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Abstract:

In this work, the effects of dimensionless parameters on velocity field, thermal field and nanoparticle
concentration field have been studied. In this regard, the governing partial differential equations are
transformed into ordinary differential equations by using similarity transformations. These
transformed equations are then solved numerically using the function bvp4c of MATLAB for different
values of the parameters. The values of magnetic parameter have been considered as 0.0, 0.5, 1.0 &
1.5, stretching ratio as 0.0, 0.3, 0.5 & 0.7, Brownian motion as 0.0, 0.1, 0.15, 0.20, 0.3, 0.5, 0.8 &
1.5, and thermophoresis as 0.0, 0.05, 0.1, 0.14, 0.3, 0.6 & 1.0. The Prandtl number and Lewis number
are taken as (1.0, 3.0 & 6.0) and (1.0, 2.0, 3.0 & 5.0) respectively. The results indicate that the
velocity field increases for the increase in values of pressure gradient parameter, magnetic parameter
and stretching ratio parameter. The temperature field decreases for the increase in values of
stretching ratio parameter, Brownian motion parameter and Prandtl number but reverse result arises
for the increase in values of thermophoresis parameter. The nanoparticle concentration field
decreases for the increase in values of pressure gradient parameter, Brownian motion parameter and
Lewis number whereas it increases as thermophoresis parameter increases. Finally, for validity and
accuracy, the present results has compared with previously published work and found to be in good
agreement.

Keywords: MHD, nanofluid, wedge flow, pressure gradient.

NOMENCLATURE Le Lewis number
u,v velocity components Nb Brownian motion
f dimensionless velocity stream function Nt thermophoresis parameter
f’ dimensionless velocity M magnetic parameter
X, Y  distance from the surface Greek symbols
MHD  magnetohydrodynamic a, dynamic viscosity
Bo magnetic field v, kinematic viscosity
m pressure gradient related to wedge angle o density of the base fluid
T temperature of the fluid Q total wedge angle
T, temperature of the surface p wedge angle
T temperature of the free stream fluid A stretching ratio
Cm concentration of the fluid n dimensionless variable
Cw concentration of the boundary T ratio of heat capacity
C concentration of the free stream fluid o electrical conductivity
DO; Brownian diffusion coefficient K thermal conductivity
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DT thermophoresis diffusion coefficient 14 stream function

Nu Nusselt number 6 dimensionless temperature
Sh Sherwood number 0] dimensionless concentration
Pr Prandtl number

1. Introduction

The main application of the boundary layer theory is the calculation of skin friction drag that acts on a body,
which is moving in a fluid, such as the drag of a flat plate, an airplane wing, a turbine blade, or a complete ship.
In case of convective heating or cooling purpose, such as, cooling of an engine and cooling of a hot plate in case
of an external flow condition, a fluid boundary layer is formed that gives rise to thermal boundary layer.
Besides, moving or stretching surface is important in many engineering processes such as production of
polymeric sheets, paper production, wire drawing, insulating materials, drawing of plastic films and fine-fiber
mats etc. So on the basis of the Prandtl boundary layer theory, Falkner-Skan developed a model that was not
parallel to the fluid flow known as wedge flow.

Adekeye et al. (2017) identified that a strong flow circulation arises at particular value of Grashof number and
heat transfer rate is significant at certain interval of inclination. Ahmed et al. (2014) observed that the skin
friction coefficient decreases as the Reynolds number and the suction/injection parameter increases, while the
local Nusselt number increases as the Reynolds number and the suction/injection parameter increases. Further
Ahmed et al. (2014) explained that the local and average Nusselt numbers at the hot and cold sidewalls increase
with increasing the radiation parameter. From the other side, the role of viscous dissipation parameter is to
reduce the local and average Nusselt numbers at the hot left wall, while it improves them at the cold right wall.
Ashwini et al. (2015) obtained that the dual solutions exist up to a certain value of unsteady parameter beyond
which, the boundary layer separates fromthe surface. Besides the magnetic parameter delays the boundary layer
separation because the flow is accelerated. Bharathi (2017) observed that the velocity is higher for Pseudo-
plastic fluids and temperature is higher for Dilatant fluids.

Again, Choi (1995) was the first who discussed the concept of nanofluid, which refers to the dispersions of
nanoparticles in the base fluids such as water, ethylene glycol, and propylene glycol. Later, Buongiorno (2006)
had first examined the reasons behind the enhancement in heat transfer rate for nanofluid and he observed that
the Brownian motion and thermophoresis are the main causes to enhance heat transfer rate. Chand et al. (2015)
indicated that the Prandtl and Darcy numbers have a destabilizing effect while the Lewis number and modified
diffusivity ratio have a stabilizing effect for the stationary convection. Falana et al. (2016) discussed that the
temperature increases with an increase in the thermophoresis parameter or Brownian motion parameter or
stretching parameter.

Hayat et al. (2011) discussed the Falkner- Skan flow in case of power — law fluid with mixed convection.
Hussein et al. (2014) shown that the solid volume fraction has a significant influence on stream function and
heat transfer, depending on the value of Hartmann and Rayleigh numbers. Khan and Pop (2013) noticed that the
reduced Nusselt number is a decreasing function of each dimensionless number, while the reduced Sherwood
number is an increasing function of higher Prandtl number and a decreasing function of lower Prandtl number
for each Lewis number, Brownian motion and thermophoresis parameters. Haile (2015) analyzed the effects of
various parameters on boundary layer nanofluid flow past a moving surface and obtained that the fluid flow and
heat transfer are influenced by magnetic parameter, Brownian motion and thermophoresis parameter. Shaw et
al. (2016) proved that the existence and uniqueness of the solutions depends on the slip parameters, and that the
region of existence of the dual solution increases with the slip parameters. Srinivasacharya et al. (2015)
performed that the magnetic parameter, Falkner-Skan power-law parameter and the volume fraction parameter
are the key parameter for heat and mass transfer rate. Khan et al. (2017) examined that the velocity field
increases in both stretching and shrinking wedges for pressure gradient parameter and magnetic parameter.
Kandasamy (2015) discussed the radiative heat transfer on nanofluid flow over a porous convective surface in
the presence of magnetic field. Nasrin et al. (2011, 2012, 2014) studied heat and mass transfer enhancement
based on MHD effect considering different types of geometry. However, boundary layer nanofluid flow past a
stretching wedge surface in the presence of magnetic field are widely studied in a comprehensive way. Yousif
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(2017) concluded that increasing the transpiration parameter, nanoparticles concentration over the plate decrease
due to more fluid penetration from pores and this is the main reason of lower thermal boundary layer caused by
fewer nanoparticles over the plate. After that, Yacob et al. (2011) noticed that the rate of velocity and the rate of
heat transfer at the surface are highest for copper-water nanofluid compared to the alumina-water and titania-
water nanofluid.

2. Physical Model

Let us consider the wedge shape surface which is moving with a velocity u,, (x) and the free streamvelocity is
Ue(x).The x-axis is measured along the surface of the wedge and the positive y-coordinate measured normal to

the x-axis in the outward direction. The temperature of the wedge wall T,, and nanoparticle concentration C,, are
variable and the free stream temperature and nanoparticle concentration are T, and C, respectively far away
from the boundary layer, the total angle of the wedge is Q = 7, where B is the Hartree pressure gradient that

are shown in Fig. 1.

Tem LIt

L 4
F 3

UWE}{,t:I uw(}{th

Fig. 1. A flow configeration and coordinate system

2.1. Thermo-physical properties
The thermo-physical properties of the nanofluid are taken from Parvin et al. (2012) and given in Table 1.

Table 1: Thermo-physical properties of water and Cu nanoparticle at 300K

Physical Properties Fluid phase (water) Cu
Cp(I7kgK) 4179 385
p (kg/m®) 997.0 8933
k (W/mK) 0.613 400
ax10" (mP/s) 1.47 1163.1
1x10° (Ns/ mP) 855 -
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3. Governing Equations and Similarity Analysis

The governing partial differential equations for the boundary-layer flow of nanofluid for the present problem can be
written as follows (Makinde et al., 2013):

Equation of continuity:
ou ov

—+—=0 @
ox oy
Momentum equation:
2 BZ
ua—u+va—u:U du +vbal;+(7 (U -u) @
ox oy dx "8y’ p,

Energy equation:

or ot T (8T ac] D, (asz
D, +—| —

U—+V—=0¢, —5+ —_——

x o | Clayy) Ty ©
Nanoparticle concentration equation:

oC oC o°C D, o°T
u—=+v—-=>D + @

Ox oy oy T, oy?
The above equations are subject to the following boundary conditions:

u=u,(xt),v=0T=T,C=C,at y=0
u=U(xt),T>T,,C—>C, as y—>wx

The velocity of the wedge surface, the free stream velocity, temperature and nanoparticle concentration can be
taken as follows:

u, (x,t)=ax™, U (x,t)=bx™,T,—-T, =bx™,C,—-C_ =bx",

where a and b are positive constant on which b is the initial stretching rate, and the exponent mis a function of

2m
the wedge angle parameter $ where the total apex angle of the wedge is pz such that ff=——

1+m
To convert the governing equations into a set of ordinary differential equations, following similarity
transformations are introduced:

’U(1+m) f2va T-T C_C o o
- ! = f 19 = L , :—OO, — d - _

By applying the above similarity transformations, the partial differential Eq. (2), Eq. (3) and Eq. (4) transformed
into non-dimensional, nonlinear and coupled ordinary differential equations as follows:

f7+ £+ B(1- £2)+ M (1- £/)=0 ©)
0"+Pr[ £0'- BT'0+NbO'p +Nto” | =0 ©
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The transformed boundary conditions are:
f=0,f =4,60=1, ¢g=latn=0 and f —1, O=¢—>0 asny—>oo
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The important physical quantities of this problem are skin friction coefficient C, , the local Nusselt number Nu

and the local Sherwood number Sh which are proportional to rate of velocity, rate of temperature and rate of
nanoparticle concentration respectively.

4. Numerical Modeling

The non-linear ordinary differential Eq. (5) — Eq. (7) with the boundary conditions has been performed by
applying shooting method namely Nachtsheim and Swigert [26] iteration technique along with fourth order
Runge-Kutta iteration scheme to get the numerical results. From Eq. (5) — Eq. (7) it is observed that fis in third

order and € and ¢ are in second order. In order to solve this system of equations using Runge-Kutta method,
the solution needs seven initial conditions but we have two initial conditions in f and one initial condition in

each of @ and ¢. The most important step of this scheme is to choose the appropriate finite value of 7, .

Therefore, to determine the value of#_ , the procedure has to be started with some initial guess value and solve
the boundary value problem consisting of Eq. (5) — Eq. (7). The solution process is repeated with another larger
value of 7, until two successive values of f"(0), 6 (0) and ¢ (0)differ only after desired significant

digit. The last value of 7 is taken as the finite value for determining the velocity, temperature and
concentration, respectively. After getting all the initial conditions, we solve this system of simultaneous
equations using fourth order Runge-Kutta integration scheme. The effects of the flow parameters on the
velocity, temperature and nanoparticle concentration, are computed, discussed and have been graphically
represented in figures and the local skin friction and rate of heat transfer are shown in Table 3 for various values
of different parameters. Now for performing the present solution we have to define new variables by the

equationsy, = f, y, =f', y.=f , y, =0, =60, y,=¢, y, =¢ .Inthis respect, we have
chosen a step size of Ay = 0.002 to satisfy the convergence criterion of 10° in all cases. The value of 7., has
been found to each iteration loop by 7. = 7. + An. The maximum value of #,, for each group of parameters M, 5,

A, Nb, Nt, Pr and Le has been determined when the values of the unknown boundary conditions does not change
to successful loop with an error less than 10°°.

4.1. Code validation

In the absence of magnetic parameter, Brownian motion and thermophoresis parameter, the present results are
almost same with White (1991), Mohammadi et al. (2012) and Khan and Pop (2013) as displayed in Table 2. To

check the validity of the present code, the values of f ) (O)has been calculated for M =1 =Nb =Nt = Pr=Le

= 0 and for different values of wedge angle parameter 5. Fromthe Table 2, it is observed that the data produced
by the present code and those of mentioned author’s shows excellent agreement between two sets of dataand, so
justifies the use of the present numerical code for current model.
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Table 2: Comparison of skin friction [f’ (O)] for different values of 5, when M = Pr = Nb =Nt = Le = 1 =0

White Mohammadi et al. Khan and Pop Present
(1991) (2012) (2013) results
B T (O) i (O) T (O) T (0)
-0.12 - 0.281772 - 0.28211
-0.15 - 0.216335 - 0.217153
-0.18 - 0.128637 - 0.13138
0.0 0.4696 0.469589 0.4696 0.46964
0.2 - - - 0.686690
1/6 0.6550 - 0.6550 0.6550
1/3 0.8021 - 0.8021 0.80212
05 0.9277 0.927601 0.9277 0.92768
2/3 1.0389 - 1.0389 1.0389
1.0 1.2326 1.232587 1.2326 1.232587
16 - - - 1.5215139

5. Results and Discussion

The nonlinear-coupled ordinary differential equations along with boundary conditions are solved numerically
using Runge-Kutta 4™ order integration scheme with shooting method. The effect of various parameters on
velocity, temperature and nanoparticle concentration has been shown graphically and in tabular form.

5.1 Velocity field

The effect of pressure gradient parameter, magnetic parameter and stretching ratio parameter on velocity
profiles has been shown in Figs. 2-5. From Fig. 2, it is observed that the velocity profile increases with the
increase in values of pressure gradient parameter f in absence of entering parameters and the separation arises at
£ =-0.198 but in presence of stretching ratio parameter the flow separation are occurred at g = - 0.35.

The effect of magnetic field parameter on velocity profile f' (n) is pictured in Fig. 4. The essence of the
magnetic parameter has been explained from the sign of the term in Eq. (2). This term is composed of the
imposed pressure force and the Lorentz force, which slows down the fluid motion in the boundary layer region.
When the imposed pressure force overcomes the Lorentz force (U > u), the effect of the magnetic parameter
increases the velocity. Similarly, when the Lorentz force dominates the imposed pressure force (u > U), the
effect of the magnetic parameter decreases velocity flow and hence it decreases momentum boundary layer
thickness. From Fig. 5, for a fixed value of 5, as the parameter A increases, the velocity profile also increases
and finally it is getting constant, as A is closer to one.

5.2 Thermal field

The temperature profiles depicts in Figs. 6-9. From these figures, it is seen that the temperature increases for the
increase in thermophoresis parameter Nt but reverse results arise for Brownian motion parameter, stretching
ratio parameter and Prandtl number. Increase in Nt causes increment in the thermophoretic force which tends to
move nanoparticles from hot to cold areas and consequently it increases the magnitude of temperature. The
increment of Prandtl number results in major effects on temperature profile. The thermal boundary layer
thickness reduces with Prandtl number and it happens due to decrease of thermal diffusivity for the increment of
Prandtl number. As a result, the heat transfer rate is increasing for Brownian motion parameter, stretching ratio
parameter and Prandtl number but reverse trend arises in case of thermophoresis parameter.
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5.3 Nanoparticle concentration

The variation of nanoparticle concentration has been shown in Figs. 10-13. It is seen that the nanoparticle
concentration increases for thermophoresis parameter Nt but reverse results arise for pressure gradient
parameter, Brownian motion parameter and Lewis number. Thermophoresis parameter Nt is a key parameter for
analyzing the temperature distributions and nanoparticles volume fraction in nanofluid flow. Therefore, increase
of Nt, the temperature profile and nanoparticle concentration of the fluid increases. Increasing Nt causes
increment in the thermophoresis force which tends to move nanoparticles from hot to cold areas and
consequently it increases the magnitude of temperature profiles and nanoparticle concentration profiles.
Ultimately, the thickness of nanoparticle concentration boundary layer becomes significantly large for slightly
increased value of thermophoresis parameter. Fig. 11 illustrates the effect of Lewis number on concentration
profile. It is clearly shown in the figure that as the Lewis number increases, the concentration profile decreases
significantly. This is because the increment of Lewis number reduces Brownian diffusion coefficient and this
leads the flow to decline the concentration profile. This is obvious from the very definition of the parameter.
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Again, the various values of skin friction, rate of heat transfer and rate of nanoparticle concentration are
presented in Table 3 for different values of Nb, Nt, A and Le when Pr = 1.0 and M =0.1.

Table 3: Values of skin friction [ f"(0)], local Nusselt number [-6’(0)]and local Sherwood number [-¢'(0)]
for different values of Nb, Nt, A when Pr =1.0 and M = 0.1.

7 Nb Nt Ce 1(0) ~0(0) =9'(0)
0.3 04 04 20 059710 0.64858 0.70207
05 0.4 0.4 2.0 0.45634 0.76658 0.78802
0.7 0.4 0.4 2.0 0.29051 0.87148 0.92169
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0.3 0.8 0.4 2.0 - 0.71569 0.75069
0.3 15 0.4 2.0 - 0.80455 0.78123
0.3 04 0.3 2.0 - 0.83799 0.70722
0.3 0.4 0.6 2.0 - 0.58416 0.74463
0.3 04 0.4 1.0 - - 0.45265
03 0.4 0.4 3.0 - - 0.87037

6. Conclusions

In this paper, the classical Falkner-Skan flow over a stretching wedge surface in a nanofluid in presence of
magnetic field has been studied. Fromthe present numerical calculation, the following conclusions can be made:
The velocity field increases for the increase in values of pressure gradient parameter, magnetic parameter and
stretching ratio parameter. As a result, the thickness of momentum boundary layer decreases. The temperature
field decreases for the increase in values of Brownian motion, stretching ratio and Prandtl number but increases
for the increase in thermophoresis parameter. The nanoparticle concentration field decreases for the increase in
values of pressure gradient parameter, Brownian motion parameter and Lewis number whereas it increases for
thermophoresis parameter. From Figs. 2 and 3, it is observed that the flow separation occurs at #>-0.198 and
> -0.3 respectively.
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