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Abstract:

The present investigation deals with the study of unsteady, free convective Casson fluid flow over a
vertical cone saturated with porous medium in the presence of non-uniform heat source/sink, high
order chemical reaction and cross diffusion effects. The numerical computation for the governing
equations has been performed using an implicit finite difference method of Crank-Nicolson type.
The influence of various physical parameters on velocity, temperature and concentration
distributions is illustrated graphically and the physical aspects are discussed in detail. Results
indicate that temperature dependent heat source/sink plays a vital role on controlling the heat
transfer however the surface-dependent heat source/sink also has notable influence on the heat
transfer characteristics. It is to be noted that high order chemical reaction has the tendency to
dilute the influence of chemical reaction parameter on the species concentration.

Keywords: Casson fluid, porous medium, non-uniform heat source/sink, high order chemical reaction, cross diffusion

effects.
NOMENCLATURE
r - dimensional local radius of the cone P, - Prandtl number
K; - dimensional porous permeability parameter Dy - Dufour number
K - permeability coefficient of porous medium Sc - Schmidt number
A - co-efficient of space dependent heat K; - chemical reaction parameter
source/sink S; - Soret number
B - co-efficient of temperature dependent heat Kgr - dimensional chemical reaction parameter
source/sink I - order of chemical reaction (natural number)
Cs - concentration susceptibility Greek symbols
K; - thermal diffusion ratio S - Casson fluid parameter
T - mean fluid temperature pr - thermal expansion coefficient
Gry - thermal Grashof number pc - concentration expansion coefficient

N - buoyancy ratio parameter
1.  Introduction

Casson fluid is one of the most significant non-Newtonian fluid which reflects the shear thinning property. It is
interesting to note that Casson fluid asymptotically exhibits the behavior of Newtonian fluid when the shear
stress increases to a level much higher than the yield stress. It was proposed by Casson in 1959 to predict the
flow behavior of pigment-oil suspensions of printing ink. Now a days, Casson fluid model is widely accepted to
depict the rheology of blood flow owing to the fact that yield stress of blood is a function of the volume fraction
of red blood cells. Food substances such as jelly, tomato sauce, honey, soup, concentrated fruit juices are classic
examples of Casson fluid. Many researchers such as Abolbashari et al. (2015, Animasaun (2015),
Mukhopadhyay and Vajravelu (2013), Prasad et al. (2013) have shown interest in studying the characteristics of
Casson fluid in various physical situations.

Coupled heat and mass transfer by natural convection in a fluid saturated with porous medium has many
important applications in environmental, geophysical and industrial problems. These include the migration of
moisture in fibrous insulation, casting and welding in manufacturing processes, solar power and diffusion of
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medicine in blood veins (Das, 2009, Raju and Varma, 2014, Sivaraj and RushiKumar, 2013). The analysis of
heat generation/absorption effect in temperature field plays a vital role when the moving fluids are undergoing
exothermic and/or endothermic chemical reaction which finds application in nuclear energy, convection in
Earth's mantle, fire and combustion modeling. In the literature, many of the researchers have shown interest to
examine the heat transfer characteristics with the influence of temperature dependent heat source/sink when a
notable temperature difference is observed between the surface of solid body and ambient fluid. However, it is
widely accepted that the consideration of surface dependent heat source/sink in addition to the temperature
dependent heat source/sink aids to increase the accuracy of the heat transfer. Some mathematical models are
proposed in which the volumetric rate of heat generation/absorption has been assumed to be any one of the
following: constant, function of space variables, frictional heating and the expansion effect. Nandeppanavar et
al. (2011), Okedoye (2014), Pal and Mondal (2010), Rahman et al. (2009) have studied and reported the
significance of non-uniform heat source/sink in controlling the heat transfer in the boundary layer region.

The study of heat generation/absorption effects in fluids is important in view of several physical problems such
as fluids undergoing chemical reactions. Thus in many industrial processes involving flow, heat and mass
transfer over a surface, the diffusing species can be generated or absorbed due to some kind of chemical reaction
with the ambient fluid which can greatly affect the flow and mass transfer characteristics. Processes involving
the mass transfer effect have been recognized as important mainly in chemical processing equipments. The
species generation in a homogeneous reaction is analogous to internal source of heat generation. In contrast, a
heterogeneous reaction takes place in a restricted region or within the boundary of a phase. A chemical reaction
is said to be of the first order and homogeneous if its rate is directly proportional to the concentration and it is a
single-phase volume reaction. In addition, diffusing species generation or consumption caused by the reaction
can be proportional to the 1™ order concentration difference between the surface and ambient fluid where | is a
natural number. Convective heat and mass transfer with chemical reaction plays an important role in
meteorological phenomena, burning of haystacks, spray drying of milk, fluidized bed catalysis and cooling
towers (Alam et al., 2009, Rahman and Al-Lawatia, 2010, Rashidi et al., 2012, RushiKumar and Sivaraj, 2013,
Sivaraj and RushiKumar, 2013).

Soret effect has notable influence when large density differences exist in the flow regime. For example, Soret
effect can be significant when species are introduced at a surface in fluid domain, with a density lower than the
surrounding fluid. The Soret effect is also utilized for isotope separation and in mixture between gases with very
light molecular weight (H2, He) and of medium molecular weight (N2, air). In many liquid mixtures, the Dufour
effect is inoperative, but this may not be the case in gasses. The Soret and Dufour effects may become
significant in many practical applications pertaining to the areas of geosciences and chemical engineering where
the temperature and concentration gradients are high (Postelnicu, 2004, RamReddy, 2013, RushiKumar and
Sivaraj, 2013).

In view of the above the investigations and numerous possible applications, we intend to analyze the influence
of cross-diffusion effects on unsteady, free convective Casson fluid flow over a vertical cone saturated with
porous medium. In literature, many studies have reported the heat and mass transfer characteristics with the
influence of heat source/sink and chemical reaction but the influence of surface dependent heat source/sink and
order of chemical reaction have been ignored. It is apparent that the accuracy of heat and mass transfer is
increased when the surface dependent heat source/sink and order of chemical reaction are considered in addition
to the temperature dependent heat source/sink and chemical reaction. The governing equations are solved using
the Crank - Nicolson method and the features of the flow, heat and mass transfer characteristics are presented
through graphs and the physical aspects are discussed in detail.

2. Mathematical Formulation

Consider a two-dimensional, unsteady, free convective flow of an incompressible Casson fluid over a vertical
cone (with half angle «) saturated with porous medium of a coordinate system as shown in Fig. 1.

It is assumed that the medium is isotropic, neither radiative nor dissipative. The x-axis is measured along surface
of the cone and y-axis is measured perpendicular it. T, and C, are respectively, the temperature and
concentration at the wall y =0 at any time t are assumed to be higher than the respective ambient values T,
and C_ of the cone. The porous is assumed to be uniform (that is, it has a constant porosity and permeability).

The flow is influenced by non-uniform heat source/sink, high order chemical reaction and Soret and Dufour
effects. The basic two-dimensional equations governing the conservation of continuity, momentum, energy and
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mass diffusion for Casson fluid using the above assumptions along with Boussinesq approximations, can be
written as:

Fig. 1: Flow geometry of the problem
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The appropriate initial and boundary conditions of the problem are
t'<0:u=0, v=0, T=T, C=C, forall xy
t>0:u=0, v=0, T=T, C=C, at y=0
u=0, T=T, C=C, at x=0
u—>0, T->T,C—>C, as y—ow (5)
The non-uniform heat sink/source g™ is modeled as (Pal and Mondal, 2010)
2
gr= AT T usB(T-T.) ©)

(Gr_l_ )1/2 V(Gr_l_ )1/2
Introducing the following non-dimensional quantities
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In view of Eq. (7), the basic field of Egs. (1) - (4) are expressed in non-dimensional form as
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The appropriate initial and boundary conditions become
t<0: U=0, V=0, =0, ¢=0 forall X,Y
t>0: U=0, V=0, =1 ¢=1 at Y=0

U=0, #=0, ¢=0 at X =0

U—->0, 650 ¢—>0 as Y —ow (12)
The local skin Friction, Nusselt numbers and Sherwood number at the wall are
P (QJ Y :_X[aej Shz—x(%j 13)

BI\OY N oY oY Jy_o
Average skin friction, Nusselt number and Sherwood number can be written as:
1 1 1
f:—{1+£ﬁ(£j dX, Nu:—'[(%j dX, Sh:—'[(%j dx (14)
p 5 oY V=0 0 oY Jy_o 0 oY )y_o

3. Finite Difference Numerical Solution

The set of coupled non- linear differential Eqns. (8) - (11) subjected to the initial and boundary conditions (12)
are solved by implicit finite difference scheme of Crank — Nicolson type. The discretized form of the continuity,
velocity, temperature and concentration equations are given as follows.

n+1 n+1 n n+l n+l n n+l n+1 n
U UIlJ+Ui U|1]+U 1= U|111+U|11 Ulljl VIJ_V V Vljl
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The finite difference notation for initial and boundary conditions are
. n
. n n n n
n>0: Ui10=0, Vi’0=0, ‘9i,o=1’ ¢‘|,o =1
n n n
onij, 6’0,]-:0, ¢0'j=0

Here the subscript i designates the grid-point with X coordinate Z:ZO AX, ; subscript j designates the grid-point

with Y coordinate Zj:o AY, and the superscript n designates a value of time. We consider a rectangular region

with X varying from 0 to 1 and Y varying from 0 to 22, where Y, __ is regarded asY — co. It is ensured that

Y, lies well outside the dynamic, thermal and mass diffusion boundary layers. The maximum of Y is

estimated at 22 after some preliminary investigations, so that the initial and boundary conditions of Eqn. (12) are
satisfied. The mesh spacing in the X and Y directions AX =0.05, AY =0.25and time interval At =0.01 are
selected to obtain the tolerance limit within 10®°. Computations are repeated until the steady state is reached. A
convergence criterion based on the relative difference between the two consecutive iteration values is employed.
When the difference reaches less than 107 at all grid points, the solution is assumed to have converged and the
iterative process is terminated. The scheme is unconditionally stable. The local truncation error is

O(At? + AX? + AY ?)and it tends to zero as At, AX and AY tend to zero. It follows that the Crank-Nicolson
Method is compatible. Stability and compatibility ensure the convergence.

4. Result and Discussion

In order to get a clear insight of this mathematical model, the influence of various pertinent parameters on flow,
heat and mass transfer characteristics have been analyzed and the results are furnished in form of Figs. 2 - 20
and Tables 1 - 2. The following choice of values for governing parameters are adopted based on the previous
investigations, =1, K=1,N=05,P, =297, A=1,B=1,D,=0.15 S, =0.22, K, = 1 and S; = 0.4; unless
otherwise stated.
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Figs. 2-6 render the velocity profiles for different values of g, K, A, B, and D, & S, respectively. Fig. 2
elucidates that velocity profiles decrease with an increase in the values of j§ little away from the cone (Y = 4).
The rise in g is used to dilute the strength of yield stress P, of the Casson fluid which enhances the value of
plastic dynamic viscosity pg and causing the resistance in fluid flow. An increase in porous permeability
parameter accelerates the velocity along the boundary layer by deteriorating the resistivity of porous medium
which is demonstrated in Fig. 3. The influence of space and temperature dependent heat source (A > 0; B > 0)
and sink (A < 0; B < 0) on the velocity profiles is presented in Figs. 4 and 5, respectively. It is clear from these
figures that increasing the values of heat sources enhance the velocity profiles by heating the fluid whereas
decreasing the values of heat sinks reduce the flow velocity by cooling the fluid. It is observed from Fig. 6 that
an increase in Dufour number with a decrease in Soret number is used to increase the velocity profiles.

Figs. 7 - 10 are plotted to show the influence of P,, A, B and D, & S; on temperature profiles, respectively. It is
apparent from Fig. 7 that increasing the values of Prandtl number is used to decrease the heat transfer of the
fluid. This is due to the fact that a higher Prandtl number fluid has relatively low thermal conductivity. The
reduction in conductivity of fluid dilutes the thermal boundary layer thickness. The values of the Prandtl number
are selected to represent the presence of air (P, = 0.71), methyl chloride (P, = 2.97), sulfur dioxide (P, = 4.24)
and water at 20° (P, = 7).
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It is observed from Figs. 8 and 9 that the thermal boundary layer generates the energy for increasing the values
of A> 0 and B > 0 (heat source) which enhance the heat transfer. On the other hand, the energy is absorbed by
decreasing the values of A < 0 and B < 0 (heat sink) resulting in the temperature to drop significantly near the
boundary layer. It is to be noted that the magnitude of heat transfer for temperature-dependent heat source is
more pronounced compared with surface-dependent heat source. The combined effect of Soret and Dufour
numbers on the temperature profiles is depicted in Fig. 10. The values of D, and S, have been selected to ensure
that the product of D, and S, is constant (0.06), assuming that the mean temperature is constant. An increase in
D, with a decrease in S, is used to enhance the heat transfer.

The effect of S, K, | and D, & S, on concentration profiles are presented in Figs 11-14, respectively.
Concentration profiles diminish for increasing the values of Schmidt number as shown in Fig. 11. The
amplification of S, results in diluting molecular diffusivity of the fluid which diminishes the concentration
boundary layer. To be more realistic, the values of Schmidt number are chosen to represent the diffusing
chemical species of most common interest like hydrogen (S, = 0.22), water vapor (S, = 0.6), ammonia (S, =
0.78) and carbon dioxide (S = 0.96). It is observed from Fig. 12 that the presence of a destructive chemical
reaction within the boundary layer has the tendency to decrease the concentration. This is accompanied by slight
decreases in the solutal boundary layer thickness and the negative wall slope of the concentration profile. Fig. 13
represents that the mass transfer increases for increasing the order of chemical reaction. Species diffusion in the
boundary layer is therefore assisted with high order chemical reaction. Fig. 14 presents the combined effect of
Soret and Dufour numbers on the concentration profiles. An increase in D, with a decrease in S, is used to
decrease the mass transfer.
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Table 1: Effects of g, Kand D, & S, onz_' , N_u and %

Physical Cone

Paereter Values r Nu Sh
0.5 0.19780 -0.81288 0.47761
s 1 0.24137 -0.67627 0.47090
15 0.26442 -0.62246 0.46836
1 0.24137 -0.67627 0.47090
K 2 0.25658 -0.55107 0.46709
3 0.26307 -0.50704 0.46607
0.03-2 0.18238 0.04383 0.15175
D.-S; 0.05-1.2 0.18314 0.04156 0.14883
0.15-04 0.18642 0.03101 0.15073

Table 2; Effects of A, B, K, and | onz_', Nu and Sh

Physical Values Cone
Parameter 7 Nu Sh
-0.5 0.21708 -0.47646 0.45385
A 0 0.22500 -0.53942 0.45929
0.5 0.23312 -0.60611 0.46499
-2 0.10064 1.28107 0.53280
B 0 0.15311 0.06125 0.90968
2 0.24710 -2.22994 1.61374
0 0.23871 -0.60501 0.23181
K: 1 0.24137 -0.67627 0.47090
2 0.24288 -0.72695 0.61615
1 0.24110 -0.69069 0.55633
' 2 0.24137 -0.67627 0.47090
3 0.24120 -0.67001 0.44120

Figs. 15-16 indicate the variations of g and D, & S; on local Skin friction against stream-wise coordinate (X).
Fig. 15 illustrates that local skin friction profiles increase for increasing the values of the Casson fluid parameter
and magnetic field parameter. It is observed from Fig. 16 that an increase in Dufour number and a decrease in
Soret number is used to diminish the magnitude of local skin-friction. Figs. 17 and 18 are plotted to show the
variation of local Nusselt number profiles versus stream-wise coordinate (X) for various values of A and B. An
increase in heat source parameters (A > 0; B > 0) leads to decrease the rate of heat transfer whereas reverse trend
is observed for decrease in heat sink parameters (A < 0; B < 0). It is to be noted that

convectiveheattransfer  hL . . . . - .
Nu = = —is physically positive number but it is negative if convective heat transfer

conductive heat transfer  k
coefficient (h) is negative. This can happen since h is a very poor way to describe thermo-fluid-dynamic
phenomena, especially transient phenomena. In addition to that some authors have considered the negative
values for length (L), therefore they have obtained negative values for Nu number. In this manuscript, Nu is
considered based on the references (Mohiddin et al. 2010, Muthucumaraswamy et al. 2000, Prasad et al. 2007,
RushiKumar and Sivaraj, 2013, Sivaraj, R. and RushiKumar, 2013). Figs. 19 - 20 elucidate the variation of local
Sherwood number against stream-wise coordinate (X) for various values of K, and I. It is observed from Fig. 19
that an increase in chemical reaction parameter is used to enhance the rate of mass transfer. Fig. 20 shows that
the high order chemical reactions have the tendency to diminish the local Sherwood number profiles. Table 1
shows the computed values of average skin friction coefficient, Nusselt number and Sherwood number for
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different values of g, K and D, & S;. The average skin friction coefficient, Nusselt number and Sherwood
number for different values of A, B, K, and | are tabulated in Table 2.

5. Conclusion

In this paper, we have analyzed the unsteady Casson fluid flow over a vertical cone with the influence of cross-
diffusion, non-uniform heat source/sink and high order chemical reaction. Some significant findings of this
investigation are summarized as follows:

e An increase in Casson fluid parameter decreases the fluid flow whereas the reverse trend is observed
for porous permeability parameter.

o Higher values of Prandtl number have the tendency to reduce the temperature profiles.

e The heat transfer characteristics of the fluid strongly depend on the temperature dependent heat
source/sink as well as surface dependent heat source/sink.

e Anincrease in Dufour number with a decrease in Soret number is to increase the heat transfer on the
cone while the trend is reversed in the case of mass transfer.

e The concentration profiles fall for increasing the Schmidt number and chemical reaction parameter.

e An increase in order of chemical reaction parameter results in diluting the influence of chemical
reaction parameter thereby increasing mass transfer profiles. This shows that heavier diffusing species
have greater retarding effect in concentration distribution.
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