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Abstract:  
The main objective of this paper is to study the homogeneous-heterogeneous reactions on 
magnetohydrodynamic flow over a nonlinear stretching sheet.Water/blood is taken as the base fluid 
for the suspension of single-wall carbon nanotubes. The governing non-linear partial differential 
equations are transformed into ordinary differential equations which are solved numerically by 
utilizing the fourth order Runge-Kutta method with shooting technique. Graphical results have been 
presented for the velocity, temperature, concentration, local skin friction coefficient and local Nusselt 
number for various physical parameters of interest. Comparisons with previously published data are 
performed and the results are found to be excellent agreement. 
 

Keywords:Magnetic field,homogeneous and heterogeneous reactions, stagnation point flow, viscous dissipation 
etc. 

 

NOMENCLATURE  
  ,x y  space coordinates Sc  Schmidt number 

u, v velocity components S suction parameter 

pc  specific heat capacity SWCNT single wall carbon nanotube 

eu  free stream velocity   

DA, DB diffusion coefficients Greek symbols 

*k  Rosseland mean absorption coefficient   ration of mass diffusion coefficient 

T fluid temperature   nanoparticle volume fraction 

M magnetic parameter v  kinematic viscosity 

A ratio of free stream velocity   electrical conductivity 

Nr  radiation conduction parameter   density 

pr  Prandtl number   thermal diffusivity 

K strength of the homogenous reactions 
parameter 

  local similarity variable 
 

k  thermal conductivities *  Stefan–Boltzmann constant 

Ec  Eckert number   stream function 

Q heat source parameter Subscripts 
 

rq  the radiative heat flux f fluid 

sK  strength of the heterogeneous reaction 
parameter 

nf nanofluid 
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1. Introduction 
 

Hydromagnetic stagnation point flows with thermal effects have large number of applications in the natural 
phenomena, engineering and industrial processes. A stagnation point is a point in a flow field where the local 
velocity of the fluid is zero. It was mentioned by Clancy (1975) that the existence of stagnation points is very 
apparent on the surface of objects in the flow field, in which the object is responsible for reducing the fluid 
velocity to zero. Stagnation point exists in the flows which may be symmetric or asymmetric, viscous or 
inviscid, normal or oblique, forward or reverse, two-dimensional or three-dimensional, steady or unsteady, 
homogeneous or two immiscible fluids (Weidman and Putkaradze, 2003)). The flow near a stagnation point has 
an important bearing on several technological processes. Such processes are cooling of nuclear reactors during 
emergency shutdown, heat exchangers placed in a law-velocity environment, blood flow problems, textile and 
paper industries, the aerodynamics extrusion of plastic sheets, cooling of electronic devices by fans, solar central 
receivers exposed to wind currents, the cooling of an infinite metallic plate in a cooling bath and many 
hydrodynamic processes. Bachok et al. (2013) explored the boundary layer stagnation-point flow toward a 
stretching or shrinking sheet in a nanofluid and found that dual solutions exist only for the shrinking case. Soid 
et al. (2017) investigated the axisymmetric stagnation-point flow over a stretching or shrinking vertical surface 
with a second-order velocity slip. Dashet et al. (2016) studied two-dimensional laminar boundary layer 
stagnation point flow of a viscous incompressible electrically conducting fluid towards a linearly varying 
stretching/shrinking taking into account chemical reaction of diffusing species and internal heat 
generation/absorption. Mahapatra and Gupta (2002) reported heat transfer in stagnation-point flow towards a 
stretching sheet. Srinivas et al. (2015) investigate the effect of chemical reaction and stagnation point flow on an 
unsteady flow of a micropolar fluid over a stretching sheet. 
 
The purpose here is to advance the stagnation point flow of nanofluid towards a stretching sheet into five 
directions. Firstly, to examine melting heat transfer. Secondly to predict the impact of homogeneous–
heterogeneous reactions. Thirdly to analyze the porous space features. Fourth to investigate CNTs (single wall 
and multi wall carbon nanotubes) effects for different base fluids. Fifth to consider nonlinear stretching sheet 
with variable thickness. The term nano wasfirst introduced by Choi (1995). Choi declared that an advanced 
approach for thermal enhancement is obtained by utilizing nanoscale pieces in the base fluids (like water, 
ethylene glycol, kerosene etc.). Shiekholeslami and Ellahi(2015) discussed magnetohydrodynamic (MHD) 
three-dimensional mesoscopic simulation on convection of nanofluid. Khan et al. (2014) studied the fluid flow 
and heat transfer phenomenon in the flow of carbon nanotubes and Navier slip condition. Turkyilmazoglu(2015) 
discussed analytical solution and heat transfer phenomena of nanofluid in the single and multi-phase models. 
Ding et al. (2006) investigated the heat transfer behavior of CNT nanofluids flowing through a horizontal tube. 
Some of the authors (Sheikholeslami and Rokni, 2017, Reddy, 2016, Sheikholeslami and Rokni, 2017, Hamad 
and Ferdows, 2012, Suneetha and Reddy, 2016, Cortell, 2007, Khan et. al. 2017, Ramzan and Bilal, 2017) 
discussed the effects of nanoparticles for boundary layer flow over a stretching or shrinking surface. 
 
Chemical reactions involve both homogeneous and heterogeneous reactions, with examples occurring in the 
combination, catalysis and biochemical systems. Some of the reactions have the ability to proceed very slowly 
are not at all, except in the presence of a catalyst. Some of the common applications of chemical reactions are 
fog formation and dispersion, ceramics and polymer products, food processing and hydrometallurgical industry. 
Hayat et al. (2015) examine the stagnation point flow of carbon nanotubes with homogeneous-heterogeneous 
reactions along a cylinder with Newtonian heating. Imtiaz et al. (2016) addresses the homogeneous-
heterogeneous reactions in MHD flow of viscous fluid flow by a curved stretching surface. The isothermal 
model for homogeneous heterogeneous reactions in the boundary layer flow was investigated by Merkin (1996). 
Reddy and Suneetha (2017) analyzed the effect of homogeneous-heterogeneous chemical reaction on the MHD 
stagnation point flow over a stretching/shrinking surface in a porous medium. 
 
Literature survey indicates that most of the researchers investigated the characteristic of nanofluid over a 
stretching sheet using the Cu, CoFe2O4, Ti, Ag, Al2O3 nanoparticles.  The characteristics of SWCNTs suspended 
in the water/blood induced by stretching sheet with homogeneous-heterogeneous reactions are not explored until 
now. Thus, our main purpose is to analyze the behavior of base fluids water and blood with SWCNT by 
nonlinear stretching sheet. 
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2. Mathematical Formulation 

Consider a two-dimensional stagnation point flow of nanofluid by an impermeable nonlinear stretching or 

shrinking sheet. The sheet is stretched with non-linear velocity ( )  m
wu x cx , where c is a constant for which 

0c corresponds to the stretching sheet and 0c  for shrinking sheet and m is a power index and wall mass 
suction velocity is ( ) wv v x  with 0wv  for suction and 0wv for injection respectively. The pressure gradient 

and external forces are neglected. By keeping the origin fixed and the x-axis is taken along the stretching sheet 
in the direction of the motion and the y-axis is taken perpendicular to the sheet in the outward direction towards 
the fluid of ambient temperature T∞ as y→∞.  A non-uniform transverse magnetic field of strength

( 1) / 2
0( )  mB x B x  is applied in the transverse direction, where B0 is the constant related to magnetic field and 

( 1) m is a power law exponent. SWCNT’s are used as nanoparticles and water/blood is taken as a base 

fluid. The heat produced is neglected throughout the irreversible chemical reaction. Homogeneous- 
Heterogeneous reactions of two chemical species A and B are also considered. For cubic autocatalysis, the 
homogeneous reaction is 

2 3A B B   Rate = 2
1k ab ,                                                                                     (1) 

while first-order isothermal reaction on the catalyst surface is represented in the form  
A B  Rate=

sk a ,                                                                 (2) 
 

Here a and b are the concentrations of chemical species A and B while  1k  and sk are the rate constants. The 

equations of the reaction ensure that the reaction rate is zero at the external flow and at the outer edge of the 
boundary layer. The continuity, momentum, energy and concentration equations under the boundary layer 
approximations are given by: 
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The appropriate boundary conditions are: 
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In the above expressions u and v denote the velocity components in the x-direction and y-direction respectively, 

eu  is the free stream velocity, nf is the kinematic viscosity of the Nano fluid,   is the electrical conductivity 

of fluid, nf  is the density of the nanofluid, nf is the thermal diffusivity of the nanofluid, nf  is the coefficient 

of dynamic viscosity of the nanofluid,  p n f
c is the heat capacitance of the nanofluid, T is the fluid 

temperature, DA and DB are the diffusion coefficients of the A and B.  
 
Thermophysical models of carbon nanotubes are: 
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where
nf is the viscosity of nanofluid,   is the nanoparticle volume fraction, 

f  and 
C NT  are the density of 

the fluid and solid particles respectively  and 
fk ,

C N Tk  are the thermal conductivities of fluid and nanoparticles 

respectively. Thermal radiation is simulated using the Rosseland diffusion approximation and in accordance 
with this, the radiative heat flux 

rq is given by 
* 4

*

4
,

3r

T
q

k y

 
 


  (10) 

where * is the Stefan–Boltzmann constant and *k is the Rosseland mean absorption coefficient. If the 
temperature differences within the mass of blood flow are sufficiently small, then Eq. (10) can be linearized by 
expanding 4T into the Taylor’s series about T

, and neglecting higher-order terms, we get 

4 3 44 3T T T T             (11) 

 
2.1 Method of solution 
 
We introduce the following similarity transformations are defined as follows  
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where, fv is the kinematic viscosity of the fluid and  is the stream function, define as ,
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which is identically satisfies the Eq. (3). Substituting Eqs. (9)-(12) in (4)-(8), we obtain the following nonlinear 
ordinary differential equations: 
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The boundary conditions take the form  

             2 2
0 , 0 1, 0 1, 0 0 , 0 0

1 1
        

 s sf S f g K g h K g
m m

   

       , 0 , 1, 0        f A g h       (17) 

M is the magnetic parameter, A is the ratio of free stream velocity 
c to stretching/shrinking velocity c, N r is 

the radiation conduction parameter, pr is the Prandtl number, K is the strength of the homogenous reactions 

parameter, Ec is the Eckert number, Q is the heat source parameter, 
sK  is the strength of the heterogeneous 

reaction parameter,  is the ration of mass diffusion coefficients and S c is the Schmidt number. Sis the suction 
parameter ( 0S ). These quantities are defined as follows:  
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Here it is assumed that diffusion coefficients of chemical species A and B to be of a comparable size. This 
argument provides us to make further assumption that the diffusion coefficients 

AD and 
BD  are equal i.e. 

=1. 

    1,g h             (19) 

 
Now Eqs. (15) and (16) yield      
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Skin friction coefficient and local Nusselt number are defined as follows: 
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Dimensionless skin friction coefficient and local Nusselt number are expressed as follows: 
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3. Numerical Estimates and Related Discussion: 

The main objective of the present paper is to study the stagnation point flow and heat transfer of viscous 
incompressible nanofluids over a vertical stretching/shrinking sheet is considered. Eqs. (13), (14), (17), (20) and 
(21) have been numerically solved by utilizing the fourth order Runge-Kutta method with shooting technique. 
We illustrate various physical parameters viz the magnetic parameterMsuction parameter S, the radiation 
conduction parameter Nr, Eckert number Ec, nanoparticle volume friction  , ratio parameter A, strength of 

heterogeneous reaction parameter 
sK ,strength of homogeneous reaction parameter K, on the velocity f  and 

temperature   and concentration g for the base fluid water and blood. For numerical results, we considered 
0 .1,  0 .8 , = 0 .1 5 , 0 .5 ,  0 .1 ,  0 .5 , 0 .21 .5 , , 0 .1sS A N r E c Q K KM         

 
These values are conserved as common unless specifically pointed out in the appropriate graphs. 
 
Fig. 1 and 2, show the velocity and temperature profiles for two types of nanofluids on stretching/shrinking 
sheets. From Fig. 1, we observed that the velocity for stretching and shrinking sheets starts from two opposite 
points but it reaches to same value at the end. 
 
The velocity f and temperature   and concentration g for both stretching and shrinking sheets for SWCNT-

blood are presented graphically in Figs. 3-10. Figs. 3 depicts the dimensionless velocity profile for various 
values of ratio parameter (A). Here we noticed that velocity profile and boundary layer thickness increase with 
an increase in ratio parameter (A> 1) and for A< 1 the boundary layer thickness has an opposite effect for 
stretching case. The velocity profile increases with an increase in the ratio parameter for shrinking sheet. It is 
also noticed that both the fluid and sheet move with the same velocity at A = 1. The effect of suction parameters 
on the velocity has been plotted in Fig. 4. It is found that an increase in the suction parameter leads to increasing 
effect of velocity profile in shrinking sheet whereas the reverse trend is observed in stretching sheet. 
 



S. R. R. Reddy, P. B. A. Reddy/ Journal of Naval Architecture and Marine Engineering,17(2020) 67-77 
 

Biomathematical analysis for the carbon nanotubes effects on the stagnation point flow towards a nonlinear stretching sheet... 72

Fig. 1: Effect of blood/water-SWCNT on the 
velocity for shrinking, stretching sheets  

 

Fig. 2: Effect of blood/water-SWCNT on the temperature 
for shrinking, stretching sheets 

 
 

 

Fig. 5: Effect of nano particle volume fraction, ϕ on 
the temperature 

Fig. 6: Effect of radiation conduction parameter, Nr on 
the temperature 

 

Fig. 3: Effect of ratio of free stream velocity(A)on the 
velocity 

Fig. 4: Effect of  suction parameter(S)on the velocity 
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Fig. 7: Effect of Eckert number, Econ the 
temperature 

Fig. 8: Effect of suction parameter, S on the temperature  

 
Fig. 5 demonstrates the effect of Nano particle volume fraction on the temperature. The temperature profile is 
enhanced for the larger values of Nano particle volume fraction for stretching case, while the opposite trend is 
observed for shrinking case in the interval [0,0.5] [1.2,3]  . Influence of the radiation conduction parameter 

on the temperature is displayed in Fig.6. Large values of radiation conduction parameter lead to enhance the 
temperature profile for stretching case whereas the reverse trend is observed in shrinking sheet. Fig. 7 
demonstrates the effect of Eckert number on the temperature for both stretching and shrinking cases. For the 
stretching case, it is observed that the temperature increases as Eckert number increases and the reverse trend is 
observed in shrinking cases. We also found that the temperature have positive temperature gradient for 
stretching sheet, while the opposite trend is observed for the shrinking sheet. Fig. 8 shows the effect of suction 
parameter on the temperature. It is interesting to note that temperature gradient decreases with increasing 
suction parameter of shrinking rate near the sheet but the reverse effect is observed a little far off the sheet. The 
temperature decreases with increasing the suction parameter. Influence of strength of homogeneous reaction on 
the concentration is displayed in Fig.9. As the boundary layer thickness increases for higher values of strength 
of homogeneous reaction parameter, the concentration increases for both stretching and shrinking sheets.  
 

 
Fig. 9: Effect of strength of homogeneous reaction, K 

on the concentration 
Fig. 10: Effect of strength of heterogeneous reaction, 

Ks on the concentration 
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Fig. 11: The variation of skin friction coefficient 
against magnetic, volume fraction and 
ratio parameters in the case of stretching 
sheet. 

Fig. 12: The variation of skin friction coefficient against 
magnetic, volume fraction and ratio parameters in 
the case of shrinking sheet. 

 
 

Fig. 13: The variation of skin friction coefficient 
against volume fraction, suction and 
nonlinearity parameters in the case of 
shrinking sheet. 

Fig. 14: The variation of skin friction coefficient 
against volume fraction, suction and 
nonlinearity parameters in the case of 
stretching sheet. 

 

Fig. 15: The variation of local Nusselt number against 
suction, volume fraction and radiation 
conduction parameter. 

Fig. 16: The variation of local Nusselt number against 
heat source, volume fraction, and nonlinearity 
parameter. 
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The effect of strength of heterogeneous reaction on the concentration is shown in Fig .10. For higher Ks values, 
the concentration decreases near the surface of sheet for both stretching and shrinking sheets. Concentration 
distribution is lower in shrinking sheet when compared to stretching sheet. Skin friction coefficient and local 
Nusselt number for both stretching and shrinking sheets for two types of nanofluids namely SWCNT-water and 
SWCNT-blood are presented graphically in Figs. 11-16, when the nanoparticle volume fraction is in the range 
of 0 0.2.   Fig. 11 illustrates the effect of magnetic, volume fraction and ratio parameters on local skin 

friction coefficient. Higher values of ratio parameter result in the enhancement of local skin friction coefficient 
while it decreases for large values of magnetic parameter for both SWCNT-water and SWCNT-blood in 
stretching sheet. Fig. 12 shows the effect of magnetic, volume fraction and ratio parameters on local skin 
friction coefficient. Higher values of magnetic, and ratio parameters result in the enhancement of local skin 
friction coefficient for both SWCNT-water and SWCNT-blood in shrinking sheet. The effect of volume 
fraction, suction and nonlinearity parameters on the local skin friction coefficient has been plotted in Fig. 13. It 
is found that an increase in the suction parameter and non-linear parameter leads to increasing effect of absolute 
local skin friction coefficient for both SWCNT-water and SWCNT-blood in shrinking sheet. The effect of the 
volume fraction, suction and nonlinearity parameters on local skin friction coefficient is shown in Fig. 14. It is 
evident from this plot that the local skin friction coefficient decreases with increasing the suction parameter and 
non-linear parameter for both SWCNT-water and SWCNT-blood in stretching sheet. 
 

Table 1: Numerical values of thermophysical properties of base fluid and nanoparticles 
 

Physical properties Base fluids  Nanoparticle 
 water  Blood SWCNT 

 3/ kg m  997.1  1063 2600 

 /pC J kg K  4179  3594 425 

 /k W m K  0.613  0.492 6600 

 
Table 2: Comparison of (0) f with Mahapatra and Gupta (2002) and Hamad and Ferdows (2012) for various 

values of A when 5 .0 , 0 .p r N r M R i Q        

A Mahapatra and 
Gupta (2002) 

Present Results 
 

m Hamad and Ferdows 
(2012) 

Present 
Results 

0.1 0.9694 0.969386 0.5 0.889544 0.889544 

0.2 0.9181 0.918107 1.0 1.000000 1.000000 

0.5 0.6673 0.667264 3.0 1.148593 1.148593 

 
Table 3: Comparison of (0)  with Cortell (2007) for various values of m when 5.0,pr

0 .N r M R i Q       

m (0)   

Pr= 1, Ec = 0 

(0)   

Pr= 1, Ec = 0.1 
Cortell (2007) Present 

Results 
Cortell (2007) Present 

Results 
0.75 1.252672 1.252701 1.219985 1.219940 

1.5 1.439393 1.439375 1.405078 1.405184 

7.00 1.699298 1.699318 1.662506 1.662599 

 
Fig. 15 depicts the variation of local Nusselt number for various values of suction, volume fraction and radiation 
conduction parameter. The local Nusselt number decreases with increase of radiation conduction parameter 
whereas the reverse trend is observed with suction parameter for both SWCNT-water and SWCNT-blood in 
stretching sheet. The effect of heat source, volume fraction, and nonlinearity parameter on the local Nusselt 
number has been plotted in Fig. 16. Higher values of nonlinear parameter result in the enhancement of local 
Nusselt number while it decreases for large values of heat source parameter for both SWCNT-water and 
SWCNT-blood in stretching sheet. Thermal physical properties of the base fluid (density, specific heat and 
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thermal conductivity) and CNTs (SWCNT) are presented in Table 1. For the accuracy and validity, we 
compared the present numerical values corresponding to the (0) f with that of Hamad and Ferdows (2012) 

Mahapatra and Gupta (2002) (Table 2). Moreover, Table 3 presents the numerical values corresponding to 
(0)   with the previously published numerical results of Cortell (2007). 

 
4. Conclusions 
 
Homogeneous-heterogeneous reactions in magnetohydrodynamic flow due to a nonlinear stretching sheet is 
inspected and observed the following conclusions: 

 The velocity profile increases by increasing the ratio parameter or suction parameter for both stretching 
and shrinking sheets. 

 The temperature profile enhances with increasing the radiation conduction parameter Eckert number, 
nanoparticle volume friction parameter for stretching sheet. 

 The concentration profile decreases by increasing the strength of the homogenous and heterogeneous 
reactions parameters for both stretching and shrinking sheets. 

 The skin friction coefficient increases with increasing the magnetic parameter in shrinking case while 
the opposite trend is observed for stretching case. 

 The local Nusselt number decreases with increasing the suction and radiation conduction parameter for 
stretching sheet. 
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