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Abstract
A graph G = (p,q) with p vertices andy edges is called a mean graph if there is an
injective functionf that maps/(G) to {0123...,g} such that for each edge, is labeled
with w it f(u)+ f(v) iseven anw if f(u)+ f(v) is odd.

Then the resulting edge labels are distinct. Is gaper, we prove some general theorems
on mean graphs and show that the gr:ﬂpbsnm(+)|(7n, Jewel graply_, Jelly fish graph

(JF)nandKrf + 2P, are mean graphs.
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1. Introduction

By a graph we mean a finite, simple and undireoteel The vertex set and the edge set of
a graphG are denoted by(G) andE(G) respectively. The disjoint union ofn copies of
the graphG is denoted bynG. The union of two graph§; andG, is the graphG; 00 G,
with V(Gl O Gz) =V (Gl) aov (Gz) andE (Gl O Gz) = E(Gl) O E(Gz) . A vertex of
degree one is called a pendant vertex. Get (p,q) be a mean graph withverticesand

g edges and letbe a vertex with labeaj and let one of the mean labelings®&atisfy
the following: Ifqgis odd (even) and all the labels of the verticéiéctv are adjacent to

are even (odd), then we call this mean labelingxais mean labeling [4] and the graph

as extra mean graph.
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The Jewel graply_ is a graph with vertex s&t(J,) = {u,x,v,y,u, :1<i<n} and edge
sete(J,,) ={ux,vx,uy,vy,Xy,uu,,vu, :1<i <n}. The graph Jelly fislir) has 21 vertices
and 2+1 edges with vertex S&t((JF),) ={uv,u, v, lsisnls< j<n-2} and edge set
E((JF),) ={uu, :1<i<n} O{w, 1<i<n-2} O{uu,,vuwu,}. Terms and notations not
defined here are used in the sense of Harary [1].

The concept of mean labeling was introduced by Som@aram and Ponraj [2] and
further studied by the same authors in [3]. Motebby the work of the above authors, we
have established the mean labeling of some stargfagghs in [4,5]. In this paper we
extend our study to establish the mean labelingesmiore graphs like Jewel graph and
Jelly fish graph(JF),, .

2. Mean Graphs

Remark 2.1: For any mean grapB, 0,q-1 and gmust be the vertex labels. Either 1 or 2

must be a vertex labeling, a vertex of lalget 1 is adjacent with a vertex of laligdnd a
vertex of label 0 is adjacent with a vertex of laber 2.

Theorem 2. 2: LetG, = (p,,q,) be a mean graph with mean labelfrand lete = xu be an
edge with f(x)=q,-1and f(u)=gq,. LetG, =(p,,q,)be a mean graph with mean
labeling g and lete'=yv be an edge withg(y) =0 andg)=1 (or2). If G is a graph
obtained by joining the vertexwith y andu with v by an edge, the@ is a mean graph.

Proof: Add the numberq, +2to all the vertex labels of the gramh,.Then the vertex

labels of ,remain distinct and the edge labelsg)f are increased by}, +2.That is the
edge labels ofG,are g, +3q,+4...,g,+q,+2. Now the label of the edgey is

[ql _1;q1 * 21 = Fql;ﬂ =g, +1- Also the label of the edgev is [ql th ﬁﬂ =q,+2

if g(v)=1 and the label of the edgev is [ql G +41 =q +2 if g(v)=2 Hence
2

the edge labels of the graghare 1, 2, 3,.. g, + g, + 2 and the vertex labels & are also
distinct. This completes the proof.

Example2.3: Let G, = P, andG, = S(K,,) -The mean labeling &, andG,are given
below.
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The mean graph obtained by the above construaigiven in Fig. 1.

10

Fig. 1

Theorem 2.4: LetG, = (p,,q,) be a mean graph with mean labelifignd let€ = UX be
an edge withf (x) =g, -1and f (u) = g, and letg,=(p,,q,) be a mean graph with mean
labeling g and let €=Vy be an edge withg(y)=0 and g(v) =1. If G is a graph

obtained by identifying the edg€' with the edge € (that is identifyingu with v andx
with y), thenG is a mean graph.

Proof: Let V(G)={uxu 1sisp -2} and V(G,)={v,y,v :1<i<p,-2}.
ThenV(G) ={u=v,x=y,u,v, :1<i< p, - 21< j < p, -2} . ClearlyG hasp, + p, -2
vertices andg, +, —1 edges.

f(w) if wOV(G)
gw)+q -1 if wOV(G,)
Here h(u) =h(v) =g, and h(x) =h(y) =g, —1. Since G,and G,are mean graphs

Defineh:V(G) -~ {0123...,q; + 0, —1} by h(w) ={

and the vertex labels db, are increased by}, —1, the vertex labels o6 are distinct.
The edge labels of the grapB underh are 123...,q, and the edge labels db,
(except€') underh areq, +1,q, + 2...,0, +q, —1. HenceG is a mean graph.

Example 25 Let G, =C, and G, =P,.The mean labeling of5, and G,are given
below.
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The mean graph obtained by the above construdigiven Fig. 2.
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Fig. 2

Theorem 2.6: LetG, = (p,,q,) be an extra mean graph with an extra mean labélargi
let €= XU be an edge withf (x)=q, -1and f(u)=q,- LetG, = (p,,q,) be a mean graph
with mean labelingy and let€'= yv be an edge withy(y) =0 and g(v) = 2. The graph

G obtained by identifying the edg@ with the edge € (that is identifyingx with y andu
with v), thenG is a mean graph.

Proof: Let V(Gy) ={u,x,uj :1<i<pp -2} and V(G,)={v,y,v, :1<i<p,-2}. Then
V(G)={u=v,x=y,u v, lsi< p -21< < p,-2}. ClearlyG has p, + p, —2 vertices
and g, +Q, —1 edges.

Defineh:V(G) - {0123..9,+q, -1} by h(u)=q,+1% h(x)=q, -1
h(u)=f(u) forl<si<p -2 andh(vj) =g(v;)+q, -1 for 1< j<p,-2

Since G, is a mean graph, the vertex labels®f underh are remain distinct and
h(V(G,)) O {012...,.g, —1,q, +1} . Since the label of the vertices ¥i(G,) { y, \} are
increased byg, —land G,is a mean graph, the labels of the vertice¥ ¢G,) —{ y; \}
are distinct. Alsoh(V(G,)<{y,\}) 0{q,;,q; + 2...,0, + 0, -1} . The edge labels of the
graphG,, except the edges incident with underh remain distinct. Sinc€, is an extra
mean graph with mean labeliigfor each vertexv incident withu in Gy, f(u) and
f (W) are of opposite parity. Therefore the induced degel undef is

f* (uw) :{ f(u)+ f(W)—‘ _Gt fw)+1 = k,an integer. Also,

2 2
h*(uw){h(uih(vv)} G

Hence, the induced edge labels Gf underh are 123...,0, and the edge labels of
G, (excep€') underh areg +1,q,+2 ... +q -1 HenceG is a mean graph.

Example2.7: Let G, =C, andG, =C,. The extra mean labeling @, and a mean
labeling of G, are given below.



P. Jeyanthi and R. Ramya,, J. Sci. Res. 5 (2), 265-273 (2013)

3 4

The mean graph obtained by the above construaigiven in Fig. 3.
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Fig. 3

Theorem 2.8: The Jewel graphl ,is an extra mean graph.

269

Proof: Let v(J,) = {u,x,v,y,u, :1<i<n} andE(J,) = {ux,vx,uy, vy, Xy,uu,,w, :1<i <n}.
Then J hasn+4 vertices and2n+5 edges. Definef :V(J,) - {012...2n+5} as

follows:
f(uy=0;f(v)=2n+5;f(x)=2; f(y)=2n+4;f(u)=2i+2 for 1<i<n.

For each vertex labef , the induced edge labdl* is defined as follows:

f*(uu)=i+lforl<i<n;f*(w,)=n+i+4 forl<i<n;
frux)=Lf*(uy)=n+2 f*(xv)=n+4;f*(vwy)=2n+5;
f*(xy)=n+3.

Clearly f is a mean labeling @&. Moreoverq is odd and all the vertices which are

adjacent to the vertex labelgdire even. Thus; is an extra mean graph.

Example 2.9: The mean labeling of]; is given in Fig. 4.
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Fig. 4

Theorem 2.10: Let G = P, (+)K,, be the graph with the vertex set
V(G) ={u;,v; :1si<m, 1< j<n} and the edge set

E(G) ={uu,,uv,,u,v, :1si<sm-landl<j< n}. ThenGis a mean graph.

Proof: LetV(G) ={u;,v; :1<isml<j<n}.
Define f :V(G) — {012....m+2n-1} as follows:
f()=0

on+2i -3 for Zsis{m;ﬂ
f(u) = and

2n+2+2(m-i) for [m;]'—l+1si <m

fv)=2j for 1< j<n.Thenf(V(G)) = {024...2n2n+12n+2...2n+m~1}.
For each vertex labef , the induced edge labdl* is defined as follows:

fr(uv,)=] for 1< j<n, f*(uu,) ={2n2+1—l= n+1,

f*(umvj){w—lznﬂﬂ for 1< j<n,
f*(uiuiﬂ)=Fn+2'_3;2”+2'_11:2n+2i—2 f0r25is{m2+111
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f*(uiui+1)=[2n+2+2(m_|)+22n+2+2(m_'_l)—l=2n+2(m—i)+1 for
[mzﬂ'—‘+1si <m-1- Now{f*(e):edEG)} = {1,23....m+2n-1}.

It can be verified thatf is a mean labeling @. HenceG is a mean graph.

Example 2.11: The mean labeling o|f>9(+)K75 is given in Fig. 5.
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Fig. 5
Theorem 2.12: The graph Jelly fishigr), is a mean graph.

Proof: LetV((JF),) ={u,v,u,,v; :1si<nl< j<n-2} and
E((JF),) ={uy; :1<i<n} O{w; 1< j<n-2} O{uu,,vuvu} -

Definef :V((JF),) - {012...2n+1} as follows:

f(u)=0; f(u)=2 forl<i<n;f(v)=2n+1;f(v;)=2j+3 for
l<j<n-2.

For each vertex labef , the induced edge labdl* is defined as follows:

f*(uu)=i forl<i<n, f*(w,)=n+j+2forl< j<n-2;

f*(ulun)=[2n+2 2n+3—l=n+21f*(vun):[4n+1

—‘=n+1,f*(vu1)={ —‘:2n+1-

Therefore{f * (e):eOEG)} = {1,23....n,n+1n+ 2....2n,2n +1}.
It can be verified thatf is a mean labeling qfjF), and hencggr) is a mean graph.

Example 2.13: The mean labeling of JF), is given in Fig. 6.
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Fig. 6

Theorem 2.14: Let G be a mean tree wit{i(G) ={V},V,,.. ¥ } and letG' be a copy of5
and with V(G') = {v; 'V, YN Then the graphg® obtained by joining the vertex

V, with V" by an edge for alL<i < p,is a mean graph.

Proof: Let f be a mean labeling d&. Clearlyv(G™)=Vv(G)OV(G'). Add the number
2p-1 to the label of the verticeg," for 1<i < p. Then the vertex labels of the graph
G' remain distinct and the edge labels®@fare increased bgp-1. SinceG is a tree,
f(V(G)) = {01,23...,p-1} and the edge labels Gfare 123...,p—1. Also the induced
edge labels of G' are 2p,2p+1,2p+ 2...3p—2. For eachi =1 t0 n, the label of

the edgey v * is { fv)+ f(;/i)+2p_ﬂ = f(v,)+ p. Therefore the induced edge labels of

V;v," for 1<i < parep,p+1 p+ 2..2p-1. Thus G is a mean graph.

Example 2.15: Let G be a Comb obtained from the path The mean labeling of™)is
givenin Fig. 7.

Theorem 2.16: The graphk © + 2p,is @ mean graph for all n.
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Proof: Letv(K ) ={u,,u,,u,,....u,} - LetV (2R,) ={u,v,w x y, z and
E@2R) ={uv,vw,xy, yz} .
Define f :V(K,°+2P,) - {012...,=6n+4} as follows:
f(u) =2 f(v)=0;
f(w) =4, f(u)=5+6(-1 for 1<i<n,
f(x)=6n+1 f(y)=6n+4, f(2)=6n+3.
For each vertex labdl , the induced edge labdl* is defined as follows:

f*(uv) =1 f*(vw) =2,

f*(uy)=3+1 for1<i<n,
f*(w)=3i for 1<i<n,
f*(wu)=3i+2 for 1<i<n,
f*(xu)=3(n+i) for 1<i<n,

f*(yu)=3(n+i)+2 for 1<i<n,
f*(zu)=3(n+i)+1 for 1<i<n,
f*(xy)=6n+3 f*(yz)=6n+4.

It can be verified thatf is a mean labeling and henge © + 2P,is a mean graph.

Example 2.17: The mean labeling of,° + 2P, is given in Fig. 8.

5

2 a 19
0 22
1
4 ¥ 21
17
Fig. 8
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