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Abstract

Let N be a prime T"-near-ring and o be an automorphism on N. In this paper, we prove that if
d is a o-derivation of N such that od = do with d?> = 0, then d = 0. The composition of two
derivations ¢ and t are considered and investigated the conditions that the derivation is a
ot-derivation.
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1. Introduction
A T-near-ring is a triple (N, +, I'), where:

(i) (N, +) is a group (not necessarily abelian),

(ii) T is a non-empty set of binary operations on N such that for each a.el’, (N, +, ) is
a left near-ring.

(iii) xa(yBz) = (xay)Bz, forall x,y,z eNand o, Bel.

Exactly speaking, it is a left I'-near-ring because it satisfies the left distributive law.
We will use the word I'-near-ring to mean left I'-near-ring. For a I'-near-ring N, the set N
={x € N:0ax =0, a € I'} is called the zero-symmetric part of N. A I"-near-ring N is
said to be zero-symmetric if N = No. Throughout this paper, we consider N to be a zero
symmetric left T"-near-ring with center Z(N). The I'-near-ring N is called a prime T"-near-
ring if XCNI'y = {0} with x, yeN implies x = 0 or y = 0. An additive mapping d: N — N is
called a derivation if d(xay) = xad(y) + d(x)ay holds for all X, yeN, aerl.

In ref. [1], Bell and Mason introduced the notion of derivations in near-ring and
obtained basic properties of derivations in near-rings. They also studied some remarkable
results [2]. Afterwards Cho [3] worked on derivations in prime near-rings. In ref. [4],
Kamal studied the characterizations of o-derivations on prime near-rings. Kazaz and
Alkan [5] introduced the notion of two sided a-derivations of a I'-near-ring and obtained
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some generalizations of the works of Argac [6, 7]. Samman [8] studied on an o-
derivations of prime I'-near-rings. He also obtained the composition for a-derivation and
a Posner-type result with this. In refs. [9-11], Dey et. al. worked on derivations and
generalized derivations of I'-rings and TI'-near-rings and obtained some important
properties of these rings. Also Dey and Paul [12] extended the results of near-rings to I'-
near-rings.

In this paper, we define a o-derivation in I'-near-rings. An example of this type of this
derivation is given to ensure its existence. We generalize the results of ref. [13] in I'-near-
rings. One of our results in I'-rings is an analogous version of a well-known result of
Posner for the composition of derivation of rings and near-rings.

2. Prime I'-Near-Rings with o-Derivations

Let N be a I'-near-ring and let o be an automorphism of N. An additive mapping d: N — N
is called a right o-derivation (simply we call o-derivation) if d(xay) = oc(X)ad(y) + d(X)ay
for all x, yeN, aeI'. The composition of derivations of I"-rings is obtained for the case of
I'-near-rings. The existence of such a derivation is ensured by the following example.

Example 2.1. Let J be a I'-near-ring satisfying the condition acbpc = ajbacc which is not
a I'-ring such that (J, +) is abelian. Let M be commutative I"-ring satisfying the condition
asinJ. Take N =J @ M. Then it is clear that N is a I"-near-ring but not a I'-ring. It is seen
that M is an ideal of N and its elements commute with all elements of N. Let ¢ be a
nontrivial automorphism of N and take meM. Define d*,;: N — N by d%,(x) = o(X)am -
xam for all xeN, oel’. Then we shall show that d*, is a o-derivation. For all X,
yeN, Berl,

d’x(xBy) = o(xBy)am - xByam = o(xBy)om - o(x)Byam + c(x)Byam - xByam

= o(x)Bo(y)am - o(x)Byam + yBlo(x)am - max] = o(x)B[o(y)om - yam] + [c(x)am -

max]By

= o(X)Bd*x(y) +d“n(x)By

This shows that

d%n(XBY) = o(X)Bd“x(y) + d“n(X)By for all x, yeN, a, Bel.

Hence d° is a o-derivation.

We begin with the following Lemmas which are more useful to develop our main

results.
Lemma 2.2. Let d be an additive endomorphism of a 2-torsion free I'-near-ring N. Then d
is a o-derivation if and only if d(xay) = d(X)ay + o(x)ad(y) for all x, yeN, a.el.

Proof. By definition, if d is a o-derivation then for all x, yeN, a.eT,
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d(xay) = o(x)ad(y) + d(x)ay. Then d(xa(y +y)) = o(x)ad(y +y) + d(X)aly +y) =

25(x)ad(y) + 2d(x)ary,
and

d(xay + xay) = 2d(xay) = 2(c(x)ad(y) + d(x)ay),
so that

o(x)ad(y) + d(x)ay = d(x)ay + o(x)ad(y).

The proof of the converse statement is similar.

This Lemma indicates an equivalent definition of a c-derivation.
Lemma 2.3. Let d be a o-derivation on a 2-torsion free I'-near-ring N. Then for all x, v,
zeN, a, BeT,

(i) (o(x)ad(y) + d(x)ay)Bz = o(x)ad(y)pz + d(x)aypz.

(i) (d(¥)ay + o(x)ad(y))Bz = d(x)aypz + o(x)ad(y)Bz.
Proof. (i) Letx, y, zeN, a, Bel". Then

d(xa(yBz)) = o(x)ad(yBz) + d(x)a(ypz)

= o(X)a(s(y)Bd(z) + d(y)Bz) + d(x)a(yp2)

= (o(x)ao(y))Bd(z) + o(x)ad(y)pz + d(x)o(yB2)

= o(xay)Bd(z) + o(x)ad(y)Bz + d(x)aypz. @
Also,

d((xay)Bz) = o(xay)Bd(z) + d(xay)Bz

= o(xay)Bd(z) + (c(x)ad(y) + d(x)oy)Bz. )

From (1) and (2), we get

(c(x)ad(y) + d(x)ay)Bz = o(x)ad(y)Bz + d(x)aypz.

(ii) By using Lemma 2.2, we obtain (ii).
Lemma 2.4. Let d be a o-derivation of a 2-torsion free prime I'-near-ring N and let aeN
such that ar'd(x) = 0 (or d(x)T'a = 0) for all xeN. Thena=0o0rd=0.
Proof. For all x, yeN, a, BeT,

0 = apd(xay) = aB(c(x)ad(y) + d(x)ay) = aBo(x)ad(y) + apd(x)ay

= apo(x)ad(y) + 0 = aBo(x)ad(y) = apo(x)ad(y),

since ¢ is an automorphism. Thus al'NI'd(y) = 0. Since N is prime, we geta =0 or d = 0.
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To prove the case when d(x)['a = 0, we need Lemma 2.2. So if d(x)["a = 0 for all xeN,
then for all x, yeN, a, pel’,we have

0 =d(yax)pa = (o(y)ad(x) + d(y)ox)Ba = o(y)ad(x)pa + d(y)oxpa, by Lemma 2.2,

=0 + d(y)axpa = d(y)axpa.

Thus d(y)I'NI'a = 0. By the primeness of N implies thatd = 0 or a = 0.

Theorem 2.5. Let N be a 2-torsion-free prime I'-near-ring. Let d be a o-derivation on N
such that do = od. Then d® = 0 implies d = 0.
Proof. Suppose that d® = 0. Let x, yeN, a.el. Then

d*(xay) = 0 = d(d(xay)) = d(c(x)ad(y) + d(x)ay)

= d(c(x)ad(y)) + d(d(x)ay)

= o’ (\)ad(y) + d(o(x))ad(y) + o(d(x))ad(y) + d*(X)ay

= d(c(x))ad(y) + o(d(x))ad(y)

= 2d(c(x))ad(y).

Hence, 2d(c(x))ad(y) = 0. Since N is 2-torsion-free, we have d(c(x))ad(y) = 0. Since
is onto, we get d(x)ad(y) = 0 and hence by Lemma 2.4, d = 0.

The following theorem displays the commutativity of automorphisms of N and the
derivation which we are considering on N.
Theorem 2.6. Let d be a o-derivation on a I'-near-ring N. Let t be an automorphism of N
which commutes with d. Then (ot)(X)a(dt)(y) = (to)(X)o(td)(y) for all x, yeN, ael.
Proof. Let x, yeN, o, Bel’. Then

(wd)(xay) = t(c(x)ad(y) + d(x)ay) = (ro)(X)a(rd)(y) + (rd)(X)oz(y). @)
and,

(dr)(xay) = d(z(x)a(y)) = (cT)(x)ad(t(y)) + d(z(x))ox(y). 4)
Since dt = 1d, equations (3) and (4) imply that

(or)(X)a(dT)(y) = (to)(X)a(Td)(y).
Theorem 2.7. Let d; be a c-derivation and d, be a t-derivation on a 2-torsion free prime
I'-near-ring N such that d;o = od; and d,t = td,. Then d;d, is a ot-derivation if and only if
d;=0ord,=0.

Proof. Let d,d, be a ot-derivation. For x, yeN, o.el", we have
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(did)(xay) = (oT)(X)ad1da(y) + (dud) (X)ary. ®)
Also,

(d1d2)(xay) = dy(d(xay))

= dy(t(x)adz(y) + dz(x)ary)

= dy(t(x)adz(y)) + di(d2(x)ay)

= (or)(x)ad1dx(y) + (dir)(x)ada(y) + (od2)(x)ads(y) + dida(X)oy (6)
From (5) and (6), we get
(di)(¥)adz(y) + (od;)(X)ads(y) = 0. ()

Replacing x by xBdy(2) in (7), we get

(dit)(xBd2(2))ad(y) + (od,)(xBd(2))ady(y) = 0,

and so,

(td1)(xBd2(2))ada(y) + (od2)(xBd2(z))ads(y) = 0. ®)

Using Lemma 2.2, Eq. (8) becomes

(d1(X)B2(2) + 5 (X)Bcida(2))ada(y) + o(t(x)Bd;’(2) + d2(X)B(2))ad(y) = O,

(101 (x)Brda(2) + To(x)Brdidx(2))ady(y) + (o(x)Bod,*(2) + ody(X)Bodsy(2))ad(y) = 0
©)

Using Theorem 2.5 and the hypothesis, equation (9) becomes

(drt(x)Bdzt(2) + oT(X)Bd(tdx(2)))ad:(y) + (oT(X)Bd,"(c(2) + d2o(x)Bdx(c(2)))ads(y) =

0. (10)

Using Lemma 2.2, Eq. (10) becomes

dit(x)Bdt(2) adz(y) + oT(X)Bc(1da(2))acda(y) + oT(X)B"(c(2))ada(y) +

dx(o(x))Bd(o(2))ady(y) =0,

dit(x)Bdat(2)ada(y) + (o) (X)B(da(tdx(2))adly(y) + do*(o(2))ada(y)) +

dx(o(x))Bd(o(2))ady(y) = 0. 11)

Replacing x by d,(z) in (7), we get

(d17)(d2(2)) ada(y) + (od2)(d2(2))ady(y) = O,

di(tdy(2))ada(y) + d”(c(2))ady(y) = 0. (12)
Since N is zero symmetric, Egs. (11) and (12) imply that
dit(X)adzt(z)Bd2(y) + da(o(x))adz(c(2))Bdu(y) = 0. (13)

Replacing now x by z in (7), we get
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or

(d0)(@)ada(y) + (od2)(z)ads(y) =0,

ody(z)ady(y) = — dy(t(2)) ada(y). (14)
Replacing y by t(z) in (7), we get
(di1)(X)adz(t(2)) + (cd2)(X)ad:(x(2)) = O.

So,

di(t(x))adz(1(2)) = — dz(c(x))ad((2)). (15)
Combining (13), (14) and (15) we get

(= (d2(c(x))ad1((2))))Bda(y) + da(o(X))a(— (di(t(2))Bd2(Y))) = 0. (16)

To simplify notations, we put u = d,(c(x)), v = di(t(2)), and w = d,(y). Then
- (uawv)pw + uo(— vpw) = 0,

= ua(— V)BW + ua(— vpw) =0,

= ua(— V)Bw — uo(vpw) = 0,

= — uavpw — uavpw =0,

= UavBw + uovBw =0,

= ua(2vpw) = 0.

If u=0 (i.e. d; # 0), then by Lemma 2.4, 2vBw = 0, that is, vB(2w) = 0. Again if w = 0

(i.e. dy # 0), then by hypothesis 2w = 0, and then by Lemma 2.4 we have v = 0, that is d; =

0. This shows that if d, = 0 then d; = 0 which completes the proof.

Remarks 2.8. In the above theorem, the composition that N is a 2-torsion free may be

weakened if we do not take the existence of an element y in N such that 2d,(y) = 0. The

same proof will lead to the conclusion that d; = 0.
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