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Abstract:  
The governing equations of continuity, momentum and energy are numerically solved to study the 

laminar natural convection heat transfer of Newtonian fluid confined within two concentric cylinders. 

The inner cylinder is elliptical cross-section with different aspect ratio E = 0.1 to 0.5 and it is 

considered to be hot, whereas the outer cylinder is circular and it is supposed to be cold.  The annular 

spacing between the cylinders is defined based on radii ratio (RR = 2.5). Also, the inner cylinder is 

inclined with an inclination angle (θ = 0 to 90). The main purpose of this study is to determine the 

effects of inclination angle (θ = 0° to 90°), aspect ratio of inner cylinder (E = 0.1 to 0.5), Prandtl 

number (Pr = 0.71 and 7.01) and Rayleigh number (Ra = 103 to 105) on fluid flow and heat transfer 

rate. The flow patterns and temperature distributions are potted in terms of streamlines and 

isotherms, respectively. The obtained results showed that increase in inclination angle enhances the 

heat transfer rate of inner cylinder for all values of aspect ratio for example for E = 0.1, Pr = 0.71 

and Ra = 105 increase θ from 0° to 90° increases the Nu by 24.23%. Also, for the inclination angle          

(θ = 90°), the decrease in aspect ratio (E) improves the heat transfer rate of inner cylinder.  
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NOMENCLATURE 

 
 

a big elliptical radius  [m] Tc cold temperature [K] 

b small elliptical radius [m] Th hot temperature [K] 

E aspect ratio [-] u axial velocity [m/s] 

g gravity acceleration [ms
-2

] v  radial velocity [m/s] 

L annular spacing length [m] x axial coordinate [m] 

ns  normal direction [-] y radial coordinate [m] 

Nul average Nusselt number [-] Greek symbols 

Nu local Nusselt number [-] α thermal diffusivity [m
2
/s] 

p pressure [Pa] β coefficient of volume expansion [K
-1

] 

Pr Prandtl number [-] ν kinematic viscosity  [m
2
/s] 

r radius of outer cylinder [m] 𝜌 density of fluid [kg/m
3
] 

RR radii ratio [-] θ inclination angle [degrees] 

Ra Rayleigh number, [-] Superscripts 

T temperature [K] * dimensionless quantity 

1. Introduction 
 

Laminar natural convection heat transfer inside an annular enclosure occurs in many fields of industrial 

applications such as solar collectors as a first category, heat exchangers, refrigeration systems, applications of 

food treatment, electronic cooling systems and so on.  Physically, in natural convection mechanism, the heated 
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surfaces of an object are principally the source of fluid motion based on the concept of Boussinesq 

approximation. Therefore, it is important to understand correctly the behavior of this mechanism before 

designing such systems. Furthermore, the new concept of modern technology in electronic industries 

emphasizes on increasing the power of electronic elements while decreasing the physical size of the elements. 

As a result, the electronic elements generate more thermal energy and the efficient cooling systems are also 

needed to evacuate this generated energy. The previous studies on natural convection in cylindrical annulus 

showed that the thermal performance of annulus depends mainly on two kinds of parameters which are the 

geometrical configuration and the thermo-physical characteristics of the fluid by Zhang et al. (1992), Yoo and 

Han (2000) and Wei and Tao  (1996). Many researchers studied numerically and experimentally the effects 

thermal buoyancy on fluid patterns and heat transfer between two horizontal cylinders of circular cross-section 

such as: Sheremet and Pop (2015), Nasiri et al. (2016), Choi and Choi (2017), Lamacz et al. (2011), Kuehn and 

Goldstein (1976), Char and Lee (1998) and Kumar (1988).  

 

The main purpose of those works is to understanding the effects of Prandtl number, Rayleigh number, the 

annular spacing and the nature of fluid on the global fluid flow and heat transfer rate. From those researches, it 

was concluded that increase in Prandtl and Rayleigh numbers increases the heat transfer rates. Also, the 

eccentricity of inner cylinder is a principal factor that can enhance the heat transfer of inner cylinder. Some 

researchers tried to increase the heat transfer of inner cylinder by adding fins to inner cylinder as done by 

Arbaban and Salimpour (2015).   It was found that the number and the position of fins enhance the heat transfer 

rate. Nada and Said (2019) numerically studied the natural convection heat transfer in annular space of two 

concentric circular cylinders. The inner cylinder contains a number of fins. The results showed that the number 

of fins have a tendency to increase the heat transfer rate. Matin and Khan (2013) exploited the effects of 

rheological behavior of power-law fluids to enhance the heat transfer rate of inner circular cylinder. It was also 

found that the effect of Prandtl number on fluid flow and heat transfer is almost negligible when Pr > 10.  Abu-

Nada et al. (2008) numerically investigated the natural convection between two concentric annuls of circular 

cross-sectional shape. The results showed that the usage of nanofluids increases the heat transfer rate of inner 

cylinder. There are also some researchers tried to enhance the natural convection heat transfer of inner cylinder 

by using different cross-sectional shape of inner cylinder. Tayebi et al. (2017) used the confocal elliptical 

cylinders for annulus. Kefayati and Tang (2018) studied the natural convection heat transfer inside square cavity 

containing obstacle of different cross-sections (circular and elliptical). The studied fluid for this research is 

viscoplastic. The study tested the effects of cross-sectional shape of cylinder, Rayleigh number and inclination 

angle of cylinder on fluid flow and heat transfer rate. The results showed that all these governing parameters 

have a significant effect on heat transfer rate and fluid flow. Eldesouki (2011) carried out an experimental work 

on free convection between two elliptical cylinders. The results showed that the eccentricity arrangement of 

inner cylinder enhances the heat transfer rate. Furthermore, series of new researches are well done to study the 

buoyancy-driven flow in the annular spaces under different situations such as: Laidoudi (2020a), Laidoudi et al. 

(2020), Mebarek-Oudina (2017), Laidoudi and Ameur (2020), Laidoudi (2020b), Mebarek-Oudina (2018), 

Ahmed et al.(2018),  Mebarek-Oudina and Bessaih (2019).   

 

Based on brief literature survey, it can be concluded that there are many scientific researches in the field of 

natural convection heat transfer between two horizontal cylinders but a few of them treated the elliptical cross-

sectional shape of inner cylinder. Therefore, the main purpose of this work is to investigate the natural 

convection heat transfer and fluid flow between two horizontal cylinders. The inner cylinder is elliptical with 

different aspect ratio (E = 0.1 to 0.5) and it is subjected to inclination angle (θ = 0° to 90°). On other hand, the 

outer cylinder is kept circular. The natural convection heat transfer for present configuration geometries is 

studied for these range of governing parameters Ra = 10
3
 to 10

5
 and Pr = 0.71 to 7.01. Moreover, the present 

investigation is a continuation of our previous works.   

 

2. Physical Description, Governing Equations and Boundary Conditions 

 
Figure 1 is the incarnation of present physical model with suitable mesh. It is a two-dimensional cylindrical 

annulus of different cross-sections in Cartesian coordinate system. The physical model consists of two 

horizontal concentric cylinders, the inner cylinder is elliptical with aspect ratio (E = b/a = 0.1, 0.25, 0.4 and 0.5). 

The length (a) of inner cylinder to the diameter (r) of outer cylinder gives the radii ratio (RR = 2.5). The 

maximum gap spacing between cylinders is given by   L = r-a. Furthermore, the inner cylinder is subjected to an 

inclination angle (θ = 0° to 90°).  The surface of inner cylinder is assumed to be hot (Th), whereas the outer 

cylinder surface is supposed to be cold (Tc). 
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Figure 1: Geometrical illustration of present problem with generated mesh. 

 

For present study, the thermo-physical proprieties of the fluid are assumed to be constant and they are not 

depended on temperature, expect for the density which is treated by following the Boussinesq approximation. 

The governing equations describing the natural convection heat transfer in annular space and for steady-state 

simulations (Laidoudi (2020c)) are written in two-dimensionless forms as:    
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where u
*
, v

*
, p

*
, T

*
, Ra, Pr are the flow dimensionless velocity along x

*
, y

*
 directions, dimensionless pressure, 

dimensionless temperature, Rayleigh number and Prandtl number respectively. The dimensionless variables are 

determined from their dimensional quantities as: 
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The characteristics of the fluid used for present investigation are given by the density ρ, kinematic viscosity ν, 

thermal diffusivity α and expansion coefficient β. The acceleration gravitation is g. 

The quantitative value of heat transfer rate of inner cylinder is calculated under the dimensionless value of 

average Nusselt number.  The average Nusselt number is given by the expression: 

 




dNuNu l

2

0

.                                                                                                                                                   (7) 
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The local Nussel (Nul) along the surface of inner cylinder is defined as: 
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where ns is the direction normal to wall surface of the cylinder.  

The above equations are subjected to suitable boundary conditions as follows: 

The values of dimensionless velocities and temperature on inner and outer cylinder surfaces are given by 

following values respectively: 

 

1,0,0 ***  Tvu  , for the elliptical cylinder.                                                                                              (9) 

0,0,0 ***  Tvu , for the outer cold cylinder.                                                                                          (10) 

 

3. Computational Methodology  
 

The governing equations of continuity, momentum and energy subjected to aforementioned boundary conditions 

are solved numerically using the finite-volume method. The governing partial equations are descretizing into a 

system of algebraic equations. The convective terms of the algebraic equations are descretized using High 

resolution discretization scheme.  For pressure-velocity coupling schema, SIMPLEC (Semi-Implicit Method for 

Pressure-Linked Equations-Consistent) algorithm is used for present methodology.  The results are satisfactory 

considered when convergence criteria based on relative error of iterations is less than 10
-8

 for continuity and 

momentum equations and 10
-6

 for energy equation.  Figure 1 shows also the type of grid meshing using for 

present computational domain. Indeed, they are unstructured triangular cellular elements of non-uniform grid 

spacing. Before starting the computational simulations, it is necessary to proof the satisfaction of the grid 

elements for considering computational domain. 

 

Table 1 summarizes the grid independency test for the four geometries with respect to the aspect ratio (E = 0.1, 

0.25, 0.4 and 0.5). Four different meshes are generated for one value of aspect ratio.  The average Nusselt 

number is calculated for each case at Ra = 10
4
, Pr = 7.01 and inclination angle (θ = 0°). It can be concluded that 

the Mesh3 is satisfactory for all considered configurations.   
 

Table 1: Study of grid independency mesh for Ra = 10
4
 and Pr = 7.01. 

 Mesh1 Mesh2 Mesh3 Mesh4 

Elements for E = 0.1  17,430 28,330 66,540 190,190 

                 Nu 4.5645 4.49198 4.40198 4.4143 

Elements for E = 0.25 14,340 25,120 60,100 170,410 

                 Nu 4.2385 4.3454 4.31409 4.3971 

Elements for E = 0.4 11,200 21,700 55,100 150,440 

                 Nu 4.1413 4.1594 4.152 4.1497 

Elements for E = 0.5 10,800 20,500 51,500 148,240 

                 Nu 4.1279 4.0356 4.02917 4.0232 

 

4. Validation of Numerical Methodology 

 
In order to check the accuracy of present numerical methodology, we have compared the present obtained 

results with prier experimental results of Kuehn and Goldstein (1976), numerical results of Abu-Nada et al. 

(2008) and Matin and Khan (2013) for circular annulus of radii ratio 2.6 and 2.5 respectively. The results are 

shown in term of average Nusselt number of inner cylinder versus Rayleigh number as it is represented in 

Figure 2.  The figure indicates a good agreement between all results.    
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Figure 2: Comparison of average Nusselt number versus Rayleigh number at Pr = 0.7 and for RR = 2.6 and 2.5 

respectively 

 

5. Results and Discussion 

 
The effects of aspect ratio (E = 0.1, 0.25, 0.4 and 0.5), inclination angle (θ = 0°, 15°, 30°, 45°, 60°, 75° and 90°), 

Rayleigh number (Ra = 10
3
, 10

4
 and 10

5
) and Prandtl number (Pr = 0.71 and 7.01) on fluid flow and thermal 

patterns are presented in potted streamline and isotherm contours respectively, this section represents also the 

effects of these governing parameters on the mean average Nusselt number which integrated along the surface 

of inner cylinder.  

 

5.1. Streamline contours 
 

Figures 3 and 4 depict the representative contours of streamline between the two cylinders for different values of 

aspect ratio, inclination angle and Rayleigh number at fixed value of Pr = 0.71. It can be observed that a 

symmetrical geometry (as: θ = 0° and 90°) generates a symmetrical streamlines but the inclined elliptical 

cylinder generates an asymmetrical flow patterns.  For representative Rayleigh number Ra = 10
3
 and 10

4
, the 

effect of thermal buoyancy due to temperature difference between cylinders creates a closed steady counter-

rotating zones is annular space. Increase in Rayleigh number increases the thermal buoyancy strength, 

accordingly, the instability of flow patterns is seen to be increased with increasing Ra. Also, the recirculation 

zone centre shifts upwardly with increasing Ra and new small zones form in the lower part of annular space. For 
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all values of aspect ratio, the effect of inclination angle on streamline depends significantly on value of Rayleigh 

number. For example, when Ra = 10
3
 the contours showed that as we move from θ = 0° to θ = 15°, the left 

recirculation zone is divided into two zones, whereas the right one is kept simple. For the case of θ = 45° and 

75° the centre of left zone shifts downwardly, whereas the right zone is still in top part. On other hand, the effect 

of inclination angle on streamlines for Ra = 10
5
 is different; the left zone is almost one for all values of 

inclination angle, while, the right zone develops a small zone for θ = 45° and 75°. On the whole, for all values of 

Ra and E, it can be concluded that the flow is more stable for the inclination angle θ = 90° and the structure of 

flow patterns of this angle gives an opportunity to the flow velocity to become more important. 

 

Figure 5 shows the effect of Prandtl number and Rayleigh number on streamlines for the aspect ratio E = 0.1 

and 0.5 at fixed inclination angle θ = 90°. For both values of aspect ratio, it is observed that the effect of 

Rayleigh on general structure of streamline is more effectible for small value of Prandlt number. It can be 

concluded that increase in Prandtl number increases the stability of flow patterns inside a cylindrical annulus. 

This behavior can be explained by the fact that as Prandt number increases from 0.71 to 7.01 the thermal 

diffusivity of the fluid decreases but the kinematic viscosity increases. The viscosity is always the main factor 

that increases the stability of fluid flow and it is the principal dissipative agent that converts the kinematic 

energy into heat.       
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Figure 3: Streamlines for different values of aspect ratio, E and inclination angle at fixed Pr = 0.71 and Ra = 10
3
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Figure 4: streamlines for different values of aspect ratio, E and inclination angle at fixed Pr = 0.71 and Ra = 10
5
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Figure 5: Streamline for aspect ratio (E = 0.1 and 0.5), Pr = 0.71, 7.01 and for different Ra 
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5.2. Isotherm contours 
 

Figure 6 illustrates the preventative isotherm contours in annular space with different values of aspect ratio and 

inclination angle at fixed Pr = 0.71 and Ra = 10
5
.  As the streamlines, the isotherms are seen to be symmetrical 

for the symmetrical geometries (θ = 0° and 90°). The isotherms have a diffusion-type like plumes on the upper 

part of the inner cylinder. This is due to thermal buoyancy that pushes up the hot fluid particles. The plumes 

shift towards the left direction with increasing the inclination angle from 0° to 75°. The isotherms are more 

crowded on the lower surface of inner cylinder indicating the importance of temperature gradient in this zone. 

Consequently, higher heat transfer rate. Also, it can be observed that for all values of aspect ratio increase in the 

value of inclination angle increases the temperature gradient around the inner cylinder which hints that 

increasing the inclination angle enhances the heat transfer rate. 

 

 

 
E = 0.1 

     
 

 
E =0.25 

     
 

 
E =0.40 

     
 

 
E =0.50 

     
 

Figure 6: Isotherms for different values of aspect ratio, E and inclination angle at fixed Pr = 0.71 and Ra = 10
5
 

 

Figure 7 shows the effects of Rayleigh number and Prandtl number on isotherms for aspect ratio E = 0.1 and 0.5 

at fixed θ = 90°. It can be observed that the isotherms become more crowded around the inner cylinder with 

gradual increase in the value of Ra and/or Pr. This fact predicts that the heat transfer rate increases with Ra 

and/or Pr. 

 

5.3. Average Nusselt number 
 

Figure 8 represents the average Nusselt number of inner cylinder versus the inclination angle for different values 

of aspect ratio, Prandtl number and Rayleigh number. First of all, the increment of average Nusselt number 

means the enhancement of heat transfer rate. As it was expected from analyze of streamlines and isotherms. 

Increase in inclination angle increases the average Nusselt number. Also, increase in Rayleigh number and/or 

Prandtl number increases the value of Nusselt number. Interesting variation of average Nusselt number is seen 

for decreasing the value of aspect ratio at the inclination angle 90°. Decrease in aspect ratio increases the 

average Nusselt number.        
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Figure 7: Isotherms for aspect ratio (E = 0.1 and 0.5), Pr = 0.71, 7.01 and for different Ra. 

 

  

 

Figure 8a: Variation of mean average Nusselt number versus inclination angle for different values of Ra, Pr and E 
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Figure 8b: Variation of mean average Nusselt number versus inclination angle for different values of Ra, Pr and E 
 

6. Conclusions  

 
The laminar natural convection heat transfer between two horizontal cylinders is investigated in this paper. The 

inner cylinder is elliptical cross-section with different aspect ratio and it is subjected to an inclination angle. The 

outer cylinder is kept circular. The effects of governing parameters as Rayleigh and Prandtl numbers and the 

geometrical characteristics as aspect ratio and inclination angle on streamlines and isotherms are presented and 

discussed. Also the average Nusselt number of inner cylinder is plotted as function of previous governing 

parameters. The obtained results showed that: 

 For the inclination angle (θ = 90°), there is a possibility to reduce the size of inner cylinder while 

increasing its heat transfer rate. 

 The flow patterns is more stable for the inclination angle (θ = 90°). 

 Increase in Prandtl number decreases the instability of fluid flow. 

 Increasing in the value of Rayleigh number and/or Prandt number increases the heat transfer for all 

geometrical configurations.    

 For θ = 0°, this geometry is optimal for the insulating applications. The geometry that has θ = 90° is 

optimal for cooling applications as heat exchangers.  
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