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Abstract

A set SO E is said to be a private edge dominating set,i &n edge dominating set, for

everye] Shas at least one external private neighboE\r5. Let y'pvt(G) and

r' pvt(G) denote the minimum and maximum cardinalities, eetigely, of a private edge
dominating sets in a grafh. In this paper we characterize connected graphafach
F'pvt(G) < @¢/2 and the graph for some upper bounds. The priedige domination
numbers of several classes of graphs are determined
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1. Introduction

LetG = (V, E)be a simple connected graph [1] witiv| =p and E| =q, q= 2. A
setSO E is an edge dominating set if each edgeEins either inS or is adjacent to an
edge inS and is an independent edge dominating set if edfesare independent. The
edge domination numbef(G) is the minimum cardinality among all minimal edge
dominating sets, and”'(G) is the maximum cardinality among all minimal edge
dominating sets of G [2]. The minimum and the maximcardinalities taken over all
maximal independent edge dominating sets ®f is denoted by'(G) andf(G). The
open neighborhood of an edgedenoted\(e), is the seté€’//E:eis adjacent t@} and
the closed neighborhood ef denotedN[e] = {e} O N(e) For el SO E , we define

Pile 9= NE- N S{}le IfR[e §# @ thene is said to be an edge irredundangin
The setSO E is said to be an edge irredundant seRjife § # ®for all ed S.The
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minimum and maximum cardinalities taken over allximal edge irredundant sets of
edges ofG is ir'(G) and IR(G), respectively [2]. IfR,(e, 9= N ¢- N S{}p= " then
the edged is an external edge private neighborof

An edge subse§ in a graphG is said to be perfect edge dominating se®irif each
edge of the complementary gragh S of S in G is adjacent to exactly one edge $
The minimum cardinality among the perfect edge dhating sets in a graghis denoted
by Yo(G). A set SO E is said to be a private edge dominating set ,i§ ian edge
dominating set, everye S has at least one external private neighboE\i$ .The
minimum and maximum cardinalities taken over ptivate edge dominating sets in a
graphG is called a private edge domination numb@'rﬁvt(e) and r’pvt(G) . It can be
observed that the minimum cardinality of a privdieminating set is always equal to
yY(G). For a real numbex, |x| denotes the largest integer not greater thanand [X]
denotes the smallest integer not less tkaAn edge dominating s&is a minimal edge
dominating set if no proper subs&t/Sis an edge dominating set. An edge dominating
setSis a maximal edge dominating set if no super sud%es is an edge dominating set.
The degree of an edge= uv is defined to be dedg(+deg{)-2.

The notion of private dominating set has been thioed as a concept by Bollobas and
Cockayane [3] . Further studied by B.J Prasad dhfbk In this paper we carried out
private domination number for edge set of a gré$o we characterize certain properties
of private edge domination number, and we obtaitain bounds and connection with
other edge domination related parameters.

2. Some Basic Results
Theorem (Existence Theorem)

2.1: A graph G, without isolated edges angl> 2 has a minimum edge dominating set
which is also a private edge dominating set.

Proof. Let Sbe ay(G) set for which the number of edges S > having an open
private edge neighbor is maximum. If an edge/S does not have an open private edge
neighbor, then it must be isolated<i® >Since G has no isolated edge,’ must be
adjacent at least one edge sdyn E\S. But in this cas&{e'} O {e""} is a minimum
edge dominating set, in which an eddé éias an edge' eas an open private edge
neighbor, contradiction to the minimality of a nuentof edges inS having an open
private edge neighbor. Thumust be a Private edge dominating set. O

Observations 2.2:
1. Forany grapks, y(G) < ' p1(G) .

. ' P
2. For any complete graplhp with p=3 T ovt(G) = EJ .

3. For any pat,, , r’pvt(G) = EJ
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4. For any bipartite graph complete gragh, , m,nz 2 , r' pvt(G) = max{m, r} .

5. For any graplG , 1< I"pvt(G) < EJ

6. For any grapts , r'pvt(G)s r'eG) < IR(G).
Theorem 2.3: For any connected graph G, | S/|(6), thenT’ p\,t(G) < el%Sd(e).
Proof. Let S be al"pvt(G) set of a graphG .Suppose, O S there exist an edge
e, 0 E\ S, satisfyingN(e,) n S={ ¢ . ThenE\' S is a dominating set ofS.

Y(G) < |E\S| < q- T p(G) €N
i < > -

Also we have in ref. [4]H(G)\ Y(G) < el%Sd(e), Y(G) = ¢ e%Sd(e)

Now from (1)q - e%sd(e)s q-r' ovt(G) - Thereforer'pvt(G) se%Sd(e) O

Theorem 2.4: Every minimal private edge dominating set is edgminating and edge
irredundant

Proof. Let G be a graphSbe a minimal private edge dominating seGofwhich implies
that every element of contains at least one external private edge neigfibis impliesSis
edge irredundant. O

Remark 2.5. Converse of the Theorem 2.4 is not true

Fig. 1.

In Fig.1 S={g, &, g § g isedge irredundant and edge dominating, but not
private edge dominating set.

Theorem 2.6: Every minimal private edge dominating set is maliinredundant edge
set of G.

Proof. Assume that S is a minimal private edge dominating set. To shbat Sis a
maximal edge irredundant set 6f. Suppose it is not true, that is$f is not a maximal
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iredundant edge set, there must exist angdgeE\ S for whichSO{ g} is irredundant. This
means in particular tha®,[g, SO{ §] # @ . i.e there exists at least one edgewhich is a
private edge neighbor & with respect toS1{ g} .But this means that no edgeSis adjacent

to e,, that is S is not a dominating set. This contradicts ti&tis edge dominating

set. |
Remark 2.7: But the converse of the Theorem 2.6 is not.true

e ey
e eg
e3 es €9
Bz €10
€s e11
Fig.2

In Fig.2S={e, g ¢ ¢ is a maximal edge irredundant set not minimalgigvedge
dominating set.

Theorem 2.8: For everyl”’ pvt(G) -set is a minimal edge dominating set.

Proof.. Let S be T’ pvt(G) a set of a grap@ . Then every edge i8 has an external private

edge neighbor ifE \ S. HenceS is a minimal edge dominating set®f. O
Remark 2.9: The converse of the Theorem 2.8 is not true.

€3 Cs

€] o &
€

Fig. 3

In Fig.3 S={g, g e is a minimal edge dominating set but not a privatge
dominating set.

3. Boundsfor Private Edge Domination Number

Theorem 3.1: For any tred , r'pvt(G) < g- A" Equality holds for wounded spider
and star graphs.
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Proof. Let € be any edge having maximum degfEen a treel . Let S be maximum
private edge dominating set 6f Suppose? O S If all the edges adjacent tg are in
E\ S then we are through. Otherwise if some of its hleay is inS the corresponding to
each one of them there will be at least one ed@e ® and hence the theorem follows.

Hence in these caf® g > A’ Further suppose’ enot in S, in this case for each
e”[7 N(¢) O S then there exits an external private neighboES. Hence|E\g > A’ .
It is easy to see that the equality holds for wathspider and star graphs.]
Theorem 3.2: Let Sbhearl’ p\,t(G) set of a graplG , for any edgeO S,
M pvt(G) < q- deg(e)
Proof. LetShe I"pvt(G) -set of G. Let the degree ok be k,. Assume thateis

adjacent t edges in S, then the edgeis adjacent t&, -k edges inE\S .
If k>0, then each neighbor of in Smust have an external private neighbor in
E\S, and these edges must be distinct and\Es«ﬂz(li— R+ k= d g Therefore

M pvt(G) < q- dege)
Ifk=0,then|E\g = k = d ¢ Hencel"pvt(G) < q- degg O

Remark 3.3: It is easy to see that equality holds for woundedes and star graphs.

Theorem 3.4: For a graplG, an edge dominating s&and its complemenE\ S are

q

private edge dominating set @& if and only if I’ p\,t(G) =3

Proof. Clearly [E| is evenS is a ' ;,4(G) set such thafs =g. This implies that

|E\Y :% , foreveryeO S there exists a unique ed@é//E\S adjacent tee and hence
|E\Y also a private edge dominating set & . Conversely suppos& and E\ Sare
private edge dominating set®f, then|s| sg and |E\Y < % If | <g then|E\Y >% ,
which implies thatE\ Sis not a private edge dominating set, a contragictHence
s=3- 0
Remark 3.5: If G has odd number of edges, then both edge dominagtgyand its

complement cannot be private edge dominating s& of

Theorem 3.6: Let G be a graph, suppose a minimal edge dominating s&ta graph
G is a perfect edge dominating set, then it is alpoivate edge dominating set®f
Proof . Let S be a minimal edge dominating set &f, which is also a perfect edge

dominating set ofG . If an edgee[] S is adjacent to an edgg 0 E\ S, then it will be an
external private neighbor o otherwise e will be adjacent to at least one edge other
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thane, O E\ S,which is a contradiction to the definition of pert edge dominating set.

Also if e0 S is adjacent to no edgein\ S , thenE\{é is an edge dominating set Gf,
which is a contradiction to the minimality. O

Remark 3.7: Converse of the Theorem 3.6 is not true.

€10

€ o & . ¢ €11
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Cg
€3 e
©7 €14

Fig. 4

In Fig. 4,S = {e, &, &1, 44 is a minimal edge dominating set and privateeedg
dominating set but not perfect.

Theorem 3.8: Let S be a perfect edge dominating set of a gr&pls is a private edge
dominating set oG if and only ifE\ S is edge dominating set & .

Proof. Let S be a perfect edge dominating set of a g@phAssume thas is a private
edge dominating set d&,S is a minimal edge dominating set 6f. ThereforeE\ S is
edge dominating set &f.Conversely suppose the\ Sis an edge dominating set
of G ,since S is a perfect edge dominating setof so every edge ifE\ S is adjacent to
unique element i8,and every edge i1$ is adjacent to at least one edgelni S .Hence
every edge inE\'S is a private edge neighbor of a edgeSnSo S is a private edge
dominating set ofG . O

Remark 3.9: If we delete perfect, Theorem 3.8 does not nedxbtivue.
Theorem 3.10: For any connected grap®, r’pvt(G) < r'@) , wherer'(G) is the

upper domination number.[2].
Theorem 3.11: For any connected gragh, r'pvt(G) + 7'(G) < «q.

Proof. Let S be a minimal private edge dominating set with mmaxi cardinality. Then
E\'S is an edge dominating set. Hence |&2SY, theng - |S| = ¥ O

Theorem 3.12: For any connected gragh, I"pvt(G) :g , then r'pvt(G) = ')

' _q ' q ;
Proof. Assume thatrl pvt(G) =5 also pvt(G) < 5" But by the observation
r'pvt(G)s r'eG), g < I'(G). This implies thatg <T'(G) < g Thereforer'pvt(G)
_ a4 _ ~
=5 =10 O
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Remark 3.13: The converse of the Theorem 3.12 needs not be true.

€ ~ €3
&7 $10
€ 9 €4
A
€6 s

Fig. 5

InFig. 5 S = {e, &, &}, r’pvt(G) = r'(G) which is not equal t(%.

Theorem 3.14: For every connected graph, if the edge perfect domination number is

g thenyo(G) = I () = T'(G) .

Proof. Let G be a connected graph , I& be a perfect edge dominating set , such
that/s| :% By the definition of perfect dominating spt(e) n $=1, for all eJE\' S
which implies thatS is an private edge dominating set Wiﬁj:%. Always gs S|

< ' pu(@) ST'(©) < 5, Ve(G) = I py(©) = r'(G). O
Remark 3.15: The converse of the Theorem 3.14 is not.true

In a triangle graps(G) = I"pvt(G) = '(G)=1, but y(G) is not equal tog .

Theorem 3.16: For any connected gragh, S be ar'pvt(G) set, Y(G) + r'pvt(G) =q

if and only if E\ S is a minimum edge dominating set .

Proof. The result is obviously true.

Theorem 3.17: For any connected gragh, let S be a r'pvt(G) set. If E\S is a
minimum edge dominating set, thﬁhpvt(G) = r'G) =IR (G) = g

Proof. Let|S| :I"pvt(G) ,also g- r'pvt(G) =y(G) thenq = y(G) + r'pvt(G) . We
show thatr'pvt(G) = g Supposel"pvt(G) < g which implies that Y(G)

>% which is a contradiction. Hendfépvt(G) =r'@G) =IR (G) = O

Na

Remark 3.18: The converse of the Theorem3.17 is not true.
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€
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Fig. 6

In Fig. 6S = {g;, &, &, &} satisfying r'pvt(G) = r'eG) =IR (G) = but E\ Sis

not a minimum Edge dominating set.

Nla

Theorem 3.19: For any connected gragh, She ayp(G) set, thenE\ S is a minimum
edge dominating set if and only if5(G) = I ,4(G) = I'(G) =IR'(G) = g .

Proof. Let G be any connected graphS be a yp(G) -set which implies that
IN(e) n §=1, for all eD E\' S . Assume thatE\ S is a minimum edge dominating set ,

since S be ayp(G) set which is dominating ant(e) n $=1, for all e E\' S which
impliesSis a minimum edge dominating set, &Pﬁ()e’, 9=1 foral €0 S . Therefore

every edge inE\ S is adjacent to exactly one edgeSirand every edge ir is adjacent

to at least one edge i\ S.SothaiN(e) n $=1, for all eJE\' S . Hencey(G) = g =

r'pvt(G) . Conversely assume thas(G) = r'pvt(G) =r'@G) =IR (G) = % so that

every edge inS is adjacent with exactly one edgeBhS. This implies E\S is a
minimum edge dominating set. O

Theorem 3.20: For anyC,,, , B(G) = r'pvt(G) =r'G) =IR (G) =

Nla

Theorem 3.21: For any connected Tre& <3and if, S(G) = I"pvt(G) , then yx(G)

< F'pvt(G)
Proof. Let S be ar'pvt(G) set. (ChooseS in such a way thak S> has minimum

number of edges). LetF be the set which contains external private neightfo
S.LetX denote the edges which are neitheSinnor inF -but in E\ S.

So thatE| =|9 +| H+| X 1)
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Case (i) |X| = @.

Thereforgg| =|9 +| Hwhich implies every edge ® is adjacent to at least one
external private neighbo[N(e) n $=1, for all eD E\ S

Suppose\N(e) n S:t 1, then e is not a private neighbor of any elemensin This
X|# ®, [N(e) n 3=1, for all edE\ S So thaSis also a perfect edge

implieseO X,
dominating set,ys(G) <[9=T" pvt(G) -

Case (i) |X| # @

Let e’ 7JE\Swhich impliese’ /7E\S Therefore|N(¢) n § # 1, impIies‘N(e') n #s 2,
since ¢ is adjacent to at least two elements $y also A < 3impliesN(¢) n §=2.
Lete, e, 0 Swhich are adjacent with e’. By the definition of S, e has one external

private neighbor and e,have exactly one external private neighbor, so that e’ is
adjacent with four edges ,two of them belongs to S and two of them belongs B\ S .
Alsoe, ande, have at least one external private neighbor. So thande, are not
adjacent with any element ) also A <3. Suppose if they are belongs3p then
e ande, does not have any external private neighbor, Al&8) > r' pvt(G) which gives

a contradiction. InS, we eliminate, ande, and adce’ , we get a perfect graph which is
S| < |S] . Also all elements Bl with the condition that [N(€)S'|=1 for all €1 E\S'.
Hence yp(G) < F'pvt(G). O

Theorem 3.22: Ina (p,q) connected grapp=3, I’ pvt(G) <p-2.

Proof. Let |S| = k be a minimal edge private dominating set with nmaxn cardinality.
Suppose k > p—-2notice that no edge iiscan have both of its end points adjacent to a
line isS, for such edge cannot have proper neighbor. Hé&mee=dges inSform a sub
graph of G, which is a union of star graphs.

SupposeS containsk’ edges which are independen8in Since each edge which is
not independent isS has at least one proper neighbor. The total nurobg@oints in a
graphis at leasti?+ (k—K) + 2 if kK < k, 2+ 2if k =k. Therefore

2k'+k+ 2if K<k
p> .
3k+2 if k'=k

So thatp = k+2 as p = 2. Thus we have a contradiction in both cases. O

Theorem 3.23: For any connected grap with m vertices I’ pvt(G 0G)< mn-2,

whereG' = C, or P,.
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Proof. Let G be a graph withm vertices ands’ be also a graph with vertices. Then
m(m-1)

G 0 G has p = mn+ n vertices andq < +mn

Suppos&={g, & §.., g8 be a maximal edge private dominating set with

maximum cardinality.
Supposek > mn-2, notice that no edge i§ can have both of its end points adjacent

to an edge inS_for such line cannot have a proper neighbor. Hehedine in S form a
sub graph ofG which is a union of star graphs. Thus the numlbeedices in the graph

GoGis at leasgk + 2, alwaysk 2 m_
p=k+ k+2,, impliesp= m+ k+2,, implies p= mn-2+ m+ 2, p= mn+ m which is
a contradiction. |

Theorem 3.24: For any connected graph with m vertices, therf'pvt(G °oKy)=m

Proof. Let G be a graph withm vertices, ands be also a graph with vertices. Then

G oG has p=3m vertices andq < @+3m SupposeS={g, &, &§.., g} bea

maximal edge private dominating set with maximumdglity. Supposek > m
The number of edges in a given graph is at lezkst 2.

g=3k+2>2k+ 2,g> 2k+ 2,0> 2(k+ 1), 2n
m(m- 1)
2
m(n;— 1) S
m(m- 1)
2

+ 3m > 2m
-m
= m<

-m

1 L. .
=1< , (m= 2), which is a contradiction. O

Observation 3.25: Let 1, 2, 3 andL, 2,3,.n be the vertices oR;, andP, respectively.

Choose nx= 3, then the edges of; xR denoted by, and ¢, wherei=123,
i=14,2,3n-11=223.nm=12

Fork, xR graph, consideB rows andn columns .Let as consider the column edges

by ¢, and the row edges by ,.

Im
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Theorem 3.26: For anyR, x P, graph ,n>3 , then

5 g if n= 0mod(3)

] n PR
r pvt(G) < Etgj + 1 if n=1mod(3)

%ng if n=2mod(3)

Proof. Let us consider the ses={cg|_2,1, Ci22G 1 G ARy o 1= 1,2,3,..%

(I should be an integer)}

Case (i) n=0mod(3)

We considers, = S, and we notice tha%(e, S % ®. That is every edge ir8 have at
least one external private neighbor .Which is alse maximal. Since if we add one edge
from E\'S, then some of its elements i do not have external private neighbor. So

that isS, maximal

To show thag, is maximal Notice that every edge B have almos2external private
n

neighbor. Ands =s55. The given graph=0mod(3), here gedges has exactly two

. . . ..n .
external private neighbor and the remainifig edges has exactly one external private

neighbor. If we delete one edge from the%e edges and add at least two edges
fromE\ S , then the resultant graph has cardinaljy-1 but at least four edges of this
set does not have any external private neighbberdfore S, is maximum. Hence

' _en

r pVt(G) = 53 if n= 0mod(3)
Case (i) n=1mod(3)
We considers, = sm{ &n,l} . Clearlys, is maximal , and notice that every edgeSphas

almost two external private neighbor . The giveapgr isn =1mod(3) anngu edges

have exactly two external private neighbor at{dg‘» J edges have exactly one external

private neighbor. If we delete at least one edgenfEJu edges and add at least two
edges fromE\ S, then the resultant graph contains at least fogegdioes not have any

external private neighbor. Theref@g is maximum. Hence
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ﬂpw@)=%gJ+J.Wnslmmw)

Case (iii) n=2mod(3)
Chooses,; = SD{RZM, erllvqu’}. This is clearly maximal. Also notice that everygedn

S, has almost two external private neighbor. The gigeaph isn = 2mod(3)andEJ+1
edges have exactly two external private neighbat a{r’%} 2 edges have exactly one

external private neighbor. If we delete one edgentngJ +1 set of edges , and add at least

two edges fronk\ S; ,the resulting graph contains at least four grdpls not contains

any external private neighbor. There f@gis maximum. Hence

[ _ n . -
r pvt(G) = 5{3J+ 3 if n= 2mod(3) O

. ] _ ! _q
Theorem 3.29:  For any complete grapk, , .n=2 thenl pvt(G) =M (G) = 5

Proof. The vertex of V is partitioned into two setsv, and V,

every vertices irv, and v, is adjacent to every vertar V, . The given graplzontainsn

edges, choose = {u1 Vi, Up v, ,lm} , F‘ = %- By one maximality every edge iR

is adjacent to exactly one edge i\ F. Therefore every edge iF have exactly one
external private neighbor.

] _ ! _ q
Hencer IOVt(G) = (G) = 5 O
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