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Abstract

In this paper, a theoretical study is carried out on unsteady three dimensional, laminar, free convection
flow of micropolar fluid with Hall effect, Joule heating and heat sink under gravitation modulation. A
uniform transverse magnetic field is applied normal to the plate along the fluid region. The magnetic
Reynolds number is considered to be small due to incomparability of applied and induced magnetic
fields, as such the influence of induced magnetic field can be neglected. The multi parameter
perturbation technique is used to solve the governed dimensionless equations. The fluid velocity,
temperature and the concentration profiles are discussed with the aid of graphs and tables. The
coefficient of skin friction and couple stresses is numerically computed in addition to Nusselt number
and Sherwood number. The result reveals that the linear velocity increases due to escalation in
gravitation modulation parameter values but for intensification in values of gravitation modulation
parameter, a reverse effect is observed for rotational velocity. A comparative analysis shows that skin
friction coefficient is less in micropolar fluid than the corresponding Newtonian fluid.
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NOMENCLATURE

6 Species concentration T Fluid temperature
Cm  Species concentration at the plate Tm Mean Temperature
Cp Specific heat at constant pressure Tw Temperature in the free stream
— . o u First component of fluid velocity
C- Species concentration in the free (non-dimensional)
stream U First t of fluid velocit
- T irst component of fluid velocity
Dy  Coefficient of mass diffusion (dimensional)
] Acceleration due to gravity U, Real part of U
Gm  Thermal Grashof number y y-Coordinate (non-dimensional)
Er iolutal E_;?Sh(’f number y y- Coordinate (dimensional)
ermeability parameter . .
K Thermal conductivity v Second c.ompone.\nt of Tlmd velocity
K, Chemical reaction parameter Z z- Coordinate (dimensional)
w Third component of fluid velocity
Nug  Nusselt number (real part) v Second component of fluid velocity
Pr Prandtl number (dimensional)
Ec Eckert number Greek Symbols
Qs Heat sink parameter 0 Non-dimensional temperature
S Dimensionless material parameter Ve, Fluid density
Sc Schmidt number ¢ Non-dimensional species
Sh,  Sherwood number (real part) concentration
Sr Soret nqmper 0] Frequency of oscillation
M Magnetic field parameter n Spin gradient viscosity
Mo Hall parameter 1% Kinematic viscosity
n proportional parameter
t Time variable(non-dimensional)
- V . - - - .
t Time variable (dimensional) r Rotational kinematic viscosity

4 Magnetic field inclination
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parameter A Real part of ¢
Vortex viscosit
g . Yo &y Real part of ¢
o Electrical conductivity
B Thermal coefficient of volumetric Subscripts
expansion m Conditions on the wall
B Solutal coefficient of volumetric 00 Free stream conditions
expansion

Gravitation modulation parameter

1. Introduction

The free convective magnetohydrodynamics micropolar fluid theory is constantly attracting a significant amount
of researchers due to its profound impact in science and technical arenas. The concept of micropolar fluid theory
developed by Eringen (1966) was a significant generalization of classical Navier-Stokes equation. Micropolar
fluids are fluids with microstructure belonging to a class of fluids non-symmetrical stress tensor. The physical
instances of micro polar fluids include polymers, lubricants, fluids with additives, paints, animal blood, colloidal
and suspension solutions, etc. The theory of MHD flow models under the influence of various physical aspects
is developing new approaches to deal with the flow related problems. The study of magnetohydrodynamics
(MHD) has important applications found in metrology, planetary magnetospheres, and solar physics and in
motion of the earth’s core. A comprehensive review of the MHD free convection flow problem under Hall effect
in flow domain was discussed by Chamkha (1997). Takhar et al. (2001) studied the boundary layer MHD flow
induced by the impulsive stretching surface. Alam et al.(2010) analyzed the problem of unsteady two-
dimensional MHD convective flow of a micropolar fluid past a continuously moving porous plate under the
influence of magnetic field. Gorla and Chamkha (2011) reported natural convection boundary layer flow over a
non-isothermal vertical plate embedded in a porous medium. Alam and Hossain (2013) reported a new similarity
approach for an unsteady two-dimensional flow of a micropolar fluid along a wedge. Rajput and Kumar (2019)
analyzed the MHD flow past a vertical plate with variable wall temperature and mass diffusion under radiation
and chemical reaction effects. Due to advancement of applied science, the expansion of free convective
micropolar fluid flow including magnetohydrodynamical effects has great significance. A few illustrations of its
various use in diverse spheres such as MHD generators, designing of cooling system of nuclear reactors,
propulsion, nuclear generator, planetary magnetospheres and chemical science. Alam and Rahman (2005)
analyzed MHD free convective heat and mass transfer flow with Soret and Dufor effect past a vertical porous flat
plate embedded in a porous medium. Shamshuddin et al. (2018) studied MHD micropolar fluid with heat and
mass transfer near to an inclined porous plate immersed in a porous medium. Sreenivasulu et al. (2018)
investigated the MHD dissipative flow of a micropolar fluid under the effects of internal heat generation and
viscous dissipation.

The Hall current effect plays a noteworthy role in case of strong magnetic flowing field since the electromagnetic
strength creates notable effect in flowing field. Hall effect is a vital event which aids in determination of type of
semiconductor. Hall effect devices procured extensive attention in flow field owing to their applications in
geophysics, astrophysics and engineering section such as Hall effect sensor, turbine construction and centrifugal
machines. A lots of analyst like T Srinivasacharya and Shiferaw (2009), Narayana et al. (2013), Reddy et al.
(2014), Ayano and Demeke (2015), Singh (2017) etc. considered the case of Hall current effect on MHD
micropolar fluid in the presence of various physical parameters and phenomena to examine the flow
characteristics. In view of resolving various type of flow problems, the influence of Joule heating is relevant in
designing a variety of electrical devices. Several researcher such as Eldabe and Ouaf (2006), Chamkha et al.
(2011), Narayana et al. (2013) and Shamshuddin et al. (2018) analyzed the problem of Joule heating effect on
MHD micropolar fluid by considering different physical factors under various sustainable conditions. The effect
of heat source or heat sink in the flow process plays a vital role by designing several advanced energy convection
materials. A significant use of heat source or heat sink effect was observed in welding engineering field.
Several researchers like Khedr et al. (2009), Umavathi and Sultana (2012), Hayat et al. (2014), Sengupta and
Sen (2013), Sengupta and Ahmed (2014,2016) and Chamkha et al. (2017) and so many .investigated heat sink
effect with various flow parameters and conditions on flowing field of micropolar fluid In view of various fluid
related difficulties in industrial and technological field due to rapid growth of mechanical science, the study of
chemical reaction has become prominent. In many chemical science activities, chemical reactions take place
between a foreign mass and the working fluid which moves due to stretching or otherwise of a surface. If the rate
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of chemical reaction is directly proportional to the concentration and it occurs as a single phase volume reaction
the chemical reaction is then said to be of first order and homogenous. The chemical reaction possesses its
applications in chemical industry, hydrometallurgical industry, petroleum industry, cooling of nuclear reactors
and so many. The hydrogenation of ethene is an example of first order chemical reaction. In this case, the
reaction between ethene and hydrogen in the presence of a metal crystal like nickel produce ethane. The rate is
found to be directly proportional to first power of the concentration of the reactants. Kishan and Amrutha
considered the effect of chemical reaction on nonlinear flow of MHD viscous electrically conducting fluid under
the influence of thermal stratification and viscous dissipation. Rout et al. (2016) analyzed the impact of chemical
reaction for free convective boundary layer flow of MHD micropolar fluid motion. Pattnaik et al. (2019)
considered the chemical reaction effect with a second order slip flow on MHD micropolar fluid with boundary
layer flow past a stretching sheet. The impact of gravity modulation in flow field is also now receiving a
substantial amount of interest in current years because of its importance in a ample branch of technical
applications. The time dependent gravity modulation is of realistic impact in diverse fields such as geophysics,
astrophysics, geology, chemistry and metallurgy. It has been observed that a significant amount of analyst like
Sharidan et al.(2005), Pranesh et al. (2014), Rajvanshi et al. (2014) Yekasi et al. (2016), Kumar and Pranesh
(2018) has worked on the effect of gravity modulation under diverse physical circumstances in micropolar fluid.
The aim of the present paper is to study the effect of gravitational modulation on laminar free convection flow
of incompressible micropolar fluid in the presence of uniform magnetic field. The effect of Hall effect, Joule
heatings, and heat sink are also considered in this study. A multi-parameter perturbation technique is used for
solving purpose of the non-dimensional governed equations. The present study finds it potential applications in
the field of microscale fluid mechanics and non-Newtonian fluid mechanics. The micropolar fluid models
possess huge potential applications in diverse field. For example, in fluid mechanics, the fluid models are
extensively used in turbo machinery design, designing of and piping and ducting used in water etc. In medical
Science, the micropolar fluid model is used in cardiovascular problems, blood pressure measurement machine
design, artificial breather machine and so on.

2. Formulation of the Problem

A three dimensional unsteady flow of free convective micropolar fluid past a vertical plate in the presence of
Hall current, gravitational modulo and heat sink is considered for study. To generate the mathematical modeling

of the flow situation, the X axis is taken along the length of the plate, Y -axis is considered perpendicular to the

plate along the fluid region and z - axis is taken along width of the plate. Using the fundamental principle of
mass conservation, conservation of linear momentum, conservation of angular momentum, energy conservation
and species continuity, a fluid model is thus developed following the fluid model of Rajvanshi et al.(2014),
Yekasi et al.(2016) as:

1.Concentration boundary layer
2.Thermal boundary layer

x 3.Velocity boundary layer

T u=0,v=0w=0
T=T.C=C,

Free stream region

u=0y=01w=0
T=7T.C=C,

Fig. 1: Schematic representation of the flow domain and geometrical configuration
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The set of dynamical equations are:

ow _
0z @.1)
A 20 _ . N 2112 ain2
a—lf+wa—lf=(v+vr)afl:+gﬂT (T —Tw)+gﬂC(C—Cw)—2u,%+—GMBH° sz a(mO\T—U)
ot 0z 07 oy ,0(1+m0 ) (2.2)
- - - _
6_\_/+W8_\_/:(V+ r)8_\2/ ouHo sin"y l/l(mou +\7)+21)r8’\_ll
ot oz o7 pL+m?) oz (2.3)
. ,— .
p.[éN_i +W6N_i]_ N, vi=L2
T _ AT 2
pCp(Z—-E+WZ—I]_kaT+W(u +V?) - Q(T T)
+m
i i z g 0z 2.5)
p— 2 —
%+ ?: Ma__‘j+'zg a_T ,(C-C.)
z 0z oz (2.6)

The micro polar fluid theory formulation possesses an additional factor of freedom gyration to characterize the
rotational motion of microstructure. As a consequence, the balance equation of angular momentum (2.4) is
provided for the purpose of solving gyration. In this way, the conservation of angular momentum equation
provides a means for take into consideration the effect of molecular spin. The momentum equation is based on
the law of conservation of momentum. It states that the net force (F) acting on a fluid make a change in

momentum of the flow per unit time in that direction. Mathematically, £ — i(m Vo) where M is the fluid
0 dt 00

mass, V, is the fluid velocity. The angular momentum equation states that the resulting torque on a rotating fluid
is equal to the rate of change of momentum. Mathematically, , — i( I, ) where | is the rotational inertia,
dt

, is angular velocity. The angular momentum equation is thus the rotational equivalent of the angular
momentum equation.

Subject to the boundary conditions are:
= at t>0

0(0,f)=u, v(0,1) =0, W(0,T) =—w,(L+ &5 exp(ict), Nl(Ot):_n(‘;‘t’j f:T_w,

C=C, +4(C, ~Ce™, Tu+ 2, ~T.)e™ N(0.0) - _n(a_Yj
z=0

ot

, when t>0
and T(o0,T) =0 V(0,T)=0 W(0,T)=0 T=T,,C=C, N(0,f)=0 Vt>0 2.7)
where 9 =0, + 0, exp(iot) with g, = £59,
go: some reference acceleration due to gravity.
We introduce the following non-dimensional quantities as:

- — u_ —_ - 2 —_— — ___ ___
Y Wy D W Ny TET GG

w, w, w, w, v v w, w, v T,-T, C,-C,
on=98YCC) o 9BV "T) e MY W o Qv o PO

W W W C,(M-T) " ACW K

sc= -V, gr= Dukela=T) e VK,

DM VCpCs (Cm _Cm) WO
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The equations to be solved are

6—u 8u_(l e:)—+(Gr9+Gm¢)(1+g§exp(|a)t)) 25— M(mov u)
ot oz 1+my’
ou  ov o%v M sin’® o
—+w—=(1+ S +25—L—————(mu+v
o oz = é) ‘f 1+m,? (Mol +)
%W%:(Héjﬂ, vi=1,2
ot oz 2) or?

2 2 ain? 2 2
%+w%:i2+M sin aEcgu +V)—Qst9
ot oz Proz 1+m,

2

%, L0 100

ot oz Scoz® Sroz

Subject to the non-dimensional boundary conditions as:

u=0, v=0,Ni= , 6=0, ¢=0, vz>0, t=0

and u=uy, v=0, w=-Wo(1+edexp(iat))

0=1+zexp(ict), p=1+zexp(iat) , le_n(a_“j N, :_n[@j for t>0 at =0
0z ), 0z ),

Also u—0, v—0, w—0, Nj—>0, 6-0, $—0, Vt>0, z—>x

The reduced form of equations is:

£+WQ:(1+§) N —M L U@+im,)
ot oz 1+my?
2
N +W8_N_(1+§j6 > —2&N,
ot oz 0z
@HN@& 1 66+M sin? aECU—QSH
ot oz Proz? 1+m,?

N X R Y
ot oz Sc oz’ oz
Subject to the non-dimensional boundary conditions as:

U(0,0)=u,, w=-(L+sexp(iat), N :_n(@]
0z ),

0(0, t)=1+eexp(iat), ¢(0,t)=1+gexp(iat), t>0
and U(oo, t)=0, w(oo, t)=0, N(0, t)=0, 0(c0, t)=0, ¢(c0, t)=0, t>0
where U(z, t)=u(z,t)+iv(z,t) and N(z, t)=N(z,t)+iNy(z,t)

3. Method of solution:

We first take trial form of solution as:
f(z,t) = f,(z) +&f,(2) expliat)
Where, fstands for U, N, 8and ¢ respectively.

On using the above solution form in equations from (2 17) (2.23), we obtain

2
(1+§)OI U2° +4Y, _ MZsin® Z (1+imy)U ——2§| —Grg, — Gmg,
dz 1+my’
A+ 6E) dN, —2EN, =0
dz
2 2 -
1d%,  d% QSHO:M—ZEcsinzocUOU0
Pr dz? dz 1+m,

(2.8)

(2.9)

(2.10)

(2.11)

(2.12)

(2.13)
(2.14)

(2.15)

(2.16)

(2.17)

(2.18)

(2.19)

(2.20)

(2.22)

(2.23)

3.1)

3.2)

(3.3)
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1 d’¢, dg, d?e
== %K g =—Sr—2
Sc dz® dz % dz?
2,
d g1+5% —M il a(1+|m0)+|a) =
dz 1+m

2
(1+§)%+5%—(2§+ia))N1:0

1d%, _de, : M?

— +0—=2—(Q, +iw)f, =—

Pr dz? dz Q +io), 1+m,

1d% , cdg d?e,
K, +i —Sr

sc a2 Og (Kt =Srga

Subject to the set of boundary conditions as;

Uo=Up, N :—n(au j %=1, ¢=1at z=0
0z ),

Up—0, Ng—0, —0, ¢—0, for z—>w

oz

(3.4)

—0(Grg, +Gmg,) — (Gré, + Gmg,)

> Ecsin® (U, U, +U,Uo)

Also, U(0)=0, N, :_n(%} 6,(0)=exp(iat), ¢1(0)=exp(iat)

and Uy(0)=0, Ny(0)=0, 61(=0)=0, ¢1(0)=0

We also use a second set of trial solutions as:
f(2) = f,(2) + Ecf,(2), f.(2)=f,(2)+Ecf,(2),

N

Where, the second perturbation parameter Ec is such that Ec<<1 for an incompressible fluid.

(3.5)

(3.6)

3.7)

(3.8)

(3.9)

(3.10)

Thus, using the second form of solutions in equations (3. l) (3.10), we thus get the unperturbed parts as follows:

2U00 L QUg M?sin® o

1+ 1+im)U,, =-2 |
1+%) e 1+ m? ( )U o =2
d2N dN
@+ i) 00 dz°°—2§N00=0
1d%,  doy
~Q.0,, =0
Pr dz?  dz Q:
1 d°¢ | ddy d*6h
— =t — Kty = ST
Sc d2 | dz 1%ho dz >
2U du M?2sin? o
1+ 0 1+im U, =—2 |
( ff) = Trm? ( U =—28i
d2N dN
L+ 5) S0 026N, ~0
id2‘9°1+d9°1—Q9 __Mzsinzau g
Prodz2  dz =% 1im? O "
1 d2¢01 Ay, d*
= = ro1 —K :—S 01
Sc dz2 | dz 1 T4z

With the boundary conditions as:
Uoo=Up, N, =—n (%j Oo=1, dno=1 at =0
0L ),

Ugo—0, Ngo—0, Gyo—0, ¢ho—0, for z—0
Uai=0, N, :_”(%j Gi=1, do=1 at 2=0
oz J,,

U01—>0, N01—>0, 601—)0, ¢01—)O, for z»x

-Gré,, —

-Gro,, -

Gmgy,,

Gmg,,

(3.11)
(3.12)
(3.13)
(3.14)
(3.15)
(3.16)
(3.17)

(3.18)

} (3.19)
} (3.20)
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The perturbed parts are obtained as:
A+ 8) 2U10 5310 _[ M?sin® «

dz 1+my’
(3.21)
@+ é’:) d” N1° leo —(2&+iw)N,, =0
2 dz (3.22)
2
146, 6;10 +5—d61° —(Q, +iw)6, =0
Pr dz dz (3.23)
2
1 d ¢10 d¢10 (K +|a))¢10 d 9;.0
Sc dz? dZ (3.24)
2
(L+8) U11 d:;ll [M sin “(1+|m0)+|wj —-25. _5(GrO,, + Gmd,) — (Gré,, + Gmd,)
z 1+m0 (3.25)
1+ 9C)d N“ dN“—(2<§+ia))Nn:O
2 dz (3.26)
1 d2¢911 den : MZsinfa/, — —
——(Q,+1w)f; =——— Uy U +U U
PI’ az2 Q; +iw)b, 1+ m? ( 00~ 10 00 10) (3.27)
2
1 d* ¢“ ¢1 —(K, +iw)g, = d 6211
SC dZ d dZ (3.28)
With the boundary conditions as:
Uy6=0, Nm:_n(%j 0,5=1, fo=1 at 2=0 }(3.29)
Z z=0

and U;—0, N1o—0, 6,,—0, ¢1o—)0, for z—owo

U120, Nuz_n[%j 0.=1, $u=1 at 2=0
0L ),

and U11—0, Ni1—0, 6,,—0, ¢11—)0, for z—wo (330)

Solving equations (1.34)—(1.51) under the boundary conditions equations (1.42)-(1.43), (1.52)—(1.53) and
substituting the solutions into (1.23.1), we finally obtain,

U(z,t) =u(z,t)+iv(z,t)
Where  u(z,t)=u, +&(u, coswt —u, sinat), v(z,t)=u, +&(u, coswt +u_ sin t),
U, =exp(-a,z)(c, €0s A,z +¢, sin §,,7)+exp(—m,z)c, +exp(-m,z)c, +exp(-m,z)c, +exp(-m,z)c,
exp(—a,,2)(r,, cos B2+, Sin f,7) +exp(—m,, 2)I, +exp(—a,, 2)F, + eXp(—a,, 2)T, +exXp(—a, 2)F, +exp(—a, 2)r,

+exp(—a,, )1, +exp(—a,,2) (1, oS 3,2 + 1, sin 8,7 ) + exp(—ct,,z) (I, €OS 3,2 + I, Sin 3,7) +exp(-, 2)

@+ |m0)+|a)jU10— 261 Mo _ 5Gra,, + Gmdh,) — (Gro, + Gm,)
dz

(1, €S B,z +1,;Sin B,7) +exp(—,2) (I, COS 3,2 — Ty SN f3,,7) + €XP(—0rys )1, +€XP(—0,,Z) (T, €OS 3,2~ T, SN fB,7)

+exp(_m132) 29 + EXp(—OCMZ) 27 + EXp(—O!OSZ)( 25 €os ﬂmz - rzs sin ﬂmz)

u, =exp(-a,z)(c,, cos B,z — ¢, sin f,z) +exp(-m,z)c, +exp(-m,z)c, +exp(-m,z)c, +exp(-m,z)c,,

exp(—ozmz)(r62 cos B,z —r,sin ﬂmz) +exp(—m,z)r, +exp(-a,,2)r, +exp(—a,,2)r, + exp(—a,,2)r, +exp(—a,,2)r,

c +exp(—awz)r + exp(_aozz)(ru cos 16012 — I sin ﬂmz) + exp(_aoaz)(rw cos ﬂmz -l sin ﬂmz) + exp(—a Z)

(rycos B, z—r,, sin 3,2)+exp(—at,z) (I COS 3,2 + Iy SIN f3,,7) + XP(—0rys 2)T,, +eXp(—a,,2) (1, €OS B, 2 + 1, Sin f,,7)

+exp(-m,z)r,, +exp(-a,,2)t,, +exXp(—a,,z) (I, oS 3,2 + 1. Sin 3, 7)
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u, = exp(-a,z)(d,, cos B,z +d,sin £,,2) +exp(-«,,z)(d,, cos B,z +d,, sin £,2)+exp(-a,,z)(d,, cos 3,z +d,, sin 5,,7)
+exp(—ay,2) (d, cos B,z +d, sin B,,2) +exp(—m,z)d,, +exp(-m,z)d,, +exp(-m,z)d,,

exp(—ozmz)(g63 €0S 3,2+ g,, Sin ﬂmz) +exp(—-m,z)g, +exp(—a,,2) 9, + eXp(— 2) s +eXP(—52) g, +exp(—a,,2) g,
+exp(—at,,2)9,, +exp(—a,,2) (9, oS B,z + g, sin B,,2) +exp(—a,,2) (9, €0s 3,2+ g, Sin S,7)

+exXp(—a,2) (9, €S B,Z + G, SiN B,,2) +exp(—,,2) (9, €0S B2 — 9, SiN B,,2) + eXp(—cts2) (9,5

+eXP(—y,2) (9,5 COS 3,7 — 0, SIN 3,7 ) + eXP(—1552) (9, €OS B,,Z — G, SiN B,2) +exXp(—a,,2) (9, ) + EXP(—M,,2) (9, )
exp(—a,,z) (h, €os B,z +h, sin B,,2) +exp(—2a,,2)h, +exp(—a,,z) (h cos B,z —h, sin B,,2)

+exp(—a,,2) (h, cos B,z —h, sin B,7)+exp(-a,z) (h, cos B,z —h, sin B,,z)+exp(-m,,z) (h, cosm,z—h, sinm,z)
+exp(-a,,z) (h, cos B,z —h, sin B,,z) +exp(-a,,z) (h, cos £,z —hy sin B,,2) +exp(-a,,2) (h,, cos B,z —h,sin 5,,2)
+exp(—a,,2) (h, c0s B,z +h,, sin B,,2) +exp(—a,z) (h,, ) + exp(—,,z) (hy, ) + eXp(—ae2) (s ) +Xp(—ty,2) (hy )
+exp(-a,z)(h,, cos B,z +h,sin B,7)+exp(-a,,z) (h,, )+ +exp(-a,2) (h, cos B,z —h,,sin f,7)

+exp(-a,,z) (h, cos B,z —h, sin B,,z)+exp(-a,z) (h,, cos B,z —h, sin B,2) +exp(-a,2) (hy, cos B,z —h,,sin B,7)
+exp(—a,,z) (h,, cos B,z —h,,sin B,.2)+exp(-a,,z) (h,, cos B,z —h,,sin B,.2) +exp(-a,,2) (h,, cos B,z —h,;sin B,.2)
exp(-a,,z) (h,, cos B, —h,sin A,z)+exp(-m,,z) (h,, cosm,z —h, sinm, z)+exp(-a,z) (h;, cos B,z +h,, sin S,2)
h,, cos B,z + hysin 8,7 ) +exp(-a,,2) (h,, cos B,z + h,sin B,

+Ec

+exp(—a,,z) (hy, cos B,z +h, sin B,7)+exp(—a,,z)

h,, cos 8,z +h,,sin B,z)+exp(-a,,z) (h cos B,z +h,, sin 5,z

1

+exp(-a,,z)

) )
+exp(-a,,2) (hy, cos B,z +hy sin B,,2) +exp(-a,,z) ) ( )
) h,, cos B,z +hysin B,2)+exp(—a,,z) (h, cos B,z +h, sin B,7)
) ) ( )

—_ ==~

(
+exp(—a,,z) (hy cos B,z + hy sin B,z
+exp(-a,,z)(h, cos B,z —h,sin B,7)+exp(-a,,z) (h,, cos B,z +h,,sin ,,2) +exp(-a,,z) (h, cos B,z +h, sin B,z
U, =exp(—a,,2)(d, cos B,z —d,,sin A7) +exp(-a,,2)(d, cos B,z —d,,sin A,,z)+exp(-a,z) (d,, cos B,z —d,,sin S,,7)
+exp(-a,,2) (d,, cos B,z —d,, sin B,2) +exp(—m,z)d,, +exp(-m,z)d,; +exp(-m,z)d,,

exp(—ozmz)(g64 €0S 5,2 —g,,sin ﬂmz) +exp(-m,z)g, +exp(-,,2) g, +exp(—,2) 9, +eXP(— 0ty 2) Oy
+exp(-a;,2)0,, +exp(—at,2)9,, +eXp(—a,2) (9, €08 B, 2+ 0, Sin S,,7) +exp(—a,,2) (9,5 €0S B,,2— 9, Sin B,,2)
+exp(-,2)(9,, €0S B,,2— 0., Sin B,,2) +exp(—a,,2) (9,, €0S B,,2 + 0, Sin B,,2) +exp(—ct,s2) (9, )

+eXP(~=0y,2) (9,5 COS B, 7 + G, SIN B,,7) + eXP(—152) ( 9, €OS B,,Z + G, SiN B,,2) +exp(—a,,2) (9, )

+exp(—m,,z) (9, ) exp(—a,2) (h, cos B,z — hy sin B,,2) +exp(—2a, 2)h, +exp(—a,,2) (h, cos B,z +h,sin B,,z)
+exp(-a,,z)(h, cos £,z +h, sin B, ) +exp(-a,z) (h, cos B,z +h,sin f,,2)+exp(-m,,z) (h, cosm,z - h, sinm,z)
+exp(-a,,z)(h, cos B,z +h,sin B,z)+exp(-a,,z) (h, cos 4,z +h,sin B,z)+exp(-a,;z) (h, cos B,z +h, sin f,7)
+exp(-a,,z) (h, cos B,z —h,sin B,z
+exp(-a,2) (h, cos B,z —h,,sin A,z
h,, cos B,z +h,sin B,z)+ exp(—amz) (h, cos B,z+h, sin B,z)+exp(-a,z) (h,, cos B,z +h,sin B,2)
h,, €0s 3,02+ h,, sin S,,z) +exp(-a,,z) (h,, €0s B,z + h,,sin B,.2) +exp(-a,,2) (h,, €0s B,z +h, sin ,.2)

+ exp( aosz)( 22 ) + exp( Oy Z) ( 2 ) + exp(—aog Z) (hzs ) + exp(_amz) (h30 )

+Ec ;
+exp(-a,,z) (h,, )+ +exp(-a,,z) (h,, cos B,z +hy sin B, 2)

)
)
+exp(-a,z)
+exp(—a,,z)
+exp(-a,,2) (h,, cos B, +h,, sin B,2)+exp(-m,,z) (h, cosm,,z +h,, sinm,z)+exp(-a,,2) (h, €0s B,z —h, sin B,,z)

+exp(-a,,2)(h,, cos B,z —h, sin B,.2) +exp(-a,, z) (h,, cos B,z —h, sin B,z) +exp(-a,,z) (h,, cos B,z —h,sin B,7)
+ exp(— ) hae cos ﬂoz - hes sin ﬂozz ) + exp(_azz Z) (hea Ccos ﬂmz - he7 sin ﬂ14 )+ exp( A4 Z)
+exp(-a,,z)(h, cos B,z —h, sin B,2) +exp(-a,,z) (h,, cos B,z —h, sin B,.2)+exp(-

h70 cos ﬁmz - hag sin ﬂuz)
h, cos B,z —h,sin B,z)

(
(
(
+exp(-a,,z)(h,, cos B, —h, sin B,7)+exp(-a,,z) (hy, cos B,z —h, sin B, ) +exp(-a,,z) (h, cos B,z -, sin f,,7)
(
( (
( 2)(
$.(2,1) = g (2,1) + £(COS(01) 4, —SIN(@) 4, ) = (4, (R) + EC, (R)) + & (cos(wt) ¢, —sin(wt)d,, )

Where ¢00R = exp(—maz)q +C, exp(—mdz)
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exp(—m,z)c,, +exp(—m,z)c,, + exp(—a,,2)C,; + eXP(—tyZ)C,; + EXP(—yZ)C, + EXP(—peZ)Cy, + EXP(—a1,, Z)C,,
+exp(—a,,Z)Cy; + eXP(—at,2)(Cs, €OS 3,2+, SiN f3,7) + exp(—ax,, 7) (€, €08 B, + Cyy SiN B,,7)

+exp(-a,2)(C,, €08 B,,Z + C,, in B,,7) + +exp(—a,,2) (€, C0S 3,7 — €, Sin 3,7 ) + eXP(—tsZ)C,, + eXP(—x,,7)C,,
+exp(-a,,2)(C,, €0 3,2 — Cy, Sin /3, 7) + exp(—,, 2) (Cy, €OS 3,2 — C 0 SiN 3, 2)

01R —

¢, =exp(-a,,z)(d,, €0 B,z +d,, €0S 8,7 ) + eXP(—r,,2) (0, €OS 3,2 +d g COS 3,7

exp(-a,,z)(r,, cos B,z + 1, sin 3,7 ) +exp(—a,2) (1,08 B,z +1,5in B,,2) + exp(—2a,,2) (1,

+exp(—a,2) (1, €05 B,,2 — 1, in f3,,2) + exp(—a,, ) (I, €0S B,,2 — 1, Sin B,2) + exp(—a,z) (T, ¢os B,z — 1, sin 3,7)

+exp(—m,,z) (1, coSM,z + 1, sinm,z) + exp(—a,,,2) (1,, €08 B,,.2 —,,sin B, ) + exp(—a,,z) (1, €0S B,2 — 1. sin 3,2)

+eXp(—at,,2) (1, €08 B,Z — Iy SiN B,7 ) + eXp(—t,,2) (g €OS B,Z + 1y SN 3,7 ) + eXp(—t,2) (1, ) + eXP(—t,,2) (T, )

e ) + €Xp(—,2) (I, COS B,Z + I, Sin B,,2) + exp(—ct, z) (g ) + €XP(—0,2) (1, ) + eXp(—,,2) (1, €OS B — T, Sin B 7)

7)(r,

+exp(—a,2)(

+XP(—g;2) (1 €08 B,,2 — I, Sin B,2) + exp(—ax,2) (1, €05 B,,2 — I, Sin S,,2) + exp(—a,2) (1, €0s B, — ¥, sin 3,7)
(
(

e +eXp(—at,,2) (1, €08 3,2 T, Sin .7 ) + eXp(—t,,2) (I, COS B,Z — 1, SN J,,7) + €XP(—x,,7) (5 €OS B,Z — T, SiN 3,2
+exp(-a,,2)(r, €0 B,z —r,sin B2 (

+exp(-a,,z)
+exp(-a,,z)

+exp(-m,,z)(r,, cosm,,z — r,, sinm,,z) + exp(—a,,2) (1, €0S B,,Z + I, Sin B,.2)
(rss €os ﬁmz + rse sin ﬁmz) + exp(_a125z)(r57 Cos ﬁOZsZ + rss sin ﬂozsz)

I, C0S 3,2 + I, sin B,.7) + exp(-a,,z)(I,, €0 S,z + I, 8in 8,7) +exp(-a,,z) (1., C0S 2 +1,,Sin 3,7)

+eXp(—at,,2) (1 C0S B, + I Sin B,7) + eXp(—t,,2) (1, COS B,Z + Ly, SN B,,7) +exp(-a,,7) (1, €08 8,2 + 1, 8in 3,7)

+eXp(—at,,2) (1, €08 B,7 + 1, iN f,,7) + exp(—a,,2) (I, €08 B,7 + T, Sin f,,7) + exp(—a,7) (1,5 €08 S, + 1, 8in f3,2)

)
)
I, COS f,Z+1,Sin S,z )+ exp(-a,,z)
)
)
)

¢, =exp(—a,2)(d,, c0s B,z — d,; €05 ,,7) + eXp(—y,2) (d,, €08 B,Z — d, €05 S,,7)

exp(-a,,z)(r,€0s 8,2 1, sin B,,7) + exp(—a,2) (1, €08 B,z - 1,sin B2 ) +exp(-2a,,2)(r,)

+exp(-a,,2) (1, €08 B,,7 + 1,5in B,2) + exp(—a,,z) (1, €08 B,z + T, in B,,7) + exp(—cz,2) (I, €05 B,Z + 1, 8in B,7)

+exp(-m,,z)(r,cosm,z —r, sinm, 7 ) + exp(-a,,,2) (I, €0S f3,,,Z + I, Sin f,,.7) + exp(—ax,,2) (1, €0s B,,Z + I, sin f,7)

+eXp(—a,;2) (1, COS fB,Z + 1, SiN B,7) + eXp(—ct,2) (1, COS B, — 1, SiN f3,,7) + eXP(—tys2) (1, ) + €XP(=,,2) (T, )

+exXP(—a,2) (s ) + eXP(=,2) (1,5 COS B, — 1, SiN B,,7) + exp(—ar,2) (1 ) + €XP(—x,2) (1, ) + €XP(—0,,2) (1, €OS B + Iy SiN B 2)
(
(

+exp(-a,,z)(r, €os B,z —r,sin /3142) + exp(folwz)(rSB CoS B,z +r,sin /3142) + exp(falgz)(r c0s B,z +r,sin ﬂuz)

(r
(
(
+EC +eXp(—a,2)(T,, COS B,2 + I, Sin 3,7) + exp(—ax,,2) (T, COS 3,2 + 1, SiN f3,,7) + eXP(—x,,7) (T, COS B,Z + I, Sin S,7)
+exp(-,,2)(1,, C0S B,z +1,,8in B,,7) + exp(—m,,z) (T, COSM,,Z + I, SiN M7 ) + exp(—,,2) (I, €0S B,z — I, sin 3,7)
+eXp(—a,;2) (1, €08 B,,Z — I, Sin B2 ) +exp(—at,,z) (1, COS B3,,2 — ;i B,,7 ) + eXp(—a,,2) (1, €08 B,.2 — 1y, 8in B,.2)
+exp(—a,,2) (1, €0s 3,2 — I, 5in B,,7) + exp(-a,2) (1, €08 B,z — t, sin 3,7 ) + exp(—at, 2) (1, €O 3,2 — 1., 8in 3,2)

(r,cos B,z -t sin B,2) I,,C0S 3,2 — 1., SiN B2 ) + exp(—a,,2) (I, €0 B, — 1, Sin S3,,7)

( ) )

r72 COSﬁUZ r7lsinﬂ02 r74 COSﬁOSZ - r73 SInﬁUSZ +exp(_a182)(r76 COSﬂlAZ - r75 Slnﬂlélz)

+exp(—a,;2)
+exp(-ay,z)

+exp(-a,,z)

—_ o~

+exp(—a,,Z)

0.(2,1) = 6,,(2,t) + £(cos(et)B,,, —sin(wt)B,,, ) = (B, (2,1) + Ec,,, (2,1)) + £ (cos(wt)b,,, —sin(wt)b,,)
Where
Oror = €XP(—M,2z)
exp(—-m,z)(c,, ) + eXp(—a,,2) (Cyy ) + EXP(—s2) (Cys ) + EXP(—e5gZ) (€7 ) + EXP(—sZ) (€, ) + EXP(—,, Z) (Cyy ) + €XP(—2,02) ()
Opi =| +6XD(—t0,2)(Cys COS BZ + €, SIN B2) + €XP( =015, 2)(C,; €OS B,Z + €,y SIN B,2) + EXP (=1, )(Co €OS 3,2 + o SiN B,,7) + €XP(—2,,2) (C,y )

+exp(—a,2)(C,, €08 B,2 — C,,5iN B,2) + exXp(—ts2) (C,, ) + €XP (— 2,2 )(Cy €OS 3,2 — €, SN B,,7) + eXP (— x5 2) (G, COS 3,2 — Cy i 3,,7)
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6., =exp(—a,z)cos(f,,z)

exp(—a,2) (&,,C0S B,,Z + &, in B,,2) + exp(—2a,,z) (&,

+exp(—a,,2)(e,c0s B,z —e,sin B,2) + exp(-a,,z) (e, €0s B,z — &, Sin B,) + exp(-a,z) (e, cos B,z — e sin B,7)

+exp(-m,,z)(e, cosm,,z + e, Sinm,,z) + exp(—a,,z) (&, €0S B,,,Z — €, Sin S,,,2) + exp(-a,,2) (e,,€0s B,,7 — e, 5in B,,7)

€,, C0S B,Z — €, SiN 3,7 ) + eXp(—ct,,2) (€,, €08 B,,Z + €, SiN B,,7 ) + eXp(—s2) (& ) + EXP(—1,,Z) (€;, )

+EXP(—0rygZ) (€ ) + EXP(~Z) (€, COS B,Z + €, SIN B,7) + eXp(—t,,2) (€5, ) + eXP(—a,Z) (€ ) + EXP(—,,Z) (€5, COS B,y Z — €, SiN B,7)
+EXP(—0t,Z) (855 COS B,,Z — €,,5iN B, ) + eXP(—0,,7) (&, COS 3,7 — €,,5IN B,2) + eXp(—,,2) (€, COS B,,Z — ,,5in B,7)

+exXp(—ay,2) (€,,C0S B, —€,,SIN B,7) + eXP(—01,,7) (€,,COS B,Z — &,,SIN B,7) + EXP(—t,7) (8,5 COS B, — €,,SiN B,7)

+exp(—a,z)(
(e,
(
(
+exp(—ozz22)(e47 COS f3,,Z —€,Sinf.2)+ exp(—muz)(e cosm,z —e,,sinm z) + exp(—amz)(em C0S f3,,Z +€,,Sin ﬂmz)
(
(
(
(

+EcC

51 18
+eXP(—at,,2) (€5 COS B Z + €, SN B ) + €XP(—1,,2) (8, €OS B,,Z + €, SiN B,,7) + eXP(—0t,,2) (€, COS B, Z + €, SiN B,,,7)
(€5, COS B2 + €., 5N B,2) + eXP(—0,,7) (€5, COS B,,Z +&,,5iN B3,,7)
+eXP(—,,2) (&,,, €08 B, Z + €,,, SIN B,7 ) + eXp(—x,,2) (&,, €08 3,2 + &,,8in 3,2)

+eXp(—,,2) (&, COS B,7 +€,,5iN B,,7 ) + exp(—ar,2) (€,, €08 B,Z + &, 5in B,7)

+exp(—a,,2) (&, COS B, + &, Sin B,7) + exp(—a,,2)

+exp(-a,z)(e, cos B,z +e,sin B,z

71

V\_/\-/\_/\_/\_/

+exp(—a,,z)(e, cos B,z +e,sin f,z

0,,, = exp(—a,,z)sin(f,z)

exp(—a,,2) (&, €0s .2 — &, 5in .7 ) + exp(—2e,2) (e, )

+exp(-a,2) (e, €0s B,z +&,5in B,,2) + exp(—a,,2) (&, €05 B,,2 + & 5in B.7) + exp(-a,z) (e, cos 3,7 +&,sin 3,7)

€,CoSM,Z —e,sinm,z) +exp(-a,,z) (&, €0S B,,,2 + &, Sin B,,.7) + exp(-,,2) (e, €0s 3,2 +&,,5in B,,7)

€,,C0S B,7 +€,,5iN ,,7) + exXp(—cz,,2) (€,C0S B,,2 — &, SN B,,7) + exp(—at,,2) (&, ) + eXP(—,2) (&5,

€, )+ eXp(—a,2) (&, C0S B,,Z — €,45iN B,,7) + eXP(—;2) (€55 ) + EXP(—x,,2) (85, ) + EXP(—01,,2) (&, COS B Z +€,,5iN S, 2)
€05 3,7+, 5in B,2) + exp(—,,7) (€, COS B,,Z + €, 5iN 3,7 ) + eXp(—,,7) (8,4 COS B,,Z + &, 8in 3,7

+exp(—

17
+exp(-«,
+exp(—a,,

+exp(-a,z)(e

36

2)(e,

)

2) (&,

2)(
7)(e,,C0s 3,2 +€,,5in B,7) + exp(-a,,2) (e, C0S .2 +€,,5iN B,,7) + eXP(~a,,2) (8, COS B,Z + €, 5iN B,,2)
+eXP(—,,2) (8, COS B2 +€,,5iN B,7) + eXp(—M,,2) (€5, COS M, Z + €, SINM,Z ) + EXP(=,,7) (B, COS BoZ — €y, SN B0 7)
2
a,2)(
7)(
2)(

03

+Ec
+exp(—a,,

+eXP(—,7) (8, €08 B,,Z — &, SiN .7 ) + eXP(-0,2) (8, €08 B,,7 — &, Sin 3,7 ) + exp(—auz) (e, €08 8,2 —¢,5in B,.7)
€, C0S 3,2 — €, 5in B,,7) + exp(—ar, 2) (&, C0S 3,2 — &, 5in ,7) + exp(—a,,2) (&, €08 B,,2 — &, 5in 5,2)
)+ exp(—oz22 )(e,,, €08 B,z — ey, sin 3,7 ) + exp(—a,2) (e, €0s B,z — €, 5in 3,7)

)(,,08 B,z —e,,5in B,.7) +exp(—a;,2) (&, C0S B,Z —€,,5in B,7)

+exp a,

+exp(-a,z)(e,,cos B,z —e, sin B,z

+exp(-a, €,,C0S 5,7 — €4 sin Bt

+ exp(—
Some quantities of engineering interest are discussed as follows:

3.1 Nusselt number

The non-dimensional heat transfer rate at the plate z = 0 is given by:

1 (o6, 1
Nu, :——[ 6ZR l . :—E(Nu01+ Nug, + Nug,)

[ My Gy = G5 — oG5 — gy — UgCrg — Uy Gy — Ay Oy — UG + Czsﬂ 0 Cy ]
+ﬂ2 s~ Ol t Csoﬂm ~ Qoly — 32:62 ~ OgsCyy — Oy — :Bmcae Qo — ﬁ01c3s — 0y
Oy +eszﬂ03 2a01el U, _ﬁme, s :Bosee a8, ﬁm o — M€ + €My, — €0, — 1zﬁ;2 — €0, _euﬁo; — €5
_e1eﬂoz &y +elsﬂoz gy — Oy — g~ 08, +ezsﬁoa Oy = 0y = Oy ﬂm s~ O — 3eﬁ14 LA ﬁu )
Nuoz =¢£Cosat (_0’03)+ Ec 08y~ Azﬂoa Oy~ MﬂOS O ﬂoz 6~ O ~ 48:803 M€ = 5zmls Onfsy +esaﬁzo LA +eeoﬂ1& a02661+eﬁzﬁ01
~0f tE A:B;z ~ gty + eeeﬂis —€q 0, + eesﬂu 8, tE oﬁm 0y t e7zﬁoz Oy + eo7zﬂ03 O+ e74ﬂ14 Oy + €, eﬂoz
+ﬂuae7s €t ﬂllleHO ~ €
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Oy, ~ emﬂoa - 2an1ez — e, t+ ﬂme3 — &t ﬁoaes — gt ﬂu1e7 — M€, — &My, — e1za;2 + euﬂgz —6a;t elaﬂn;z — 6
+e15ﬁ;z — 0y, — euﬁoz 08y — Uyofy) — gy — O — ezsﬂoa €y — 01,8y — Oy ﬂ16e33 Oy t+ easﬁu Oy ﬂuen

Nuoz =-¢sinot ﬁns +Ec 04y + 639:514 —Oy€, ezuﬁos — O, t ﬂoaem —Opfy t eASﬂDS Ay — €)My = Agficy + €My, — ﬂznem oy ~ ﬂmess ~ €y
_ealﬂm — 0,8, — eeaﬂt;z 0y — essﬂla 06 — ﬂmee? 0,8 — esgﬂm €, — anﬂoz 0, — Uiy, — ﬂuen 0 e75ﬂ02
Oy~ e77ﬁ03 ~Eytg — e79ﬁ14

3.2 Sherwood number

The non-dimensional mass transfer rate at the plate z = 0 is found as:

1 (o¢ 1
Sh, = —— —rRrR = ———(Sh + Sh + S

R SC [ az jzzo SC ( 01 02 h03)
Where

~MyCry =M, Gy — y,Ch5 — Ay — Ay — Ao Gy — Gy — G — 4, Gy + Cssﬂm — Gy
+Ceoﬂo1 —aCy t Cezﬂm — 0,Cs — Cmﬂm — 0G5 — 4, Cy — A, O — Cesﬁm Ol — Cmﬂm
Shﬂz = gcosa)t(_aladne + do7ﬂ14 - _aosdoa + dngﬁoa)

-+ r78ﬁ14 — gl t r?ﬂOB - 20{01r3 Oyl — reﬂm N r;zﬂos Ol - rmﬂm =My, G +0,My — il — ruﬂoz Q- rleﬂoz

Qs — rlBﬁOZ Oyl * rzoﬁoz L P N P Pl rzaﬂoa Oyl — Ol — Ol — r34ﬁ16 Ol — rseﬂm gl - raaﬂu

+eCoswt| EC Ol — erﬂla Oyl — rAZﬁUS Ayl - rzmﬂoa Ayl — rAsﬂOS =l - rABﬂOS =Myl = TogMyg = Uyglyy + rszﬁzo — gl + rsdﬁlﬁ Ayl
+rsﬁﬂm - 0{;2 Iy + rsaﬂ(;z — 0yl t reoﬁoa —alyt rezﬂu —olt reA:Hm — Ol rsaﬁuz — Mgt rssﬂoz Ol t rmﬁu -t r72ﬂoz
Oyl + rMﬂoa —Qhs + rmﬂla

Sh,, =(-m,c, —m,c,)+Ec

—Qly — ﬂu Fio = Oyl — ﬂOSrAZ — Oyl — :Boarzm — sy — ﬂoar4e — 10y, — :BoarAza — FpgMyy — My ley — Ayl

Sh. = esinat| Ec +ﬂ20r52 — Ol + r541616 — Ol t ﬂmrse — Ol + ﬁoz fos =yl + ﬁoa foo — sl + ﬂurez ol t ﬁ01r64
03
—Qles + ﬁoz fos — Ol + 1803 Mos — Ayl + 1814 G — Ayl + ﬁoz G, — Oyl + ﬁoa Gy — Al + ﬂm e

3.3 Skin friction coefficient

au
Cf, =2(1+§(1—n))[ = jzzo
=2@+<&@—n))(cf, +cf, +cf,)

Where
f - -a,C + f,C,—m,C,—m,C, —m,C, —M,C, —ax, I, + S, F, —M,I —a,l, — ol — o, —a,l, —a,l, —a,r, ,
+B,0, — Qb + Bl — O, + Bl — Oty + Bl — Ol — O,V + 0,8 — QL + Bl — Q0 F,, — ML,
-a,d, +4.d, -«,d, +d, 8, -md,—-md,-md, —¢«,d, +d. B, -a,d, +d,z3,
=00 9es + B 06 — M0, — @, 0, — A0, — 400, — 9y — X, Oy — 0,9 — 4,95 — A, 9,
P92 — AUz — %0 Qs = PnUss — %o = BnUzs — 4105 — 9uMy — ity + 1, B, — 20,1,
—a,h, =B, —ah, = Byh —ah, = B b, —mh, +h,m, —ha;, —h, B, —a.h, —h, B,
o = cos ot -ah, —h. B, —a,h, +h, B, —a,h, —a,h, —a,h, —ah, —a,h, —a,h, —a.h,

-h, B, —a,h,—h g, —ah, -h g, -h.e,—h,p,—h.e,—hpg,—ah,—hpg, '
_hseaig - h40ﬂ14 0y h41 - h421820 - a21h43 - h44:803 Uy h45 - h4eﬂ03 - h47a22 - hABIBoa - h49 m,
_hao my — hslaso + hszﬂzo - h53a16 + hsAﬂlG - h55aoz + hseﬂm - h57 a:z + hsaagz - h59a21 + ﬁos heo
_he1a17 + hsz 14 h63a14 + heuBm - h65a15 + hes 02 he7 Ay — h69a19 - hnam - h730{23 - h75a
+h,B. +h B, +h, B, +h,B.+h. 2,

18
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_amdzs + ﬂmdu - agzd11 - ﬂ;zdm - m4d13 - msd15 - m4d17 - aoadlg - dmﬂoa - a14d21 - ﬂudzo — 0,06 — ﬂmgss
—Myu0, —,0, — Q6@ — Xoe9s — X0 G1p — Xy 91, — X916 — ﬁﬂlgIS — 0,05 — ﬁ01g17 — 0y — ﬂmgm — 0,9,
+ﬂ01921 ~ 05 ~ XY ﬂmgzs — 9% ﬂ01gz7 — 095 — MG, — aoahz - ﬂ03hl - 2“01h4 - aozhs + ﬂmhs
Cf3 — _sinat _a04ha + ﬂ01h7 - aOth + ﬂmhg - hlzm17 + h11m18 + ﬂt;zhla _a;hu - a13his + ﬂ;hls - alshls + ﬂo*zhu - 0{04h20 _

_ﬂoz h19 - aoshzz —Qy h24 - aoshze - hzsao - ﬁ01hz7 - h30a07 - anhaz + ﬂm h33 — & h34 + ﬂm h35 - haeau + ﬁu h37
_awhss + ﬂ14h39 - a19h40 - a20h42 + ﬁ20h41 - a21h44 + ﬂoahu - a23h46 + ﬁ03h45 - a22h48 + ﬁoahu - m17h50 + m15h49
—a, hsz - ﬁzohﬁ et h54 - hssﬂle — Oy hse - ﬁothS - 0!;2 h&s - ﬁgz h57 - ﬂoshse - a21h60 - ﬁm h61 — 0y hsz - ﬂmhsz
N h64 —a hse - ﬁoahse -y, h67 - ﬂmheg — Oy h70 - ﬂ; h71 - a13h72 - ﬁozhu - a23h73 - ﬂu h75 - a18h76

3.4 Couple stress coefficient

Cm, = [1+%.§] N (0)

=—(c;m, )+ & (cos wt(—a,do, + dos Byy) +Sin wt (e, dos +do, Syy))

4. Numerical Data Analysis

A numerical estimation is carried out to comprehend the substantial significance of the flow problem of the three
dimensional unsteady MHD micropolar fluid with Hall effect, Joule heating and heat sink in the presence of
gravitational modulation. The governing non-dimensional equations are solved with the help of perturbation
technique. The results are analyzed with the help of graphs and tables. The non-dimensional velocity,
temperature and concentration profiles are discussed numerically. The skin friction and couple stress coefficient
in addition to the rate of heat and mass transfers are also computed numerically. In the present problem, the value
of Prandtl number (Pr) is taken as 7.0 which relates to water (H,0) at 25°C and Schmidt number is taken as 0.60
which relates to water vapour at 20°C. Prandtl number is a dimensionless physical parameter, which is the ratio
between momentum diffusivity and thermal diffusivity. In mathematical strategy, Prandtl number is expressed

k . P,

as, Pr=—wherev=% g, =—— and vis the momentum diffusivity, u,, @, k, Cp , p denote the
a, P D

dynamic viscosity, thermal diffusivity, thermal conductivity, specific heat and density respectively. The Prandtl

number is an estimation of comparative persuasion of momentum and heat energy in a fluid flow. For Pr << 1

i.e. for small values of Prandtl number, the thermal diffusivity dominates where as for large values of Prandtl

number, i.e for Pr>>1, the momentum diffusivity dominates. The value of Prandtl number for water at

temperature 25°C, k =0.607Wm*K*, 4,=1.002mPas, C,_ [1 4.182JKg ‘K * is approximately found as 7.0. In this

regard, convection is more effective in transferring energy compare to conduction i.e. the momentum diffusivity
is more dominant. Since the momentum diffusivity will dominate in micropolar fluid, so in this case, the value of
Prandtl number i.e Pr>>1.This is why, the value of Prandtl number (Pr) is assumed as 7.0 in this problem. The
Schmidt number is also a dimensionless parameter, which is a measure of momentum diffusivity relative to mass

diffusivity. Mathematically, Sc :DLwhere Dy is the mass diffusivity of species and v is the kinematic
M

viscosity. Schmidt number is employed to trace the fluid motion in which both momentum and mass diffusion
occurs together. To justify the fluid modeling the values of other flow variables are taken arbitrarily. The effect
of key flow parameters like Prandtl number (Pr) non-dimensional temperature profile is depicted through Fig. 2.

It is observed that the fluid temperature decreases for rise in values of Prandtl number. Due to increasing values
of Prandtl number, the thermal diffusivity decreases as such the thickness of the thermal boundary layer
diminishes. The temperature of fluid particles is thus seen in decreasing trend.
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Fig. 2: Graph of temperature (6k) versus normal distance Fig. 3: Graph of temperature (&) versus normal

(z) for fixed values of Qs=0.5, K;=0.5, M=0.8, distance (z) for fixed values of Q.=0.5,
me=0.2, n=0.5, 6=0.5, Gr=1.5, Gm=0.5, £=0.5, M=0.6, my=0.1, n=0.1, &0.2, Gr=3.0,
£=0.001, 0=0.7857, Ec=0.02, «t=1.57143,u,=0.5 Gm=3.0, £=0.6, £&=0.001, &=0.7857, Ec=0.02,

at=1.57143,u,=0.5

The effects of physical parameters such as chemical reaction parameter on the temperature profile (6, z) are
discussed through Fig. 3. The fluid temperature is seen to increase with rise in values of chemical reaction
parameter (K)). The increase in chemical reaction parameter (K|) causes an increase magnitude of skin friction
thereby it helps in rising the amplitude of temperature wave oscillation within the thermal boundary layer. As a
consequence, the temperature of fluid particles is observed in an increasing trend. It is observed from the Figs. 2-
3 that fluid temperature obeys the boundary conditions as stated in (2.22-2.23).

The implication of pertinent physical parameters like Schmidt number and chemical reaction parameter on the
non-dimensional concentration profile (¢, z) are demonstrated through Figs. 4 and 5 respectively.
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Fig. 4. Graph of concentration (®g) versus normal Fig. 5: Graph of concentration (®g) versus normal
distance (z) for fixed values of Qs=0.3, distance (z) for fixed values of Qs=0.3, K;=0.5,
K=0.5, M=0.8, n=0.4, my=0.2, &=0.3, M=0.8, n=0.4, my=0.2, &=0.3, Gr=3.5,
Gr=3.5, Gm=3.0, K=0.6,5=0.2, £=0.001, Gm=3.0, K=0.6,5=0.2, £=0.001, =0.7857,
a=0.7857, st=1.57143, Sr=0.6, up =0.5 wt=1.57143, Sr=0.6, up =0.5

The concentration of fluid particles is found to decrease for increase in values of Schmidt number as well as
chemical reaction parameter. In case of increasing values of Schmidt number, the fluid particles possess low
diffusivity. The increasing values of Schmidt number thus helps in decreasing the Brownian mass diffusion
effect. This in turn minimizes the fluid concentration within the concentration boundary layer. Due to rise in
values of chemical reaction parameter, the constituents from higher concentration region i.e. plate zone diffuse to
free stream region. As such, the solutal buoyancy effect reduces near plate zone. From the Figs. 4 and 5, the fluid
concentration is thus followed by the boundary conditions as stated in (2.22-2.23) for the fluid concentration.
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Fig. 6 demonstrates the parametric influence of Eckert number on the linear velocity profile(UR,z). Due to

upsurge in values of Eckert number, the linear velocity is seen in an increasing trend. An increase in Eckert
number signifies that the kinetic energy is higher than the enthalpy energy. Thus the increasing values of Eckert
number causes in increasing the thermal buoyancy force within the thermal boundary layer and thereby
accelerates the linear flow rate.
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Fig. 6: Graph of linear velocity (ug) versus normal Fig. 7. Graph of linear velocity (ugr) versus normal
distance (z) for fixed values of Qs=0.3, distance (z) for fixed values of Qs=0.3, K,=0.5,
K=0.5, M=0.8, n=0.4, mg=0.2, &=0.3, Sc=0.60, n=0.4, my=0.2, &=0.3, Gr=1.5,
Gr=1.5, Gm=0.8, K=0.6,6=0.8, £=0.001, Gm=0.8, K=0.6,5=0.2, £=0.001, ¢=0.7857,
=0.7857, at=1.57143, Sr=0.6, up =0.5 wt=1.57143, Sr=0.6, up =0.5,Ec=0.01

The influence of key parameter like magnetic field parameter (M) on linear velocity profile (Ug, z) and angular
velocity profile (Ng, z) are demonstrated graphically by Figs. 7 and 8 respectively. It is observed that the linear
velocity (Ugr) decreases while the angular velocity (Ng) increases with rise in values of magnetic field parameter
(M). As the Lorentz force generates within boundary layer flow due to the presence of magnetic field which
works in the reverse direction of flow. This retards the linear velocity (Ng) and accelerates the rotational velocity
(NR) of fluid particles. . Furthermore, increasing values of magnetic field parameter increases the resistive forces
which accelerate the linear flow rate and decelerate the rotational flow rate.
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Fig. 8: Graph of angular velocity (Ng) versus Fig. 9: Graph of linear velocity (ug) versus normal

normal distance (z) for fixed values of distance (z) for fixed values of Qs=0.4, K=0.4,
&=0.5, m=0.3, &=0.2, n=0.5, Gr=0.5, Sc=0.60, M=0.6, my=0.3, Gr=0.5, Gm=1.8,
Gm=1.0, up=0.5, £=0.001, «=0.7857, K=0.6, up =0.5, s=0.2, &=0.001, &=0.7857,
wt=1.57143 Ec=0.02, at=1.57143, Sr=0.5

The effect of gravity modulation parameter (6) on linear velocity profile (U..2) and the angular velocity profile
(N,,z) are expressed through Figs. 9 and 10 respectively. It is observed that the increasing values of gravity
modulation parameter increase the linear velocity whereas decrease the rotational velocity. The increasing values
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of gravitational modulation parameter help in accelerating the linear velocity diffusion rate and decelerating the
angular velocity diffusion rate.

~ c c r c T r r
0 0.5 1 15 2 25 3 35 4
s

Fig. 10: Graph of angular velocity (Ng) versus normal Fig. 11: Graph of linear velocity (ug) versus normal

distance (z) for fixed values of M=0.8, distance (z ) for fixed values of Q.=0.4,
me=0.2, n=0.3, Gr=0.5, &=0.001, «=0.7857, Ki=0.4, Sc=0.60, M=0.6, my=0.3, Gr=0.5,
up=0.5, t=1.57143, &=0.001 Gm=1.8, K=0.6, up =0.5, s=0.2, £=0.001,

=0.7857, Ec=0.02, at=1.57143, Sr=0.5
The physical impact of vortex viscosity parameter (&) on the linear velocity profile (U, ,z) and the angular
velocity profile (N_,z) are presented graphically through Figs. 11 and 12. Due to increase in values of vortex

viscosity parameter, the angular velocity is found in decreasing trend while a fluctuating trend is viewed for the
linear velocity. The increasing values of vortex viscosity parameter decrease the microrotation diffusivity. This
increases the linear momentum diffusivity rate and as such the rotational flow rate decelerates and is thus
decrease the rotational fluid velocity. But as the linear diffusivity effect near to the plate is less, linear
momentum velocity thus takes its minimum value there in and as normal distance increases beyond 0.5, it shows
surprisingly an increasing trend for increasing values of vortex viscosity parameter. It is evident from Figs. 6-12
that both the linear velocity profile (U_,z) and the angular velocity profile (N_,z) works in accordance with the

boundary conditions as stated in (2.22-2.23).
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Fig. 12: Graph of angular velocity (Ng) versus normal distance (z) for fixed values of M=0.8, my=0.02, 6=0.3,
n=0.4, Gr=0.5, Gm=0.8, £&=0.001, &~0.7857, up=0.5, at=1.57143

In Table 1, a comparative analysis between the Newtonian fluid theory and the micropolar fluid theory is made
by taking the parametric variations of heat sink, gravitational modulation parameter and chemical reaction
parameter on the skin friction coefficient. It is interesting to observe that the skin friction in micropolar fluids is
less than its countering Newtonian fluids. Thus, the micropolar fluid is found suitable to apply in regulating the
skin friction effect.
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Table 1: Comparison between micro polar fluid and Newtonian fluid theory for skin friction coefficient (Cfg)
with different parameters t=0.2, @ =7.857143, £=0.01, n=0.5, K;=0.5, Pr=7.0, Sc=0.60, Gr=6.0,
Gm=4.0, y =0.5236, u,=0.5, £&=0.5, M=0.5, m;=0.2.

Cf, —» Newtonian fluid Micropolar fluid
0.1 -3.3949x10? -9.8048x10?
Qs 0.2 -3.0033x10° -9.1279x10°
0.3 -2.7196x10° -8.5805x10°
0.3 -1.4189x10° -2.3055x10°
K 0.4 -3.5491x10° -5.2372x10°
0.5 -3.7512x10° -5.0694x10°
0.3 -4.0252x10° -7.1829x10°
0.4 -6.3125x102 -7.3394x10?
Mo 0.6 -7.0850%x10° -7.7608x10?
1.0 -1.4189x10° -2.3055x10°
S
15 -3.5941x10° -5.2372x10°
3.0 -3.7512x10° -5.0694x10°

Table 2: Numerical values of skin friction coefficient for fixed values of Pr=7.0, Sc=0.60, u,=0.5, ©=7.857143,
t=0.2, Gr=6.0, Gm=4.0, n=0.1, £&=0.5, Ec=0.01

S Sr Kl a Qs M mg Cfg
03 |01 [03 [05236 05 |05 [0.1 |[-3.7772x10°
03 |01 [05 05236 05 |05 [0.1 |-26469x10°
04 |01 |02 |05236 05 |05 [0.1 |-54020x10°
05 |01 [0.2 [0.5236 05 |05 [0.1 |-6.3018x10°
03 |02 [02 [05236 05 |05 |01 |-45432x10°
03 |05 [02 |[05236 05 |05 |01 |-41895x10°
03 |01 [02 [05236 05 |05 [0.1 |-46611x10°
03 |01 |02 07857 05 [05 |01 [-4.2230x10°
03 |01 [02 |1.0472 05 |05 |01 |-3.6827x10°
03 |01 |02 |05236 03 |05 |01 |-45634x10°
03 |01 [02 [05236 04 |05 [0.1 |-46071x10°
03 |01 [02 [05236 05 |06 |01 [-47792x10°
03 |01 [02 |[05236 05 |07 |01 |-47524x10°
03 |01 [02 |[05236 05 |05 [0.3 |-46665x10°
03 [01 [02 [0.5236 05 |05 |04 |-46755x10°

The numerical data relating to the varied values of co-efficient of skin-friction (Cf.) and couple stress co-
efficient (Cm,) for arbitrary change in values of various parameters like s, Sr, K, &, Q,;, M, m (on Cf,) and

6,6, N, M, a, Gr, Gm (on Cm,) are presented through Tables 2 and 3 respectively. It is worth full in

perceiving that the skin friction coefficient and couple stress coefficient are being influenced by the increasing
values of varied key parameters. It is observed that, Cf, increases only due to increase in values of

5, Q. while Cm increases in presence of 5, N, «, Gr and Gm. A fluctuating effect on Cf,and Cm, is noted in
presence of M..
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Table 3: Numerical values of couple stress coefficient for fixed values of Pr=7.0, Sc=0.60, u,=0.5, #=7.857143,
t=0.2, n=0.1, my=0.2, &=0.01

S & N M a Gr Gm Crmiz
03 02 |02 |05 |05236 60 |50 7.4592
03 03 |02 |05 |05236 60 |50 5.1062
0.2 03 |02 |05 |05236 60 |50 5.1060
0.4 03 |02 |05 |05236 60 |50 5.1066
03 03 |03 |05 |05236 60 |50 6.9266
03 03 |04 |05 |05236 60 |50 8.1445
03 03 |02 |02 |05236 60 |50 5.0953
03 03 |02 |04 |05236 60 |50 5.1015
03 03 |02 |05 | 0.0000 60 |50 5.0932
03 03 |02 |05 |05236 60 |50 5.1062
03 03 |02 |05 |0.7857 60 |50 5.1193
03 03 |02 |05 | 10472 60 |50 5.1324
03 03 |02 |05 |05236 40 |50 4.1802
03 03 |02 |05 |05236 50 |50 4.6432
03 03 |02 |05 |05236 60 |60 5.5693
03 03 |02 |05 |05236 60 |40 4.6432

Table 4: Numerical values of Nusselt number for fixed values of Pr=7.0, Sc=0.60, u,=0.5, «=7.857143, t=0.2,

n=0.1, £&=0.5, Ec=0.01, &=0.01.

K Qs a Ec S M mo Gr Gm Nug

0.3 0.5 0.5236 0.01 0.2 0.5 0.1 6.0 4.0 2.3496
0.5 0.5 0.5236 0.01 0.2 0.5 0.1 6.0 4.0 2.1508
0.3 0.5 0.5236 0.01 0.2 0.3 0.1 6.0 4.0 2.2676
0.3 0.5 0.5236 0.01 0.2 0.4 0.1 6.0 4.0 2.3126
0.3 0.3 0.5236 0.01 0.2 0.5 0.1 6.0 4.0 1.7267
0.3 0.4 0.5236 0.01 0.2 0.5 0.1 6.0 4.0 2.0325
0.3 0.5 0.5236 0.01 0.2 0.5 0.1 5.0 4.0 1.9215
0.3 0.5 0.5236 0.01 0.2 0.5 0.1 4.0 4.0 2.1267
0.3 0.5 0.5236 0.01 0.2 0.5 0.1 6.0 5.0 3.6701
0.3 0.5 0.5236 0.01 0.2 0.5 0.1 6.0 6.0 5.7318
0.3 0.5 0.5236 0.01 0.1 0.5 0.1 6.0 4.0 1.5029
0.3 0.5 0.5236 0.01 0.3 0.5 0.1 6.0 4.0 4.7200
0.3 0.5 0.5236 0.01 0.2 0.5 0.2 6.0 4.0 2.4200
0.3 0.5 0.5236 0.01 0.2 0.5 0.3 6.0 4.0 2.4795
0.3 0.5 0.0000 0.01 0.2 0.5 0.1 6.0 4.0 2.1761
0.3 0.5 0.7857 0.01 0.2 0.5 0.1 6.0 4.0 2.4873
0.3 0.5 1.0472 0.01 0.2 0.5 0.1 6.0 4.0 2.5827
0.3 0.5 0.5236 0.02 0.2 0.5 0.1 6.0 4.0 3.8528
0.5 0.5 0.5236 0.03 0.2 0.5 0.1 6.0 4.0 5.3560
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In Tables 4 and 5, the numerical values of Nusselt number (Nu,)as well as Sherwood number (Sh,)are
computed for various values of o, a,Q,M m,Gr,Gm (onNu,). and m,n,s, Sr, K,
U,, Q. M (onSh,). The values of Nu, is found to increase due to positive increment in values of
o, a, Gr, Gm whereas Sh, increases due to presence of n, 8, &, M . The computed values of Nusselt number
as well as Sherwood number is thus found to be regulated by the governed flow parameters.

Table 5: Numerical values of Sherwood number for fixed values of Pr=7.0, Sc=0.60, u,=0.5, «=7.857143, t=0.2,
Gr=6.0, Gm=4.0, n=0.1, £&=0.5, Ec=0.001, £=0.001.

my |n M K, Q, Up Sr 5 a Shg

01 [01 |05 [03 |11 05 |03 |01 [05236 4.2154x10*
01 [01 |05 [03 |11 05 [03 [03 [0.5236 6.0749x10*
02 [01 |05 [03 |11 05 |03 |02 [05236 5.0631x10*
03 [01 |05 [03 |11 05 [03 [02 [05236 5.0630x10*

01 [01 |07 |03 |11 05 [03 |02 05236 5.0633x10*
01 [01 |09 [03 |11 05 [03 |02 05236 5.0644x10*
01 [03 |05 |03 |11 05 |03 |02 [05236 5.0665x10*
01 [04 |05 [03 |11 05 |03 |02 [05236 5.0699x10*
01 [01 |05 [04 [11 05 |03 |02 [05236 5.0602x10*
01 [01 |05 [06 |11 05 [03 |02 05236 5.0547x10*
01 [01 |05 [03 |08 05 |03 |02 [05236 4.9813x10*
01 [01 |05 |03 |13 05 [03 |02 05236 5.1272x10*
01 [01 |05 [03 |11 05 |01 |02 [05236 5.0632x10*
01 [01 |05 [03 |11 05 |04 |02 [05236 5.0630x10*
01 |01 05 |03 [11 05 [03 |02 [0.7857 5.0634x10*
01 [01 |05 [03 |11 05 [03 |02 [1.0472 5.0639x10*

In Table 6, a comparative study of the present model with the work of Deka and Soundalgekar(2006) has been
made to compare the numerical values of skin friction for both the case of Prandtl number as 0.71 and 7.0 .
From the table, it is found that the skin friction effects in both the works are found to be decreasing due to
increasing values of wt for fixed values of certain physical parameters Gr=1.0,6 =1.0,t=2.0,6=0.2. The
range of values obtained are found to be close to one another in the respective papers thus justifying a good
agreement of the present work to that work of Deka and Soundalgekar.

Table 6: Numerical values of skin friction for various values of physical parameters when t=2.0,Gr =1.0, £=0.2,

o=10.
Pr=0.71 (Present | Pr=7.0 Pr =0.71 Deka and Pr =7.0 Deka and
0] @t | paper) (Present paper) | Sondalgekar Sondalgekar
(2006)paper (2006)paper
5 0 1.4755 0.1667 0.5605 0.4211
5 % 1.4934 0.1659 1.9936 1.8359
5 % 1.4885 0.1631 1.4204 1.2692
5 % 1.4621 0.1590 1.1337 0.9865
5 % 1.4621 0.1477 0.8471 0.7038
10 % 1.4694 0.1621 0.8539 0.7027
15 % 1.4585 0.1612 0.6492 0.4979
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5. Conclusion

A theoretical investigation on free convection flow of unsteady MHD micropolar fluid past an inclined plate with
the effects of gravitational modulation, Hall effect, Joule heating and heat sink. The investigation reveals that the
fluid temperature decreases due to increase in values of Prandtl number. The concentration of fluid particles
decreases with rise in values of flow parameters like Schmidt number and chemical reaction. The linear fluid
velocity is found to increases due to increasing values of gravitational modulation parameter, Eckert number, but
decreases for increasing values of magnetic field parameter. The rotational velocity of fluid particles is found
increasing for rise in values of magnetic field parameter while it decreases for increasing values of gravitational
modulation parameter. The skin friction effect is possible to regulate by using the micropolar fluid theory.
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