b)auo

= acuf(dayb)aupb

= —aauf(dbyxya)aupb

= —4(aaupb)xy(acupb).
This implies, g((acupb)xy(acup)) =0. Since M is 2-torsion free,

(acufb)xy(acupo) = 0. Therefore, (acupo)JUy(acupo) =0. Thus by Lemma 2.7 (i),
we get acupb = 0. Similarly, it can be shown that bouga = 0.

Lemma 2.10 Let M be a 2-torsion free semiprime r-ring satisfying the condition (*)
and U be an admissible Lie ideal of M . Let f be a Jordan generalized derivation on

U of M. Thenforall u,v,weU and «, B,y €T,

() [u,v], Awp¥, (u,v) = 0; (1) [u,v], awa, (u,v) =0; (i) [u,v], AWBY, (u,v) = 0.
Proof. (iii) We have [u,v], pvAY,, (u,v) Awp[u,v], pupY, (u,v) =0, forall veu .
By Lemma 2.7(i), [u,v], AnA¥, (u,v) = 0. All other results are proved similarly.

Lemma 2.11 Let M be a 2-torsion free semiprime I -ring satisfying the condition (*)
and U be an admissible Lie ideal of M . If f is a Jordan generalized derivation on U
of M, then for all u,v,x,y,weU and o, 3,y T,
(i) ¥, (u,v)wBIx yl, =0 ; (i) [x, yl, wBY¥,(u,v) =0 ;
(i) W, (u,v)AWaIx, y1, = 0: (V) [x,y], AB¥, (u,v) = 0.
Proof. (i) If we substitute U+ X for U in the Lemma 2.8 (iii), we get
Y, (u+x,v)pwplu+x,v], =0.
This implies
¥, (U V) LUV, + Y, (U V) WSTX V], + ', (X V) wplu, v, +F, (X, V) fwp[x, V], = 0.
Which gives
¥, UV AWpIx, V], + %, (x,v) pwplu,v], = 0.
Now by using Lemma 2.10 (iii), we obtain
(¥, ) AWBIX V) BUB(Y, (V) SWpBIXV],) - = =, (U, V) SwWIx, V], pupY, (x,v) Awplu, v,
=0.
Hence, by Lemma 2.7(i), we get ¥_(u,v) fwp[x,v], =0.
Similarly, by replacing v+y for V in this result, we get ¥ _(u,v)pwp[x,y], =0.

(if) Proceeding in the same way as described above by the similar replacements
successively in Lemma 2.10 (iii), we obtain
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[x,y], AWAY, (u,v) =0,Vu,v,x,y,welU,a, BT
(iii) Replacing ¢+ for o in (i), we get

Y,., V) pwaIx yl,., =0.
This implies

(Y, (uV) + ¥, (u,v) AB([x, y1, +[x 1) = 0.
Therefore

W, (U V) AWBIX, YL, + Y, (U, V) BWBLX, Y1, + ', (U, V) WBLX, ¥], + ¥, (u,v) SWBIx, y], = 0.

Thus by using Lemma 2.10 (iii), we get

¥, (U V) AP, Y], +, (u,v) B[, Y], = 0.
Thus, we obtain
(W, (U V) WS, ¥1,) BuB(Y, (U, v) SWBIx, ¥1,) ==Y, (u,v) B[, y1, Bup¥, (u,v) Awplx, y1,

=0.

Hence, by Lemma 2.7 (i), we obtain W, (u,v) AWpIx, yl, =0.
(iv) As in the proof of (iii), the similar replacement in (ii) produces (iv).

Now, we prove the following two theorems with generalized (U, M) -derivation of a
semiprime " -ring M .

Theorem 2.1 Assume that u is an admissible Lie ideal of a 2-torsion free semiprime
r-ring M satisfying the condition (*) and f is a generalized (U, M) -derivation of

M, then ¥ (u,v)=0 forall yveuand o T.

Proof. By Lemma 2.8 (iii), we have

Y, (u,v)pwplu,v], =0, vu,v,weU;a, B el

By Lemma 2.11 (iii), we have

W, (u,v)Bwplxy], =0,Vu,v,w,x,yeU;a, B,y €l

Since U is not contained in Z(M), so [x,y], =0. Thus, by Lemma 2.7, we get

¥ (u,v)=0 forall yveu and o T .

Remark 2.1 If we replace U by a square closed Lie ideal in Theorem 2.1, then the
theorem is also true.

Theorem 2.2 Let U be a square closed Lie ideal of a 2-torsion free semiprime I"-ring
M satisfying the condition (*) then f (uam) = f (U)am+uad(m) forall ueU;meM
and g¢er.
Proof. From Theorem 2.1 and Remark 2.1, we have

¥,(u,v)=0,vuveU;aell 4
Replacing V by upm-mpu in (4), we get ¥ (uuBm-mpu)=0. Since
uBm-mpueU forallueU, meM and o, ger. Therefore,



176 Theorems for Generalized (U, M)-Derivations

0 =¥, (uupm-mp)
= f(ua(upm-mpu)) - f (u)a(upm-mpu) —uad (upm—mpu)
= f(uaupm)— f (uampu) — f (V)aupm+ f (U)ampu —uad (u) fm
—ucupd(m)+uead(m)pu+uaempd(u)
= f(uaupm)— f (U)ampu —uad (M) Su —uampd (u) — f (u)aupfm
+ f (U)ampu —uad (u) fm—ucaufd (M) +ued (M) fu +uampd (u)
= f (uaupm)— f (U)aufm—uad (u) fm —ucuSd (m).

This implies,

f (uaupm) = f (U)aupm +uead (U) fm +uaupd (M)
= f((uau)pm) - f (uau)fm - (uau)pd(m) = 0.
=Y, (uau,m)=0,YueUmeM;a, pel.
Now, let x=uaufm+upBmau. Then by the definition of generalized U, M)-
derivation, we have
f(x) = fuaupm+uad(upm)+ f(usm)au+upmead(u) (6)
= f (U)aufm-+ued (U) fm+ucupd(m) + f (USM)au +ufmed (u).

On the other hand, using (5) and Lemma 2.1(i)

f(x) = f(uaupm)+ f (upmou) 7)

= f(U)aupfm+ued (U) fm+ucupd (m)+ f (u) fmau +upfd (m)au +ufmed (u).
Comparing (6) and (7), we get
(f (upm) — f (u) Am—upd(m))eu = 0.

®)

This yields,

¥, (u,moau=0,YueU;meM;a,Bel. (8)
Linearize (8) on U and using equation (8), we get

¥, (u,m)av +, (v, m)au = 0. ©)

Replacing V by VW in equation (9), we obtain

Wy (u,mavy +Y¥, (viv,m)au = 0.
Since ¥, (vv,m) =0 forall yeU,meM and g,y <T. This is seen in the equation (5)
for Vv in place of Uou . Therefore, we have

Y,(umavy=0,VuveUmeM;a,pB,yel. (10)
Replacing V by U+V in (10) and using (5), we obtain

Yyu,mau+v)yu+v)=0

= W, (u,ma(up +upn +vu +vpn) = 0.

=Wy (u,maun +¥, (u,mavp = 0.
Now using (8), this implies ¥ (u,m)avu =0 forall uveU;meM and ¢, 8,y eT.
Since U is noncentral, by Lemma 2.7, ¥,(u,m)=0 forall ueU;meM and gerT.
Consequently, f(uam) = f(U)am+uad(m) forall ueU;mem and e .
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3. Conclusion

If the Lie ideal U is square closed and V< Z0M) then y is an admissible Lie ideal of M
s0, for both the cases f (Uav) = f (U)av +uad(v) forall u,veUandaer but for only
square closed case  f (uam) = f (u)am+ued(m) forall ueU,meMand aer
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