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Abstract:  
Casson fluid flow helps us understand and model fluids that do not follow Newton's law of viscosity. 

Many real-world fluids, such as blood, ketchup, paints, and various biological fluids, exhibit non-

Newtonian behaviour. The present exploration presents the numerical investigation of a Casson 

nanofluid flow's MHD stagnation-point flow over Howarth's wavy circular cylinder. The coupled 

nonlinear ODE is generated from a nonlinear partial differential equation with the use of similarity 

transformations. After that, the MATLAB software's built-in bvp4c is used for the numerical solution 

of the nonlinear system. The pertinent governing parameters impact on temperature, velocity and 

concentration profiles are examined through graphs. Numerical values of physical quantities such as 

friction coefficient in x and y directions, diffusion mass flux, and local Nusselt number are employed. 

The influence of Casson parameter stabilizes the momentum boundary layer growth on axial velocity 

and radial velocity profiles and reduced the thermal and concentration boundary layer. 
 

Keywords: Casson nanofluid, 3D stagnation-point flow, saddle/nodal points, wavy cylinder, 

magnetohydrodynamics. 
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aE  Activation energy Sc Schmidt number 

E Activation energy parameter Cp Specific heat 

BD  Brownian diffusion coefficient, kg/m s Greek symbols 

Nb Brownian motion parameter β coefficient of thermal expansion 

x, y, z Cartesian coordinates ν kinematic viscosity 

a, b, c Constants θ Dimensionless temperature 

f, g Dimensionless stream profiles σ Electric conductivity 

,x yEc Ec  Eckert numbers ρ fluid density 

T Fluid temperature α thermal diffusivity 

, ,e e eu v w

 

Free stream velocities η Similarity variable 

Le Lewis number ф Nanoparticle volume fraction 

M Magnetic parameter Subscripts 

C Nanoparticle concentration w Conditions on the wall 

Pr Prandtl number ∞ ambient condition 
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1. Introduction  

 

Nanofluid behavior is studied using the two-phase nanofluid model, which is a computational and mathematical 

framework for studying liquid suspensions containing nanoparticles. In comparison with traditional fluids, 

nanofluids have superior thermal and electrical properties. As a result, they are particularly useful for heat 

transfer and cooling systems in various engineering applications. Flow of Casson fluid is the motion of a fluid 

that does not follow Newtonian laws, which is a rheological model of fluid flow describing the relationship 

between shear stress and shear rate. When compared to Newtonian fluids, which have a direct correlation 

between the rate of shear with shear stress, non-Newtonian fluids, such as Casson fluid, behave differently. 

Newtonian fluids (such as water and air) have linear behavior. 

 

Casson fluid flow helps us understand and model fluids that do not follow Newton's law of viscosity. Many real-

world fluids, such as blood, ketchup, paints, and various biological fluids, exhibit non-Newtonian behavior. 

Understanding the flow of these materials is crucial for many industrial, medical, and biological applications. It 

can also be used to model blood flow through vessels at high shear rates Shaw et al. (2009). It has been widely 

used in engineering science simulation to simulate Casson's rheological behaviour in energy and industrial 

systems using various analytical and computational methods.  By using a model that accounts for Brownian 

motion as well as thermophoresis and convective nanofluid transport, Buongiorno (2006) conducted a 

comprehensive investigation into convective transport in nanofluids. It was Buongiorno (2006) who proposed an 

equilibrium model for the momentum, heat transfer and mass in nanofluids that includes two components, four 

equations, and is non-homogeneous. With the help of a Brownian motion and thermophoresis model, 

Buongiorno (2006) surveyed convective transport in nanofluids. Ibrahim et al. (2017) presented the influence of 

viscous dissipation on chemically reactive Casson's MHD nanofluid flow over a stretching surface using the 

Casson nanofluid as a model.  Using Brownian motion, thermophoresis, and non-linear thermal radiation, 

Venkata Ramudu et al. (2020) explored the convective boundary conditions of the electrically conducting 

Casson nanofluid’s flow across a stretching surface. Under time-dependent velocity, zero mass flux boundary 

conditions, and temperature of the convective wall, Thumma et al. (2019) present numerically three-dimensional 

unsteady Casson nanofluid towards an impermeable stretchable sheet when viscous dissipation, thermal 

radiation and heat generation are involved. A convectively heated stretching sheet with a thermally radiating and 

dissipative magnetohydrodynamic Casson nanofluid flow liquid is investigated by Kumar et al. (2021) under 

Joule heating effect. They found that Casson nano liquids have plastic dynamic viscosity, which reduces entropy 

generation rate. Faisal et al. (2020) deliberated a boundary layer flow of Casson nanomaterial triggered by an 

unsteady moveable surface is analyzed, considering the significance of the magnetic field, porous space, and 

prescribed surface temperature. According to Tulu et al. (2020), the Casson nanofluid flow toward a stretched 

cylinder with variable thermal conductivity is modeled using the Cattaneo-Christov heat flux model. They 

observed that, compared to Cattaneo-Christov heat flux, Fourier's law of heat conduction has a lower local heat 

transfer rate. Using the two-phase nanofluid model in bioconvective Casson fluid with hybrid nanoparticles, 

Lone et al. (2023) studied the behaviour of heat and mass transfer across an exponential sheet. Chu et al. (2023) 

discussed Fourier and Fick's generalized laws can be applied to analyze the stagnation point flow of a 

micropolar fluid over a stretching surface in presence of activation energy, thermophoretic, and radiation effects 

within magnetized viscoelastic liquids. There has been a debate between investigators regarding the study's 

several physical parameters and the features of mass and heat distribution in Newtonian as well as non-

Newtonian fluids (Mirza Naveed et al., 2023, Vijay et al., 2023, Khan et al., 2023, Makhdoum et al., 2023, Devi 

et al., 2020, Venkatadri et al., 2018, 2023). Thereafter, multiple numerical studies were carried out extensively 

by Wakif et al. (2022, 2023), Elboughdiri et al. (2023), Ghernaout et al. (2023), Zhang et al. (2023), Sharma et 

al. (2023), Shakif et al. (2023), Rasool et al. (2023), Hameed et al. (2022), Shah et al. (2022), Tawade et al. 

(2022), Khan et al. (2022) and Shabnam et al. (2022). 

 

Hydromagnetic Casson nanofluid flow past a circular sinusoidal cylinder in combination with an adapted 

Buongiorno nanofluid model had not been investigated yet, based on a literature review. By addressing this gap, 

this work aims to fill it. This research work further advances the real-world application of this research by 

deploying experimentally derived functions of effective dynamic viscosity and effective thermal conductivity. 

Major works has been studied on different nanofluids past a stretching cylinder with various external thermal 

forces. The reasons mentioned above motivated us to accomplish the present study. In the present manuscript, 

the numerical investigating an MHD stagnation-point flow of a Casson nanofluid flow over a circular sinusoidal 

cylinder that has a steady three-dimensional incompressible flow with viscous dissipation and activation energy 

has been addressed. With the help of a two-phase nanofluid model, a steady flow of non-Newtonian Casson 
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nanofluids is investigated. The current study's main objective and novelty is to examine the impacts of viscous 

dissipation and Arrhenius energy on MHD Casson nanofluid flow toward Howarth's circular wavy cylinder.  

The graphical representation has been exhibited with the influence of Nb, Nt, M, c and Sc of Boundary layer 

flow at stagnation-point nanofluid flow past a 3-D Sinusoidal Cylinder.  

 

2. Mathematical Formulation  

 

A steady stagnation-point flow incompressible Casson nanofluid is considered to towards a wavy cylinder (Fig. 

1). Throughout the radius of the cylinder, there are points of stagnation (points A, B, and C) at each extreme of 

the radius. Streamlines can be described by the equation 
1

cx y , where c is the fraction of the slope of the 

stream velocities and expressed as 
b

c
a

  is called nodal point with 0 1c  , or  saddle point with 

1 0c   and finally c=0 refers for plane flow,  δ is constant, which gives a particular streamline. In the 

cylinder, the points of minimum and maximum stagnation can be seen at positions B, A, and C. The fluid flow 

particles velocity profiles in the direction of x, y, and z is considered with u, v, and w, respectively.  It is 

significant to note that the stagnation point in the Cartesian coordinate system Oxyz lies at the origin of the 

system and velocity profiles are taken at the form: 

 , ,e e eu ax v aby w a b z      

(a)  

 

 

   

    Nodal attachment points (A and C)                Saddle Attachment Point (B) 

 

                Fig. 1: Schematic model and the streamlines 

 

In the stress-strain relation, the constitutive equation for a Casson fluid is as follows (Devi et al.(2020), 

Venkatadri et al.(2023), Pramanik et al.(2014)): 

 
1

1 1
2

2 2
0           
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A sinusoidal cylinder's boundary layer can be modelled by applying the equations shown below to represent the 

boundary layer over the cylinder in accordance with the assumptions suggested above, and after removing the 

pressure using the Bernoulli equation, in order to model the boundary layer over the sinusoidal cylinder with 

incorporating the Casson rheological effect term from Eqn. (1) (Raju et al., 2023, Raizah et al., 2023, 

Kathyayani et al., 2019). 
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As a result of these boundary conditions, the formula is as follows: 

0, , 0

, , ,

w w

e e

u v w T T C C at z

u u v v T T C C as z 

     

    
         (7) 

 

There is a similarity solution to each equation of the form 

 ( ), ( ), ( ) ( ) , ( )

( ) , ,

w

w

T T
u axf v byg w a f cg

T T

C C a
n z

C C
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 
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


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


 



    (8) 

It is worth noting that derivative with respect to η denotes the primes. The differential equations (2)-(6) reduced 

to ODEs, which are nonlinear in nature, with the help of similarity transformations (8). 

     
21
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 
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 
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The modified boundary conditions are 
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 . The interested quantities are friction coefficients in the x and y directions 

are correlated by two physical quantities, f xC and f yC ,  the local Nusselt and Sherwood numbers, which are 

defined by: 
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is the surface heat flux, and  
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is the surface mass flux. 

Using Eq. (8), we obtain 
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3. Method of Solution 

 

In this computational section, we combine the shooting scheme with Runge-Kutta method to solve the coupled 

nonlinear ODEs (9) to (12) of Magnetohydrodynamic (MHD) stagnation-point nanofluid flow past a 3-D 

Sinusoidal Cylinder with boundary conditions (13). we are considered for [0,15] as the domain of the boundary 

value problem in terms of [0, ∞).  Interestingly, the results are unaffected after η = 15 in computational Runge-

Kutta method with the shooting scheme. In order for the computation method to work, the governing nonlinear 

ODEs (9) to (12) must be converted into system of first-order ODEs. 

 

The first-order ODE system is defined as follows: 
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Thus, the simultaneous systems of first-order ODEs are as follows: 
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The unknown initial estimates P0, P1, P2 and P3 are computed by Newton‐Raphson method with convergence 

tolerance to ε = 10−9. 

 

We have computed numerical results for local Nusselt number, local Sherwood number, and dimensionless 

friction coefficients for a steady flow that excludes thermophoresis or Brownian motion effects. Upon 

comparing our results with past research, we discovered a remarkable agreement to the findings reported by 

Dinarvand et al. (2013). You can find a summary of our discoveries in Table 1, Which also provides good 

confidence for further findings using this present numerical method. 

 

4. Results and Discussion 

 

This section demonstrates the numerically computed graphical outcomes and thermo-physical description of 

relevant terms over the nanofluid velocity profiles in x and y directions, temperature profile, nanofluid 

concentration profile and physical quantities. The numerical investigating an MHD Casson nanofluid flow’s 

stagnation-point over a circular sinusoidal cylinder that has a steady three-dimensional incompressible flow with 

viscous dissipation and activation energy has been addressed. With the help of a two-phase nanofluid model, a 

steady flow of non-Newtonian Casson nanofluids is investigated. The results of several parameters on the 

coefficient of skin friction, the local Sherwood number and the local Nusselt number together with the velocity, 

concentration, and temperature are provided by Figures 2–10 in graphical form and Tables 1-3 in tabular form. 

The impacts of various parameters are addressed in detail. In reality, this present work validates the existence of 

Casson nano fluid solutions for a certain range of controlling parameters.  

 

Table 1: Comparison of friction coefficients, local Sherwood number and local Nusselt number, c = 0.5 

Source of data 

 
1

2Rex f xC   
1

2Rex f yC   
1

2Rex xNu


  
1

2Rex xSh


 

Dinarvand et al. (2013) 1.2680 0.4991 1.3303 ----- 

Present work 1.2678 0.4991 1.3302 0.7063 

Error % 0.015 0 0.0075 ------ 
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Table 2:  Numerical results of local skin friction. 
    

 
1

2Rex f xC  

 

 
1

2Rex f yC  

 

M β Pr 
yEc  c = -0.5 c = 0 c = 0.5 c = -0.5 c = 0 c = 0.5 

0.5 0.2 6.2 0.01 3.445733 3.477695 3.551675 0.949427 2.142997 2.977617 

0    3.013334 3.019211 3.103175 -0.272736 1.397349 2.444863 

1    3.842563 3.883251 3.949871 1.803803 2.724665 3.434560 

3    5.159584 5.200856 5.250573 3.841007 4.381067 4.864790 

7    7.110439 7.143354 7.179197 6.213696 6.564440 6.898374 

 0.2   3.445733 3.477695 3.551675 0.949427 2.142997 2.977617 

 0.4   2.631724 2.656133 2.712637 0.725071 1.636741 2.274192 

 0.8   2.110074 2.129644 2.174948 0.581351 1.312312 1.823410 

 ∞   1.406716 1.419763 1.449965 0.387567 0.874875 1.215607 

Table 3: Numerical outcomes of  
1

2Rex xNu


 

       

 
1

2Rex xNu


 

M β Pr Nb Nt 
mEc  yEc  c = -0.5 c = 0 c = 0.5 

0.5 0.2 6.2 0.6 0.2 1 0.01 0.255279 0.244024 0.262020 

0       0.268019 0.247295 0.260031 

1       0.241034 0.239856 0.262116 

3       0.194458 0.220695 0.254470 

7       0.127207 0.181159 0.227925 

 0.2      0.255279 0.244024 0.262020 

 0.4      0.289610 0.278035 0.300429 

 0.8      0.320567 0.307737 0.334000 

 ∞      0.383505 0.366747 0.401279 

  3     0.306952 0.309318 0.342449 

  5     0.255279 0.244024 0.262020 

  7     0.199015 0.178311 0.184471 

  9     0.147111 0.120381 0.118135 

   0.2    0.459612 0.465697 0.518837 

   0.4    0.348536 0.344149 0.377026 

   0.6    0.255279 0.244024 0.262020 

   0.8    0.179302 0.164278 0.172066 

    0.2   0.255279 0.244024 0.262020 

    0.4   0.192673 0.178038 0.187868 

    0.6   0.143046 0.126756 0.131046 

    0.8   0.104223 0.087463 0.088115 

     1  0.255279 0.244024 0.262020 

     2  0.212024 0.202545 0.222809 

     3  0.168714 0.161015 0.183551 

     4  0.125350 0.119434 0.144247 

      0.0 0.304689 0.305178 0.331059 

      0.01 0.255279 0.244024 0.262020 

      0.03 0.156165 0.121301 0.123457 

      0.05 0.056662 -0.001971 -0.015748 

 

The display of the axial velocity and radial velocity profile vs β is shown in Fig. 2(a)–(b), while maintaining      

c = −0.5 (dashes) and c = 0.5 (solid line). Both velocities enhanced with raising values of β. Figure 3(a) and (b) 

reveal how energy and concentration profiles change in response to variations in β, the noddle point, while 

maintaining c = −0.5 (dashes) and c = 0.5 (solid line). These figures demonstrate that as β increases, both the 

energy and concentration profiles exhibit a decrease. The behavior of the boundary layer of axial velocity and 
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radial velocity profile against M is depicted by Figures 4(a)–(b), while maintaining c = 0.5 and c = −0.5, 

respectively. It is clear that the greater impact on the velocity profiles is noted with rising M. Mainly magnetic 

field stimulates the fluid particles which enhances the velocities of these particles.   

 

Table 4: Numerical outcomes of local Sherwood number  
1

2Rex xSh


 

      

 
1

2Rex xSh


 

M β Pr Sc E   c = -0.5 c = 0 c = 0.5 

0.5 0.2 6.2 0.5 0.5 0.2 0.228822 0.285146 0.365073 

0      0.252104 0.268581 0.346297 

1      0.218583 0.298715 0.380205 

3      0.221983 0.337370 0.422726 

7      0.252738 0.384631 0.473990 

 0.2     0.243658 0.309529 0.394936 

 0.4     0.248957 0.320843 0.409249 

 0.8     0.251447 0.327520 0.417859 

 ∞     0.254318 0.354530 0.454293 

  3    0.208956 0.260886 0.335601 

  5    0.228822 0.285146 0.365073 

  7    0.248775 0.308119 0.392001 

  9    0.266703 0.327944 0.414587 

   0.3   0.163335 0.215292 0.279619 

   0.5   0.228822 0.285146 0.365073 

   0.7   0.271237 0.331158 0.422546 

   0.9   0.301697 0.364793 0.465509 

    0.5  0.228822 0.285146 0.365073 

    1.0  0.268998 0.319322 0.393171 

    1.5  0.294158 0.341139 0.411399 

    2.0  0.310409 0.355402 0.423434 

     0.0 0.343237 0.384736 0.448493 

     0.1 0.288675 0.336726 0.407853 

     0.2 0.228822 0.285146 0.365073 

     0.3 0.162476 0.229392 0.319899 

   
Fig. 5(a-b) depict the impact of M on temperature and concentration profiles, accordingly, while maintaining c 

at −0.5 (dishes) and c at 0.5 (solid line), respectively. It is clear from the data that when the value of M rises, it 

enhances the resistance of temperature profiles against c = -0.5. However, we observe a contrasting behavior 

when c = 0.5, shown in Fig. 5(a). Figure 5(b) establish the distribution of concentration profiles with different 

controlling parameter M, while maintaining c = −0.5 (dashes) and c = 0.5 (solid line), respectively. The results 

indicate that the value of M increases, it is confirmed to enhance the resistance of concentration profiles when   

c = -0.5; however, an opposing trend is observed with c = 0.5, as depicted in Fig. 5(b). The effect of 

Thermophoresis parameter on temperature distribution and concentration profile is shown in Fig. 6(a-b), while 

maintaining c = 0.5 and c = −0.5. The temperature and concentration profile improve as the Thermophoresis 

parameter’s value increases. This suggests that the presence of nanoparticles results in an increased the 

hydrodynamic boundary layer’s thickness under the given conditions. Furthermore, the thermal conductivity is 

enhanced, leading to a rise in the thermal boundary layer thickness as the volume fraction of nanoparticle 

increases. The figure, labeled Fig. 7(a-b), illustrates the impact of Nb on the distribution of concentration and 

temperature profiles. In this experiment, the value of c was set to -0.5 (shown as dashed lines) and 0.5 

(represented by solid lines). As Nb increases, the temperature profile shows an increase, while the concentration 

profiles demonstrate a decrease. Additionally, the concentration profiles are further intensified by the 

thermophoresis parameter. Figure 8(a–b) illustrates how the Schmidt number affects the concentration and 

temperature profiles. As Schmidt number rises, there is a decrease in concentration. This leads to a decrease in 

concentration buoyancy effects, resulting in a decrease in fluid velocity.  The decrease in concentration and 

temperature is accompanied by a reduction in the thickness of the concentration and thermal boundary layers. In 

a thermal boundary layer, this behavior is analogous to increasing the Prandtl number. Therefore, when Sc 

increases, the concentration drops. 
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Fig. 2a: Variations in velocity profiles due to β Fig. 2b: Variations in velocity profiles due to β. 

  
Fig. 3a: Variation in temperature due to β Fig. 3b: Variation in concentration due to β. 

 

Figure 9 (a-b) demonstrates the impact of the Eckert number (Ec) on the concentration and temperature of the 

fluid. When the value of Ec rises, the fluid temperature rises, as depicted in Figure 9(a). This occurs because 

heat is generated with in the fluid as the Ec value increases, primarily due to the effects of frictional heating. 

The Eckert number is the ratio of kinetic energy to specific enthalpy difference between the fluid and the wall. 

So, as Ec increases, more kinetic energy is transformed into internal energy by work done against the viscous 

fluid stresses. Thus, raising Ec leads to an enhance in temperature. According to Figure 9(b), it is noted that 

there is a drop in concentration close to the wall, while it increases as we move away from the wall. Based on 

Figure 10, it can be observed that a rise in the chemical reaction parameter causes a rapid drop in the 

concentration profile. This is mainly because as the chemical reaction parameter rises, the concentration field 

decreases due to the increased number of solute molecules performing a chemical reaction. As a result, the 

solutal boundary layer's thickness is efficiently decreased by a destructive chemical reaction. 

 

 

  
Fig. 4a: Variations in velocity profiles due to M Fig. 4b: Variations in velocity profiles due to M. 
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Fig. 5a: Variation in temperature due to M Fig. 5b: Variation in concentration due to M. 

 

 

  
Fig. 6a: Variation in temperature due to Nt Fig. 6b: Variation in concentration due to Nt 

  
Fig. 7a: Variation in temperature due to Nb. Fig. 7b: Variation in concentration due to Nb. 

 

  
Fig. 8a: Variation in temperature due to Sc Fig. 8b: Variation in concentration due to Sc 
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Fig. 9a: Variation in temperature due to Ecy Fig. 9b: Variation in concentration due to Ecy 

 

From Table 2, we have noticed that the numerical results that the skin friction coefficient increases as the 

magnetic parameter increases for C = - 0.5, 0, 0.5 cases while Casson parameter declines the skin friction 

coefficient. In table-3, we have presented the results for Nusselt number with pertinent parameters M, β, Pr, Nb, 

Nt, Ecx and Ecy respectively in three cases C = - 0.5, 0, 0.5. An enhancing of pertinent parameters M, β, Pr, Nb, 

Nt, Ecx and Ecy, the rate of heat transfer is increases with Casson parameter and reduces with   M, Pr, Nb, Nt, 

Ecx and Ecy. In table-4, we have presented the results for Sherwood number with pertinent parameters M, β, Pr, 

Sc, E and σ respectively in three cases C = - 0.5, 0, 0.5. An enhancing of pertinent parameters M, β, Pr, Nb, Nt, 

Ecx and Ecy, the rate of mass transfer increases with β, Pr, E, Sc and reduces with   M and σ.  

 

 
Fig. 10: effect of chemical reaction on concentration profiles 

 

 

5. Conclusions 

 

In the present manuscript, the numerical investigating an MHD stagnation-point flow of a Casson nanofluid 

flow over a circular sinusoidal cylinder that has a steady three-dimensional incompressible flow with activation 

energy and viscous dissipation has been addressed. A steady flow of non-Newtonian Casson nanofluids is 

explored using a two-phase nanofluid model. From the obtained results, the following conclusions can be 

deduced. 

 

 The axial velocity and radial velocity profiles at the wall are improved as the magnetic field strength 

increases. 

 The influence of Casson parameter stabilizes the momentum boundary layer growth on axial velocity 

and radial velocity profiles and reduced the thermal and concentration boundary layer. 

 As Thermophoresis parameter increases, the temperature concentration profiles increase rapidly. 

 The impact of the Nb shows contrasting effects on the temperature and concentration fields. 

 The concentration in the boundary layer is increased by the chemical reaction parameter.  

 The performance of heat transmission can be enhanced by 5.95% by adding nanoparticles to the base 

fluids. 
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 The introduction of sinusoidal heat at the surface of the cylinder can enhance the phenomenon of 

maximizing heat transfer over a stretching cylinder near the stagnation point flow.  

 The heat transfer enhancement enhances with rising the Brownian motion parameter and decreases the 

concentration boundary layer.  
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