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Abstract

The present paper provides alternative improved Factor-Type (F-T) estimators of
population mean in presence of item non-response for the practitioners. The proposed
estimators have been shown to be more efficient than the four existing estimators which
are more efficient than the usual ratio and the mean estimators. Optimum conditions for
minimum mean squared error are obtained for the new estimators. Empirical
comparisons based on three different data sets establish that the proposed estimators
record least mean squared error and hence a substantial gain in Percentage Relative
Efficiency (P.R.E.), over these five contemporary estimators.
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1. Introduction

Often Surveys are accompanied by incomplete response or unavailable items.
Analysis restricted to complete records when faced with an incomplete dataset may
lead to biased inference [1]. The other alternative is to construct the estimates for the
missing observations. Estimation of individual missing items based on survey response
is called imputation. Missing patterns are classified as missing at random (MAR) and
observed at random (OAR) [2]. The data are MAR if the probability of the observed
missingness pattern given the observed and unobserved data, does not depend on the
values of the unobserved data. In other words, the data are missing only due to chance
factors. The data are OAR, if for every possible value of the missing data, the
probability of the observed missingness pattern, given the observed and the
unobserved data, does not depend on the values of the observed data. The combination
of MAR and OAR is called missing completely at random (MCAR) which means that
the response propensity to provide information is constant for all the subjects. In this
paper, we implicitly assume that the missing values are MCAR.
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Various techniques for mean estimation under non-response have been considered
by several researchers [3-5], among others. Some well-known imputation methods in
literature are deductive imputation, mean imputation overall (MO), random imputation
overall (RO), mean imputation within classes (MC), hot deck, cold deck and so on [6].
Compromised imputation [7], imputation based on power transformation [8],
modifications of ratio and regression methods of imputation [9], exponential ratio type
imputation based on an auxiliary variable [10], Factor -Type estimator adapted as a
tool of imputation [11], imputation based on modified Walsh estimator [12] have been
considered in literature so far. Present work adapts strategy of [12] based on Factor-
Type technique to provide better and more efficient means of imputing missing survey
data. In the present paper, three separate strategies are proposed to impute missing
data under (i) low non-response: a few missing data under item non-response-the most
common missing data situation encountered in practice and under (ii) high non-
response: large chunks of missing data under a variable- when a region is inaccessible
for data collection or the information is invasive for a particular section of the target
group.The present theoretical contribution proposes estimators with higher precision
and substantially reduced M.S.E. as compared to the currently used five different
imputation strategies. Numerical results based on three different types of populations
A (moderate sized), B (small sized) and C (large sized) illustrate superiority of the
estimatorsproposed where the variable to be imputed is highly positively correlated
with the auxiliary variable or the covariate.

A finite population Q=(1,2,3....,N )is considered. A SRSWOR (Simple Random

Sampling without Replacement), of size n is drawn from Q to estimateY . The
responding units out of sampled n units are denoted by r forming a set R and the set

of non-responding units are denoted by R°. The variable Y is of main interest and X
is an auxiliary variable highly correlated with Y . For every uniti e R, the value vy, is

observed. Fori € R, y, values are missing and imputed values are derived. Thei"
value x, of auxiliary variate X is used as a source of imputation for missing data
wheni e R°. For sample S, the data x, ={x;:ieS} are assumed to be known
andS=RUR".

Define e, :(% —1],e2 {%—1) and e, :())((" _1) Assuming MCAR for non-

response  with r and n known, we obtain: E(e,)=E(e,)=E(e,)=0,
E(e?)=M,C2,E(e?)=M,C? ,E(e?)=M,C2,E(e,e,)=M,pC,C,

E(ezes):Mzcxz ' E(ele3):M2prCXWhere M, :(1_;) M, :(1_1}
r n N

M, =M, —M,,and S, S;and S,, have their usual meaning. (yi ), denotes |"

imputation strategy for i" observation.



R. Pandey et al. J. Sci. Res. 8 (3), 321-339 (2016)

323

Table 1. Some well-known imputation methods.

Imputation strategies Point estimator of Y
t, =Y,
M 1 r
san y if ieR Its variance is
) =" V(t)=M,S]
O (=M
i X
Ratio ) t, =y,| = | The MSE.of t, are:
) {yi if ieR X,
Yikh=9n .
© o lbx if ieR M(t,)= M,S? + M, [ + %27 - 23S, |
C(:or)npromised ty = [a' v, +(@-a'y, %}
Vil = r
(a'n/r)yi + (1_ a')BXi The minimum M.S.E. at a':l—pC—YOf t, are
- - X
if ieR given by
A 2
@-apx, ML) :M(tz)—Ml[l—pCYj y°c?
if ieR® Cx
[4] e
X
@t =y, - |=t
@ (yi)4 = ' (er ’
Y, if ieR o), =7, (n+ r)>)_in —IX,
n-r)X, +rx, .. . n
y, ()# if ieR® " . .
nx, e M.S.E of the estimator {; are given by
2
(b;(yi)s,: R |\/|(t5)=M285+M{S§+(;j RS
2 _ —
; (n-rfx, +7(2n—i)rxr ¢ ieRe ,
(n—r)nx, +nrx, -2/ — RS,
n
b2l t.=Y X, The minimum
(Vi) = © T Bx +(1-B)X,
y; if ieR .
: M.S.E. of t; for the optimum value of
IV (n_r)xn-l_ﬂr(xn_ir) X . ; c C
r[ /]Xr+(1—ﬂ)in in it ieR ,BZ,DC—y are [M(te)]min Z(Ml—M3p2)Si
ieR’ X

*The estimator t, is similar to the usual ratio type estimator t, and therefore the expression of

bias and M.S.E. are the same and o3 _Y /_
R A _
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2. Proposed Methods of Imputation

Under the proposed strategies for imputing missing observations, the data after
imputation takes the following form:

yi if ieR
(v),, = ; {(n—r)+ar(1—¢j(a))} X,
r 1_a(1_¢i(a)) zxi

ieR®

[(a+c)X + B, | . [ (A+C)x, + 1BX, | .
Where‘bl(a){(m fB)X +C>‘(J’ ¢2(a)_[(A+ fB)X, +CX, |

for j=1,2,3 1
if ieR J @

o) = {M%} ;where, A= (a—1fa—2) B=(a-1fa—4)

C=(a-2\a-3)a-4) f :%,o<a<misaconstant.

Under equation (1), point estimator of Y under this setup becomes
Ye

gy T X

Table 2. Some special transforms of ¥; for various a.

«a [Ver] [Ver] [Vers]

X, _ X
2%, - X, Ye 2% — X
. v @L-f)x _ (1- )X, _ 1-f)X

Ve X + f(2X - 3%, Ve X + (2%, —3X) Ve X + f(2X - 3%,

4 Y Y i

._\
<
VR
|| 2=
N—
<
VR
xI |_‘><|
N—
<

s
X ||
~

N
_“(<|
7\
N
X]|
p=]
el
x|
N—
<

Remark 1: For a = =1, t; = Y, i.e. both estimators are same.

The estimators Ve , ] =1,2,3 are biased. The bias, M.S.E. and minimum M.S.E. are

derived under large sample approximations upto first order of approximation in the
following theorem.The expressions for Bias and M.S.E. are in fact equal to infinite
Taylor series involving the terms which are functions of a variable. These functions
are approximated to varying degrees by the partial sums of these series. For large
sample size, o(n’l) are negligible, therefore, in the present paper first order
approximation are considered.
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Theorem 1
(i) The proposed estimator Yer,is Y, = \7[1+ e+ P(e3 +ee, — 0, )] 3)
has bias B(Ver, )= My, () (4)
and MS.E M(Jyr,) = Y2 [M,C? +y, ()M, ] ®)

- c, . _
The minimum M.SE.at P =—p2x = Vi M(Te)l,, = (M, - MZpZ)Sj (6)
(ii) The estimator Y., interms of e ,e,,e,is
yrrz = Y7[1"' € + P{ez - e3 +€¢e, — e193 + (02 - ‘94)9263 - 92822 + 94832 }] (7)
with the conditional bias B(V;, )= My, () ®)
and MSE.is  M(J,,,)=Y[MC? + My, ()] ©)
The minimum M.S.E. at p — _p% = Vs [M(Ver, )] = (M, — M3p2)33 (10)
(iii) The estimator Y., is y., =\7[1+ e, + P(e2 +ee, —0,e’ )] (11)
has the conditional bias B(Y ., )=M, v, () (12)
and M.SE. M(J,r,)= MY?[C? +y,(a)] (13)
The minimum M.S.E. at p — _p& = VS [M(Tero)],, = (L p2M,S? (14)
C,
Proof: y  _ Y ;j=1,2,3.
1-all-¢(a)

Substituting the value of ¢ (a) =1,2,3and using the concept of large sample

approximation, we get
_ Y(+e)[(A+fB+C)+Ce] o (1+0e;)
Yeri = =Y (1 )
(A+fB+C)+[afB +(1-a)Ck, (1+6,e,)
Y(+e)[(A+fB+C)+(A+fB, +Ce,]

Voo, = —V(i+e,) 1+6e, +0g,
2 (A+fB+C)+(A+(1-a)fB+aCl, +[afB+(1-a)Ck, Y1+ 6,e,+ 05,
7. = Y(@+e)[(A+fB+C)+Ce,] V(se,) 1+0.,)
F° 7 (A+fB+C)+(afB+(1-a)C, Y (1+06,e,)

Subsequent Taylor’s expansion and ignoring terms of o(n‘l ) and higher order leads to

equation (3), (7) and (11).
Now, taking expectation of both sides of equation (3), (7) and (11), we get

E(ypn *Yi) = Y_E [el + P(e3 + ele3 - gze§ )] = B(yrn):? P(M 2/£ny - QZMZCXZ)

E(ym —\7) :\7[1+ e+ P{e2 —e,+ee,—ee, +(0, — 0,8, — 0, + 0, }]
= B(yFTZ) =-Y PM3(‘92C><2 - prCx)
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E(yFTS _?) :?[:I'+ € + P(ez +€€, — gzezz )] = B(yFT3) = _V PMl(ech - prCx)
Simplifying above three expressions, equations (4), (8) and (12) are obtained.

Squaring both sides of equations (3), (7) and (11), and neglecting terms of e’s having
power greater than two, we have

[(ym —\7)]2 =Y?[e? + P’ +2Peg, [';

[(ym —\7)]2 =Y?2[¢? +2Pee, — 2Pee, + P%e? — 2P%,e, + P% [ ;

[(Ym _?)]z =Y? [912 +P%; + ZPE@Z]2

Now taking expectation on both sides inall the above expressions, we get

M (yFTl) =Y? E[elz + P2e32 + 2Pe1e3] ;

M (V,r,)=Y?E[¢? + 2Pee, — 2Pee, + P%e? — 2P%,e, + P62

M(Vers)=Y 2 E[e? + P%2 + 2Peg, |

Substituting the expectations of e, e, ande, leads to (5), (9) and (13).

Now, differentiating with respect to P and then equating to zero gives
C

dioae Vo
E[M(yl—‘rj);J:]-,z,s]:O = P = —pc_i =V

Substituting the value of P in equations (5), (9) and (13) gives equations (6), (10) and
(14).
where, () = -PY(0,C? - pC,C, ), . (a) = P(PC? +2oC,C,), 6 =—— S,
A+ fB+C

p _dB+(l-a)C _A+B ) A+{l-a)BraC g

> A+fB+C ° A+fB+C " A+ fB+C
P= (91 _92):_(03 _94)'
This completes the Proof.

Remark 2 : Choices of «: The optimality condition P :_p%:_v provides the

equation P=-V = AV + BBV —a)+C(V +a)=0
=a'+a*V-9-f)-a?[8Bv —26-(V +5)f |
+af23V —(5V +4)f —24]-22v +4vf =0 (15)

The equation (15) is a polynomial of degree four and the pair (f,V)can be treated
as known. The four possible roots are denoted by «, , o, a, and «, (some may be

imaginary) for which optimum level of m.s.e. will attain minimum. The following
algorithm yields bias control at the optimum level of m.s.e.

STEP I: Compute ‘B(ypn )a‘ for 1=1,2,34;j=2123. STEP II: For the given

B(yFTj )ai ‘ = i_q"zi’QJB(yij) ‘] . It is thus, observed

;i

values of i, choose a; as
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that for any given pair of values of (v, f)0<V <a; 0< f <1,0ne can generate a
polynomial of degree four for «,, a,, @, and «,so as to achieve the solution
quickly.

Remark 3: The quantity V is stable over moderate length of time which would be
initially known or could be guessed on the basis of the past data [13]. Also, equation
(15) has only «in the power (of order four), whileV and f are known in advance.
Therefore, one can solve the equation (15) in order to obtain optimal values in the
suggested class.

3. Comparisons
3.1. Analytical comparison among the proposed estimators

Using equations (9)-(11), the following identities are obtained:
0 Let D, Z[M (yl——l'l)min ]_[M (yr—‘rz)min ] = (M3 -M, )p285

The estimator Y., is better than y..,, if D,> 0 = r¢( %where f= %

Now, if f = 0 then r¢ gand if f=1thenr{n
Hence, D, > 0 occurs most of the time because r( Ealways.
2

(i) Let D, =[M(Yer) o - [M(TFers )] =(M, =M, )p7S]

The estimator y,,, is better than y,, if D, > 0 = r { nwhich is always true.

(i) Let Dy =[M(Fer, )y - [M(Fers )] =(M, =M )p7S]

The estimator ¥, is better than Y ,, if D, > 0= N >nwhich is always true.
Thus, Vg, is always better than Y., until N =n. Also, y, is better than Yy, .
Therefore, the proposed estimation strategy Y., is preferable over the other two

proposed methods.

3.2. Analytical comparison between proposed estimators and [12] strategy
(IV) Let D4 = [M (t6 )min ]_ [M (yl-—l'l)min ] :(M 2 M 3 )p285 =0
The estimator Y., is better thant,, if D, > 0 _ . ( n )

2—f

(V) Let D5 :[M (tS)min ]_[M (yl:l'Z)min] :(MZ + M3 —Ml)p285 =O
Therefore, both are equally efficient.

(vi) Let D, :[M (te )min]_[M (yFTs )min] =(M1_M3)/3255

The estimator Y., is better thant,, if Dy > 0 = N >n which is always true.
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It thus emerges that the proposed estimators Y., and Y ,are better than the [12]
imputation method and the estimators Y, and t, are equally efficient. It is thus

established that y;, is the best estimator among the other existing and proposed
estimators as discussed above.

4. Almost Unbiased Imputation Methods
In terms of expressions (3), (4) and (5), the bias of YFTJ-; J =1,2,3 could be made

zero up to the first order of approximation. This provides the following three
equations:

—PYM,(6,C? - oC,C,)-0 (16)
—PYM,(6,C?-C,C,)=0 (17)
—PYM,(6,C? - oC,C, )= 0 (18)
Using data from [5], in the above equations, we obtain that either

P=0 (19)
or AV + BV —a)+C(V -1+ a)=0 (20)
Equation (19) provides choice for either a=a'=4 or

a=a;=1915 a=a, =3, =a, =0.014 where the proposed estimators are
almost unbiased. Considering (20) shows polynomial equation in «, values
a =a; =1.9902while the rest of the roots appear to be imaginary which render the
imputed estimator almost unbiased up to the first order of approximation.

5. Empirical Study

To compare the effect of missing data mechanism under the proposed and the existing
imputation strategies the following three populations are considered:

Population A: (Source: [14]). X represents number of students and Y the number
of teachers.

Population B: (Source: [15]) comprises of annual production data X (‘000 times)
and corresponding area Y (‘000 ha.) over the time period of 1950-51 to 2015-16
(N=65).

Population C: (Source: [16]). Data collected by a market research company
consists of N =2376 points of sale for which the sale area Y (in square meters) and the
number of employees X are surveyed.

Using the whole data set, the following statistics are obtained.

POp. N ? )? CY Cx p V

A 923 (Moderate) 436.43 1144050 1.72 1.86 0095 0.88
B 65(Small) 329941 196536.60 0.31 047 099 0.65
C 2376 (Large) 1701.95  40.62 129 235 090 0.49
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A preliminary sample of n units is selected, from the given populations of N units
such thatn= f N, where f denotes the finite sampling fraction being 5% to 25%.
Further, r responding units are subsampled from the sample of n units and then
selected response rate ranging between 5% to 95% are considered.

Percentage Relative Efficiency (P.R.E.) of the proposed imputation methods with
respect to the mean, ratio, compromised, [4] and [12] imputation methods, using
equation (21), are reported in Tables 3-5 for the three data sets respectively.

MSE(t, )

100% = P.R.E.(k,FTj)(j=12,3:k=1,2,...6), (21
MSE(y. ) L00% (k,FTi).(i ), (21)

PRE.(t, Y )=

FTj

Table 3. P.R.E. of the Proposed Imputation Methods w.r.to the known Estimators for 5%-25%
Sampled for Population A.

PRE(2FTj ) PRE(5,FTj)  PRE(6,FTj)

n r f Estimators PREQFTI) =PRE(4,FTj)  PRE(3,FTj)
Vers 104.54 15.46 13.87 94.23 13.86
2 Yer2 753.88 111.52 100.04 679.55 100.00
Vers 1120.14 165.70 148.64 100.90 148.58
Vers 121.19 33.57 32.00 80.67 32.00
9 Yer2 378.68 104.91 100.00 252.08 100.00
Yers 1120.14 310.33 295.86 545.66 295.81
Yert 144.56 59.00 57.47 75.38 57.46
16 Yer2 251.57 102.67 100.01 131.17 100.00
Vera 1120.14 457.16 445.31 584.08 445.27
Vet 179.77 97.30 95.82 84.59 95.82
46 23 005 Yero 187.62 101.54 100.01 88.28 100.00
Yers 1120.14 606.25 597.06 527.06 597.03
Vert 238.84 161.55 160.16 122.97 160.16
30 Yer2 149.13 100.87 100.00 76.78 100.00
Vers 1120.14 757.63 751.16 576.73 751.13
Vers 358.45 291.65 290.46 23531 290.45
37 Yera 12341 100.41 100.00 81.02 100.00
Vers 1120.14 911.38 907.65 735.31 907.64
Yert 729.54 695.29 694.67 654.62 694.67
44 Yer2 105.02 100.09 100.00 94.23 100.00
Yers 1120.14 1067.54 1066.60 1005.09 1066.60
Yert 104.30 15.03 13.61 93.99 13.61
5 Yera 766.44 111.74 100.04 690.68 100.00
Vers 1120.14 163.80 146.24 100.9 145.64
92 0.10 Vet 120.10 32.39 30.82 79.54 30.82
18 Vere 389.73 105.11 100.02 258.11 100.00
Vers 1120.14 300.40 283.98 540.33 287.11
32 Ve 142.33 56.57 55.03 72.98 55.41

Vero 258.66 102.80 100.01 132.64 100.00
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n r f Estimators PRE(L FTj) PRE:(ZF"EE(‘; FTi)  PREQ3 FTj) PRE(FTI)  PRE.FT)
Vers 1120.14 446.34 430.33 573.37 433.29
Vers 175.90 93.09 91.61 80.33 91.60
46 Vero 192.04 101.63 100.01 87.69 100.01
Vers 1120.14 600.02 570.56 581.10 579.33
Vers 232,51 154.66 153.27 115.81 153.26
60 Vers 151.72 100.92 100.01 75.57 100.01
Vers 1120.14 748.33 742.70 595.68 738.02
Vers 348.20 280.50 279.29 223.39 279.28
74 Vero 124.68 100.44 100.01 79.99 100.01
Vers 1120.14 900.66 892.91 721.22 898.45
Vern 716.49 681.08 680.45 639.05 680.45
87 Verz 105.30 100.10 100.01 93.92 100.01
Vers 1120.14 1064.64 1066.66 999.09 1066.65
Vers 104.07 14.95 13.36 93.75 13.35
7 Vero 779.48 111.97 100.04 702.24 100.00
Vers 112015 160.91 143.77 109.16 14371
Vers 119.01 31.20 29.63 78.41 29.63
28 Verz 401.68 105.32 100.02 264.64 100.00
Vers 112015 293.70 278.92 564.36 420.44
Vers 140.08 54,12 52.58 70.57 52.58
48 Verz 266.44 102.94 100.01 134.24 100.00
Vers 112015 432.76 420.48 564.36 420.44
Vern 172.00 88.84 87.35 76.03 87.35
138 69 015 Y., 196.92 101.71 100.01 87.04 100.01
Vers 112015 578.57 568.90 595.12 568.86
Vers 226.08 147.67 146.26 10853 146.26
90 Verz 154.58 10097 100.01 74.21 100.01
Vers 112015 731.63 724.69 600.74 724.66
Vern 337.66 269.03 267.81 211.15 267.80
110 Verz 126.09 100.47 100.01 78.85 100.01
Vers 112015 892.48 888.41 700.47 888.40
Vers 702.52 665.89 665.23 622.40 665.23
131 Vers 105.61 100.10 100.01 93.57 100.01
Vers 1120.15 1061.74 1060.70 992.41 1060.70
Vers 103.83 14.69 13.10 93.52 13.09
9 Vero 793.04 11221 100.04 714.26 100.00
Vers 112015 158.50 14131 108.88 141.25
Vers 117.92 30.01 28.44 77.27 28.44
184 020 ’
37 Vers 414.67 105.55 100.02 271.72 100.00
Vers 112015 285.12 270.19 734.00 270.14
64 Vers 137.82 51.66 50.12 68.15 50.11

Yero 275.02 103.09 100.02 136.00 100.00
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n r f Estimators PRE(L FTj) PRE:(ZF"EE(‘; FTi)  PREQ3 FTj) PRE(FTI)  PRE.FT)

Vers 1120.15 419.87 407.36 553.93 407.32

Vers 168.06 84.56 83.07 71.69 83.06

92 Vero 202.35 101.81 100.01 86.31 100.01
Vers 1120.15 563.58 553.64 477.82 553.60

Vers 219.56 14057 139.16 101.15 139.16

120 Vers 157.79 101.02 100.01 72.69 100.01
Vers 1120.15 717.17 709.97 586.06 709.94

Vet 326.83 257.25 256.01 19857 256.01

147 Verz 127.67 100.49 100.01 77.57 100.01
Vers 1120.15 881.68 877.42 680.56 877.41

Vers 687.54 649.60 648.92 604.56 648.92

175 Vers 105.96 100.11 100.01 93.17 100.01
Vers 1120.15 1058.33 1057.23 984.95 1057.22

Vers 10359 14.43 12.84 93.28 12.83

12 Vero 807.15 112.46 100.04 726.77 100.00
Vers 1120.15 156.07 138.84 108.60 138.78

Vers 116.82 28.82 27.25 76.13 27.24

46 Verz 428.83 105.80 100.02 279.45 100.00
Vers 1120.15 276.36 261.27 529.95 261.22

Vers 13554 49.19 47.64 65.72 47.64

81 Verz 284.54 103.26 100.02 137.96 100.00
Vers 1120.15 406.49 393.74 543.11 393.69

Vers 164.09 80.24 78.74 67.32 78.74

230 115 025 Y., 208.42 101.92 100.01 85.50 100.01
Vers 1120.15 547.74 537,51 559.53 537.48

Vers 212.94 133.37 131.95 93.67 131.95

150 Vers 161.39 101.09 100.01 70.99 100.01
Vers 1120.15 701.59 694.11 592.71 694.09

Vers 315.70 245.14 243.88 185.64 243.88

184 Verz 129.46 100.52 100.01 76.12 100.01
Vers 1120.15 869.81 865.33 658.67 865.32

Vers 671.46 632.10 631.40 585.39 631.40

219 Vers 106.35 100.12 100.01 92.72 100.01
Vers 1120.15 1054.50 1053.32 976.56 1053.32

Table 4. P.R.E. of the Proposed Imputation Methods w.r.to the known Estimators for 5%-25%
Sampled for Population B.

. PRE(2, FTj ) - . .
n r F  Estimators PRELFT)) erew ) PREGFTI)  PREGFT])  PRE(6FT))
Vet 104.90 34.71 6.91 90.46 6.91
3 0 005 Vg, 1517.01 502.00 100.00 1308.16 100.00

Yers 5204.25 1722.16 343.06 4487.76 343.06
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n r  F  Estimators PREQFT)) PRE:(i;RFET;JFTj) PRE(3,FTj) PREG,FTj) PRE(6,FTj)
Vers 123.19 53.25 25.55 72.51 25.55

1 Vero 482.05 208.39 100.00 283.73 100.00
Vers 5204.25 2249.75 1079.60 3063.17 1079.60

Vers 149.68 80.11 52.56 73.43 52.56

L Vers 284.79 152.42 100.00 139.71 100.00
Vers 5204.25 2785.40 1827.39 2553.10 1827.39

Vers 191.50 122,51 95.18 100.44 95.18

2 Vero 201.19 128.71 100.00 105.53 100.00
Vers 5204.25 3329.28 2586.69 2729.63 2586.69

Vers 267.36 199.41 172.50 172.50 172.50

2 Vers 154.99 115.60 100.00 100.00 100.00
Vers 5204.25 3881.60 3357.75 3357.78 3357.75

Ve 447.34 381.86 355.93 360.61 355.93

3 Yera 125.68 107.29 100.00 101.31 100.00
Vers 5204.25 4442.55 4140.87 4195.23 4140.87

Vers 1414.43 1362.27 1341.61 1356.75 1341.61

3 Yera 105.43 101.54 100.00 101.13 100.00
Vers 5204.25 5012.33 4936.31 4992.03 4936.31

Vers 104.64 34.45 6.65 90.20 6.65

0 Vero 1573.02 517.89 100.00 1355.91 100.00
Vers 5204.25 1713.41 330.85 4485.96 330.85

Vers 121.97 52.02 24.32 71.28 24.32

1 Vers 501.61 213.93 100.00 293.14 100.00
Vers 5204.25 2219.60 1037.52 3041.32 1037.52

Vers 147.09 77.49 49.92 70.80 49.92

2 Vers 294.67 155.23 100.00 141.83 100.00
Vers 5204.25 2741.53 1766.16 2505.02 1766.16

Vers 186.77 117.71 90.36 95.62 90.36

7 3 0.10 Vero 206.70 130.27 100.00 105.83 100.00
Vers 5204.25 3279.94 2517.80 2664.51 2517.80

Vers 258.83 190.76 163.80 163.80 163.80

4 Vero 158.01 116.46 100.00 100.00 100.00
Vers 5204.25 3835.62 329357 3293.60 329357

Ve 430.24 364.53 338.51 343.20 338.51

5 Vero 127.10 107.69 100.00 101.39 100.00
Vers 5204.25 4409.43 4094.63 4151.36 4094.63

Vers 1362.36 1309.48 1288.54 1303.89 1288.54

6 Vero 105.73 101.63 100.00 101.19 100.00
Vers 5204.25 5002.25 4922.25 4980.89 4922.25

Vers 104.38 34.19 6.39 89.94 6.39

0 O ops e 1633.63 535.08 100.00 1407.59 100.00
Vers 5204.25 1704.62 318.57 4484.15 318,57

2 Ve 120.76 50.79 23.08 70.05 23.08
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n r  F  Estimators PREQFT)) PRE:(i;RFET;JFTj) PRE(3,FTj) PREG,FTj) PRE(6,FTj)

Vers 523.27 220.08 100.00 303.55 100.00

Vers 5204.25 2188.83 994.56 3019.03 994.56

Vers 14450 74.86 47.27 68.17 47.27

Vers 305.66 158.34 100.00 144.20 100.00
3 Vers 5204.25 2696.05 1702.65 2455.17 1702.65
. 182.03 112.90 85.52 90.79 85.52

5 Vers 212.84 132.01 100.00 106.16 100.00
Vers 5204.25 3227.93 2445.20 2595.87 2445.20

. 250.27 182.08 155.07 155.08 155.07

6 Vero 161.38 117.41 100.00 100.00 100.00
Vers 5204.25 3786.34 3224.76 3224.79 3224.76

Vers 413.02 347.07 320.95 325.66 320.95

8 Vers 128.68 108.14 100.00 101.47 100.00
Vers 5204.25 4373.30 4044.20 4103.50 4044.20
Ve 1308.84 1255.22 1233.99 1249.55 1233.99

9 Vero 106.07 101.72 100.00 101.26 100.00
Vers 5204.25 4991.06 4906.63 4968.52 4906.63

Vers 104.13 33.93 6.13 89.68 6.13

1 Yera 1699.45 553.76 100.00 1463.70 100.00
Vers 5204.25 1695.78 306.23 4482.33 306.23

Vers 119.54 49.56 21.84 68.82 21.84

3 Vero 547.41 226.93 100.00 315.16 100.00
Vers 5204.25 2157.42 950.71 2996.26 950.71

Vers 141.90 72.23 44.63 65.53 44.63

5 Vers 317.96 161.83 100.00 146.84 100.00
Vers 5204.25 2648.85 1636.76 2403.44 1636.76

Ve 177.27 108.08 80.68 85.96 80.68

13 7 0.20 Vero 219.72 133.96 100.00 106.54 100.00
Vers 5204.25 3173.03 2368.56 2523.41 2368.56

. 241,67 173.37 146.32 146.32 146.32

8 Yera 165.17 118.49 100.00 100.00 100.00
Vers 5204.25 3733.37 3150.82 3150.85 3150.82

. 395.67 329.49 303.27 308.00 303.27

10 Vero 130.47 108.64 100.00 101.56 100.00
Vers 5204.25 4333.73 3988.96 4051.09 3988.96
Vers 1253.80 1199.43 1177.90 1193.68 1177.90

12 Vero 106.44 101.83 100.00 101.34 100.00
Vers 5204.25 4978.56 4889.18 4954.69 4889.18

o 103.87 33.67 5.86 89.42 5.86

1 Vera 1771.16 574.10 100.00 1524.85 100.00
16 025 Ve, 5204.25 1686.90 293.83 4480.50 293.83
5 . 118.32 48.32 20.60 67.59 20.60
Vers 574.46 234.60 100.00 328.17 100.00
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n r F Estimators PRE (1, FTj) PRi(éRFET;Z, FTj) PRE@3.FTj) PREGFTj)  PRE(6.FT))
Yers 5204.25 2125.35 905.93 2973.02 905.93
Ve 139.30 69.59 41.98 62.90 41.98
6 Yer2 331.83 165.77 100.00 149.82 100.00
Yers 5204.25 2599.84 1568.35 2349.72 1568.35
Vert 172.51 103.26 75.83 81.11 75.83
8 Yer2 227.50 136.17 100.00 106.96 100.00
Yers 5204.25 3115.00 2287.54 2446.81 2287.54
Vert 233.05 164.63 137.53 137.53 137.53
11 Yer2 169.46 119.70 100.00 100.00 100.00
Yers 5204.25 3676.29 3071.13 3071.16 3071.13
Yert 378.20 311.77 285.47 290.21 285.47
13 Yer2 132.48 109.22 100.00 101.66 100.00
Yers 5204.25 4290.21 3928.19 3993.43 3928.19
Yert 1197.19 1142.04 1120.20 1136.21 1120.20
15 Yero 106.87 101.95 100.00 101.43 100.00
Yers 5204.25 4964.50 4869.55 4939.15 4869.55

Table 5. P.R.E. of the Proposed Imputation Methods w.r.to the known Estimators for 5%-25% Sampled for
Population C.

nor f  Estimators PREQFT) PRE:%R?A)”__”) PRE(3,FTj) PRE(5,FTj) PRE(6,FTj)
Vers 104.01 107.94 2377 88.59 2377

6 Vero 437.50 454.02 100.00 372.64 100.00
Vers 526.32 546.19 120.30 448.29 120.30

Verr 118.41 122.20 40.90 68.36 40.90

24 Vers 289.47 208.75 100.00 167.12 100.00
Vers 526.32 543.17 181.82 303.85 181.82

Verr 137.76 141.38 63.94 7021 63.94

42 Vero 215.46 22111 100.00 100.81 100.00
Viers 526.32 540.12 244.27 268.25 244.27

Vers 165.18 16854 96.57 96.58 96.57

119 59 005 V., 171.05 17453 100.00 100.01 100.00
Vers 526.32 537.01 307.69 307.72 307.69

Vers 207.03 210.00 146.36 152.41 146.36

77 Vers 141.45 143.48 100.00 104.13 100.00
Vers 526.32 533.86 372.09 387.47 372.00

Vers 278.75 281.05 23171 249.75 23171

95 Vers 120.30 121.29 100.00 107.79 100.00
Vers 526.32 530.66 437.50 47157 437.50

Vers 430.07 430,97 411.78 427.36 411.78

113 Vero 104.44 104.66 100.00 103.78 100.00
Vers 526.32 527.41 503.94 523.00 503.94

12 Vern 103.80 107.73 23.53 88.38 23.53
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I f  Estimators PRE(LFT)) PRE:(,ZD‘R?A)’,__“.) PRE(3,FTj) PRE(5FTj) PRE(6,FTj)
238 0.10 Vers 441.24 457.94 100.00 375.66 100.00
Vers 526.32 546.24 119.28 448.09 119.28
Vers 117.48 121.28 39.80 67.31 39.80
48 Vero 295.18 304.73 100.00 169.14 100.00
Vers 526.32 543.35 178.30 30158 178.30
Vers 135.94 139.57 61.77 68.08 61.77
83 EP 220.07 225.94 100.00 110.21 100.00
Vers 526.32 540.37 239.16 26357 239.16
Vers 162.25 165.64 93.08 93.09 93.08
119 Vera 174.31 177.95 100.00 100.01 100.00
Vers 526.32 537.30 301.94 301.97 301.94
Vert 202.75 205.76 141.28 147.40 141.28
154 Yera 143,51 145.64 100.00 104.34 100.00
Vers 526.32 534.13 366.73 382.64 366.73
Vers 273.16 275.51 225.06 243,51 225.06
190 Vero 121.37 122.42 100.00 108.20 100.00
Vers 526.32 530.85 433.64 469.19 433.64
Ver 425.98 426.92 406.92 423.16 406.92
226 Vera 104.68 104.91 100.00 103.99 100.00
Vers 526.32 527.47 502.76 522.83 502.76
Vers 103.59 107.52 23.28 88.16 23.28
18 Vera 445.07 461.95 100.00 378.75 100.00
Vers 526.32 546.29 118.26 447.90 118.26
Vers 116.54 120.35 38.69 66.27 38.69
71 Yera 301.24 311.09 100.00 171.28 100.00
Vers 526.32 54352 174.72 299.26 174.72
Vers 134.11 137.75 59.59 65.92 59.59
125 Vero 225.06 231.18 100.00 110.63 100.00
Vers 526.32 540.63 233.86 258.71 233.86
Ver 159.28 162.69 89.54 89.55 89.54
356 178 0.5 Vera 177.88 181.70 100.00 100.01 100.00
Vers 526.32 537.59 295.87 29591 295.87
Vers 198.36 201.41 136.05 142.26 136.05
232 Vero 145.80 148.04 100.00 104.57 100.00
Vers 526.32 534.41 360.99 377.46 360.99
Vers 267.31 269.72 218.10 236.98 218.10
285 Vera 122.56 123.67 100.00 108.65 100.00
Vers 526.32 531.06 429.43 466.59 429.43
Vers 421.53 42251 401.62 41858 401.62
339 Yera 104.96 105.20 100.00 104.22 100.00
Vers 526.32 52753 501.46 522.63 501.46
Vers 103.38 107.32 23.03 87.94 23.03

475 24 020

Yero 448.98 466.06 100.00 381.91 100.00
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PRE(2, FTj )

I f  Estimators PRE(LFT)) _ PRE(4,T)) PRE(3,FTj) PRE(5FTj) PRE(6,FTj)
Vers 526.32 546.34 117.22 447.70 117.22

Vers 115.61 119.43 37.57 65.21 37.57

95 Yera 307.69 317.86 100.00 17357 100.00
Vers 526.32 543.70 171.05 296.89 171.05

Vers 132.25 135.92 57.38 63.74 57.38

166 EP 230.48 236.87 100.00 111.09 100.00
Vers 526.32 540.90 228.35 253.68 228.35

Vers 156.25 159.69 85.94 85.95 85.94

238 Vera 181.82 185.82 100.00 100.01 100.00
Vers 526.32 537.91 289.47 289,51 289.47

Vert 193.85 196.94 130.68 136.98 130.68

309 Yera 148.34 150.70 100.00 104.82 100.00
Vers 526.32 53471 354.81 371.90 354.81

Vers 261.19 263.66 210.82 230.14 210.82

380 Vero 123.89 125.06 100.00 109.17 100.00
Vers 526.32 531.28 424.81 463.75 424.81

Ver 416.67 417.69 395.83 413.58 395.83

451 Vera 105.26 105.52 100.00 104.48 100.00
Vers 526.32 527.60 500.00 522.42 500.00

Vers 102.84 106.76 22.70 87.44 22.70

30 Vera 332.32 344.99 73.36 282.56 73.36
Vers 365.87 379.83 80.77 311.09 80.77

Vers 112.96 116.73 35.91 63.20 35.91

119 Yera 257.69 266.30 81.92 144.18 81.92
Vers 365.87 378.09 116.31 204.71 116.31

Vers 126.43 130.00 53.48 59.68 53.48

208 Vero 207.31 213.17 87.70 97.86 87.70
Vers 365.87 376.21 154.77 172.71 154.77

Vert 145.23 148.52 78.01 78.02 78.01

594 297 025 Vg, 171.01 174.89 91.86 91.87 91.86
Vers 365.87 374.16 196.53 196.55 196.53

Vers 173.31 176.18 114.64 120.49 114.64

386 Vero 143.61 145.99 95.00 99.85 95.00
Vers 365.87 371.94 242.02 254.37 242.02

Vers 219.79 221.96 175.28 192.35 175.28

475 Yera 122.20 123.41 97.45 106.95 97.45
Vers 365.87 369.50 291.79 320.20 291.79

Vers 311.56 312.37 295.01 309.11 29501

564 Yera 105.00 105.28 99.43 104.18 99.43
Vers 365.87 366.83 346.44 363.00 346.44
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6. Discussion

Based on empirical investigation summarized in Table 3 we conclude that the
proposed estimator Y., performs better than the prevalent contemporary estimators
when the response rate is higher than 50% and continues to gain in efficiency as
response rate increases. At 65% response rate, the relative efficiency gain is observed
as 238.84%, 161.55%, 160.16%, 122.97% and 160.16% which grows to gain further
358.45%, 291.65%, 290.46%, 235.31% and 290.45% at 80% response rate with
respect to the mean, ratio, compromised, [4] and [12] methods of imputation
respectively. The proposed estimator Y., is therefore more suitable for imputing data
in real survey situations where fractional response rate is 65% and higher, which isthe
most common data collection scenario in the real sample surveys observed so far.

As response rate decreases the proposed estimator Y.;,performs better. For
example, if the response rate is 5%, then a gain of 753.88%, 111.52%, 100.04%,
679.55% and 100% (i.e. equal) with respect to mean, ratio, compromised, [4] and [12]
methods of imputation is expected by the proposed method Y, respectively. At
response rate of 35%, the corresponding relative efficiency gains are 251.57%,
102.67%, 100.01% (i.e. equal), 131.17% and 100.00% (i.e. equal) respectively. Hence,
the proposed estimator Y., is suited for imputing missing data in real survey situation
where higher fractions of non-respondents occur.  Relative  Efficiency of the
proposed estimator Y., increases as the response rate in the survey increases (similar
to the behavior exhibited by the proposed estimator ;) except under the mean
method of imputation where relative efficiency of the proposed estimator Y., is
substantially high at 1120.14%. The median gain in efficiency for Y., in comparison
to the prevalent ratio, compromised, [4] and [12] methods of imputation for the
proposed estimator is observed to be 606.25%, 597.09%, 527.06% and 597.03%
respectively at 50% response rate.

Similarly, based on empirical summary from Table 4, we conclude that for the
proposed estimator Y., is more efficient than the other five considered estimators,
when the response rate is higher than 50% and continues to gain in efficiency as
response rate increases. At 65% response rate, the relative efficiency gain is observed
as 267.36%, 199.40%, 172.50%, 172.50% and 172.50% which substantially grows to
gain further 1414.43%, 1362.27%, 1341.61%, 1356.75% and 1341.61% at 95%
response rate with respect to the mean, ratio, compromised, [4] and [12] methods of
imputation respectively.

As response rate decreases the proposed estimator Y., performs better. For
example, if the response rate is 5%, then a gain of 1517.01%, 502.00%, 100.00%,
1308.16% and 100% (i.e. equal) is achieved by the proposed method Y., with respect
to mean, ratio, compromised, [4] and [12] methods of imputation respectively. At
response rate of 35%, the corresponding relative efficiency gains are 284.79%,
152.42%, 100.00% (i.e. equal), 139.71% and 100.00% (i.e. equal) respectively. Hence
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the proposed estimator Y., is suited for imputing missing data in real survey situation
wherehigher fractions of non-respondents occur.

Relative Efficiency of the proposed estimator Y., increases as the response rate
in the survey increases (similar to the behavior exhibited by the proposed
estimator Y ;) except under the mean method of imputation where relative efficiency
of the proposed estimator Y., is substantially high at 5204.25%. The median gain in
efficiency in comparison to the prevalent ratio, compromised, [4] and [12] methods of
imputation for the proposed estimator is observed at 3329.28%, 2586.69%, 2729.63%
and 2586.69% respectively at 50% response rate.

Similarly, from Table 5, the proposed estimator Y. is evidenced to perform
better than the prevalent contemporary estimators when the response rate is higher
than 50% and the gain in efficiency continues as response rate increases. At 65%
response rate, the relative efficiency gain is observed as 207.03%, 210.00%, 146.36%,
152.41% and 146.36% which grows to gain further 430.07%, 430.97%, 411.78%,
427.36% and 411.78% at 95% response rate with respect to the mean, ratio,
compromised, [4] and [12] methods of imputation respectively. The proposed
estimator Y, is therefore more suitable for imputing data in real survey situations
where fractional response rate is 65% and higher, which isthe most common data
collection scenario in the real sample surveys observed so far.

As response rate decreases the proposed estimator Y., performs better. For
example, if the response rate is 5%, then a gain of 430.50%, 454.02%, 100.00%,
372.64% and 100% (i.e. equal) with respect to mean, ratio, compromised, [4] and [12]
methods of imputation respectively. At response rate of 35%, the corresponding
relative efficiency gains are 215.46%, 221.11%, 100.00% (i.e. equal), 109.81% and
100.00% (i.e. equal) respectively. Hence the proposed estimator Y., is suited for
imputing missing data in real survey situation where higher fractions of non-
respondents occur.

Relative Efficiency of the proposed estimator Y., increases as the response rate
in the survey increases (similar to the behavior exhibited by the proposed
estimator Y, ) except under the mean method of imputation where relative efficiency
of the proposed estimator Y., is substantially high at 526.32%. The median gain in
efficiency in comparison to the prevalent ratio, compromised, [4] and [12] methods of
imputation for the proposed estimator is observed at 537.01%, 307.69% and 307.72%
and 307.69 respectively at 50% response rate.

7. Conclusion

Thus, the present work provides threemore efficient alternative imputation strategies
for situations involving higher fraction of non-respondents (Y.,) as well as for the
situations which involve smaller data loss ( ¥, and ¥, ) on the study characteristic in
a bi-variate sample data.The new estimators are formulated by transforming Singh's
Walsh-type estimator to Factor-Type estimators. The proposed estimator y,., shows
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highest improvement in terms of relative efficiency among all the three proposed
estimators. All the three proposed alternative estimators are theoretically as well as
empirically found to have higher PRE and therefore are regarded superior to the
existing mean, ratio, compromised, [4] and [12] methods of imputation respectively.
The present paper is therefore an important contribution for the practitioners in the
area of missing data analysis as it offers improved estimators than the existing ones for
imputing lost or missing data.
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