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Abstract: A 2D analytical turbulent diffusion model for particle dispersion and deposition at different heights 
across the pipe flow and circumferential deposition has been developed. This liquid-solid turbulent diffusion 
model presented in this paper has emanated from an existing gas-liquid turbulent diffusion model. 
Simultaneously a comprehensive 3D numerical investigation has been carried out to study the above making of 
multiphase mixture model available in Fluent 6.1. In both studies different particles sizes and densities were 
used. The deposition was studied as a function of particle diameter, density and fluid velocity. The deposition of 
particles, along the periphery of the wall and at different depths, was also investigated. Both studies showed 
that the deposition of heavier particles at the bottom of the pipe wall was found to be higher at lower velocities 
and lower at higher velocities. The lighter particles were found mostly suspended with homogeneous 
distribution. Smaller particles were also suspended with marginal higher concentration near the bottom of the 
wall. This marginal higher concentration of the smaller particles was found to be slightly pronounced for lower 
velocity. The larger particles clearly showed deposition near the bottom of the wall. These analogies of particles 
are well discussed with the ratio between free flight velocity and the gravitational settling velocity. 
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INTRODUCTION 
 Particle dispersion and deposition in two-phase 
flows is very important, which has been well 
recognized in numerous fields of research and 
industry. Some examples are the transport of 
pollutants in the atmosphere and oceans, droplets in 
sprays and internal combustion engines, slurries in 
pipes, sediment transport in coastal areas, catalyst 
particles in riser flows, particles deposition in 
annular dispersed two-phase flow, fluidized beds, 
dust deposition and dust removal in clean rooms, 
etc. In most applications one is interested in how 
particles are transported by turbulent flows and 
where the particles eventually end up.  
 The motivation for this study is two-fold, first 
we are interested in the deposition of solid 
spherical particles with specific gravity 3.0 as it 
occurs in annular dispersed two phase flows in 
water supply networks. The dispersed phases of 
such flows consist of particles with diameters 
ranging from 5 μm to 100 μm. This study was also 
conducted for five different particle densities 
ranging from specific gravity (sg) 1.5 to 6.0 
keeping the diameter constant at 10 μm. These 
sizes and densities ranges have been chosen in 
order to rationalize with present drinking water 
distribution networks 1. These flows are rather 
complex and it is difficult to obtain detailed 
experimental data on the contribution to deposition 
in relation to particle size. The second point of 

interest of this study is to investigate the 
segregation of solid particles along the 
circumference of the pipe wall. 
 In order to obtain more insight into the process 
of particle dispersion and deposition 3D numerical 
CFD (Computational Fluid Dynamics) simulations 
were carried out at different Reynolds numbers. 
These above analytical studies have also been 
validated with the CFD investigation using the 
same particle parameters and the help of 
Multiphase mixture model using Fluent 6.12. 
 Smaller and lighter particles are driven by 
turbulence diffusivity, and can therefore, be found 
mostly suspended with homogeneous distribution; 
whereas in the case of larger and heavier particles 
gravitational force is predominant and particles 
clearly show deposition near the bottom of the 
wall. Finally, we have discussed the dispersion 
behavior of particles in turbulence pipe flow based 
on the velocity ratio (explained later). 

TURBULENCE DIFFUSION MODEL 
 When faced with the task of modeling 
turbulent particles deposition, or any multiphase 
flow, two general approaches are possible. One is 
Lagrangian approach, usually known as a 
“trajectory model” 3, where the instantaneous 
motions of individual particles are tracked by 
solving their equations of motion. The trajectories 
of many particles (typically thousands) are realized 
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in order to form the average behavior of the 
particle-fluid system. The other is Eulerian, often 
called a “two-fluid” model, where the particles are 
treated as a continuous phase, in much the same 
way that a tracer fluid would be regarded in a 
binary mixture. The motion of the particulate phase 
is mathematically described by mass, momentum 
and energy conservation, similar to a fluid. In this 
study we followed the Eulerian approach, which is 
more suitable for re-suspension and/or re-
deposition of particles than Lagrangian approach. 
In Lagrangian approach the particles are tracked 
through the fluid domain and their effects on the 
fluid flow are introduced through forces like drag. 
But the physical existence of the particles creating 
blockages or voidages is ignored. In order to study 
the behavior of particles in a turbulent flow field 
numerically, one needs a proper representation of 
turbulence itself. 
 The use of a cylindrical geometry in 
combination with a large range of particles (5 
different sizes and 5 other different weighs of 
particles) makes this study of relevance for many 
practical applications and makes a comparison with 
the numerous experiments on particle deposition 
possible. 
 The deposition flux of particles at a certain 
circumferential angle in the pipe/tube has to be 
known 4, 5. Except for very large particles (>100 
�m), for which the motion is totally dominated by 
gravity and the particle’s initial entrainment 
velocity 6-8, there is at present no theoretical 
analysis of this deposition flux in a two-
dimensional geometry. Anderson and Russell6  
developed a semi-empirical expression to correlate 
deposition and entrainment fluxes, but only for the 
top half in the tube. The model used to derive this 
expression assumes that droplet deposition is 
caused by deterministic drop trajectories 
intersecting the liquid film. The work of 8 is an 
extension of the work of 7. In both approaches no 
effect of turbulence was taken into account because 
only very large particles were considered. Laurinat 
et al.5 proposed an empirical fit to a representative 
deposition flux profile measure by Anderson and 
Russell6, 

( ) ( ){ }[ ]1cos2exp101 −+= φφ DD kR  (1)  

where RD is the deposition flux, kD is a constant 
that has to be calculated from the entrainment of 
particles, and � is the angle around the pipe 
circumference. Figure 1 gives a sketch of this 
correlation of Eq. (1) in units of kD. The angle 0o 
refers bottom and ±180o is the top wall of the pipe. 
Deposition is the highest at the bottom and the 
lowest at the top. In all horizontal annular flow 
models up till now a correlation like Eq. (1) or even 
a more simple deposition flux, not depending on 
the circumferential pipe angle, has been used. 

 

 

 

 

 
Figure 1. The deposition flux in a tube as a function 

of the circumferential angle in the pipe 

 The behavior of RD(�) must depend on the 
fluid velocity. The difference between deposition at 
the bottom and top is expected to decrease with 
increasing fluid velocity due to increase of 
turbulence. In this study we investigate whether or 
not a more generalized form of this equation can be 
derived using a turbulent diffusion model11 and 
thereafter compare with the CFD investigation. 
 Taylor9 and then Friendlander and Johnstone10 
started at earlier days of Turbulent Diffusion 
Model. Taylor9 introduced the concept of Turbulent 
Diffusion in a study of the spread of scalar 
properties like smoke, heat and soluble matter. 
Friendlander and Johnstone10 used this concept for 
modeling a two-phase flow with particles. They 
also introduced the “diffusion/free-flight” concept 
(explained later) for particles depositing at a wall. 
In order to improve agreement with experimental 
data, different modifications of this concept were 
proposed in the course of time: varying free-flight 
distance from the wall; modifying free-flight 
velocity; particle diffusivity unequal to eddy 
diffusivity; changing concentration boundary 
condition at the free-flight distance3. 
 In the field of particle deposition, the most 
recent contribution is the work of Binder and 
Hanratty11, which is the starting point of this 
article. They considered the dispersion and 
deposition of particles in a two-dimensional 
horizontal rectangular channel by a 
convection/diffusion model. The diffusion part of 
this model represents the influence of turbulence 
and the convection part represents the influence of 
gravity on the particles. Particles are emitted from 
an instantaneous point source at the bottom of the 
channel with some initial entrainment velocity and 
can deposit at either of the perfectly absorbing 
boundaries. The particle diffusivity and the particle 
deterministic fall velocity are taken to be functions 
of the time that a particle has been in the flow field. 
The resulting convection/diffusion equation and the 
equation for the time-dependent deterministic 
velocity of the particles are solved numerically. 
One of their conclusions is that two dimensionless 
groups determine the resulting concentration 
profiles: the ratio of the time scale of the particle to 
the time scale of the flow, �p/TL, and the Reynolds 
number based on the friction velocity, Re*. �p is 
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the particle relaxation time and TL is the integral 
flow time scale. 
The main differences between the method used in 
this paper and the approach of Binder and 
Hanratty11 are two-fold. First, we assume the 
particle diffusion coefficient and the gravitational 
settling velocity to be stationary instead of time-
dependent. This assumption has the great 
advantage that the one-dimensional problem can 
then be solved analytically, so that we find a 
general expression for the deposition flux 
independent of the exact quantitative modeling of 
the particle diffusion coefficient and the 
gravitational settling velocity. It furthermore has 
the advantage that an analytical two-dimensional 
deposition flux in a pipe can be calculated 
containing the relevant physical parameters of the 
problem that are hidden in empirical correlations 
like Eq. (1). Of course it has the disadvantage of 
not taking into account the fact that the particle 
deterministic velocity is generally time-dependent 
and that the particle diffusion coefficient is initially 
also time-dependent. Second, we explicitly include 
the inertial and crossing trajectories effects in the 
particle diffusion coefficient. Thus the particle 
diffusion coefficient is equal to the fluid diffusivity 
for �p/TL<1, but smaller that the fluid diffusivity 
for �p/TL>1 12. Binder and Hanratty11 assumed the 
particle diffusion coefficient to be equal to the fluid 
diffusivity. They did not consider at all the crossing 
trajectories effect. 
 The rest of this paper is organized as follows. 
First, we will give a definition of the problem 
under consideration, specify the assumptions on 
which our model is based, and introduce the 
relevant length and time scales in the problem. 
Thereafter, we will specify a time-dependent, one-
dimensional convection/diffusion problem, solve 
the accompanying equation analytically and use the 
solution to calculate one and two-dimensional 
deposition fluxes of particles with fluid-solid flow 
instead of gas/solid flow 12. The two-dimensional 
deposition flux will be compared with the CFD 
investigation that has been simulated by using 
Multiphase Mixture Model in FLUENT 6.12. At the 
end of this paper we will draw the most important 
conclusions of our analysis based on the ratio 
between free-flight velocity and settling velocity. 

DEFINITION OF THE TURBULENT 
DIFFUSION PROBLEM 
 Particles are dispersed by turbulence and 
convected in between two infinite horizontal plates 
by gravity and they can deposit at the walls. The 
problem is sketched in Fig. 2. The streamwise 
turbulence is assumed to have little effect on the 
particle deposition at the walls, because the fluid 
mean velocity is dominant in the streamwise 
direction. It is assumed that particle can cross the 
boundary layers at the walls on their inertia. The 

time-dependent problem with perfectly absorbing 
walls is studied and we consider two initial 
conditions such as 
• The initial conditions at which all the particles 
are homogeneously distributed on a pipe cross-
section without having an initial radial velocity, 
and 
• The initial condition of an instantaneous source 
at the bottom wall. 
 The initial condition is considered in the model 
at which all the particles are homogeneously 
distributed on a tube cross-section without having 
an initial radial velocity. The aim of this model is 
to predict from the turbulent diffusion model the 
relative concentration of particles and its 
dispersion. 
  
 
 
 
 
 
 
 
 

Figure 2. The diffusion/free-flight problem 
between two infinite horizontal plates 

 
 In the turbulent diffusion model the following 
assumptions are considered. 
[1] Turbulent water flow in a horizontal pipe 

containing particle with a particle/fluid 
density ratios ranges from 1.5 to 6.0. 

[2] Dilute particle suspension (volume fraction O 
(10-6): one way coupling) without break-up 
and coalescence. 

[3] Uniform and axial average fluid velocity 
(plug flow). 

[4] Homogeneous turbulence up to the boundary 
layers. 

[5] The particle mean free path is larger than the 
thickness of the boundary layer (so that there 
is a free flight of particles through the 
boundary layer to the wall) and the particle 
mean free path is smaller than the pipe 
diameter. 

[6] Fick’s law is valid, so that particles are in 
local equilibrium with the surrounding fluid, 
and a diffusion equation can be applied. For 
homogeneous turbulence this condition 
implies that the particle relaxation time must 
be much greater than the integral time scale of 
turbulence and much less than the particle 
diffusion time14. The motion of the particles is 
then statistically similar to Brownian motion. 

[7] Particle free fall velocity, vg, is considered 
stationary. 

Free-flight 

Boundary  
Layer 

L 

Diffusion 

U (mean fluid velocity) 

u* (friction velocity) Eddy 

Fg 
D 

Y 
   x 



Analytical and CFD Investigation of Turbulent Diffusion Model for Particle Dispersion and Deposition  42 

Journal of Mechanical Engineering, Vol. ME 40, No. 1, June 2009 
Transaction of the Mech. Eng. Div., The Institution of Engineers, Bangladesh 

[8] Particle diameters lie between 5 and 100 μm, 
so Brownian motion can be ignored, and  

[9] Particle motion is not fully dominated by 
gravity. 

 The assumptions of homogeneous turbulence 
and uniform, axial fluid velocity are more or less 
justified by assumption (viii). High inertia particles 
effectively see almost homogeneous turbulence 
(they do not respond much to gradients in the fluid 
r.m.s. velocity normal to the wall), and they will 
not respond much to variations in the mean flow of 
the fluid. These assumptions will be discussed 
more later in this paper. 
 The typical Eulerian eddy length scale is 
estimated 50 mm and the smallest scale of the 
turbulent structures (the Kolmogorov length 
scale, λK, which is approximately O(10-4) shown in 
table 1) is calculated according to 

 
4
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3

~ ⎟
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where νf is the kinematic viscosity of the fluid, and 
ε the kinetic energy dissipation, given by  

  
L

Uk
3

⋅=ε  (3) 

Table 1. Physical Properties of the system 

Physical Characteristics Description 
Pipe diameter 4.72×10-1 m 

Eulerian eddy length scale 5×10-2 m 
Kolmogorov length scale O(10-4) 
Integral fluid time scale O(100)s 

Particle relaxation time (dp = 5μm) O(10-6)s 
Particle relaxation time (dp = 

100μm) O(10-3)s 

 
 Velocity scale U is related to the friction 
velocity u* and is approximately equal to one tenth 
of the average fluid velocity. Length scale L is 
approximately one tenth of the diameter of the 
pipe, and for a pipe proportional constant k ≈ 0.01. 
These have been estimated according to Mols and 
Oliemans12. 
 The integral time scale TL of the fluid is given 
by 

( ) ( )
∫

∞

′

′′
=

0 2

0

t
f

ff
L dt

v

tvtv
T  (4) 

where vf’ is the fluctuating velocity of the fluid and 
t0 some initial time. In a pipe flow, TL will depend 
on the spatial position, but as homogeneous 
turbulence is assumed, TL is taken to be constant. 
Approximately TL can be calculated by  

 
U
LTL ≈  (5) 

Large eddies are assumed to be dominant for the 
dispersion of particles the time scale TL. However, 
there is in fact a whole range of time scales in 
turbulence. The particle relaxation time based on 
Stokes drag is equal to 

 ( )
f

fp

f

p
p

d
ρ

ρρ
ν

τ
−

=
2

18
1  (6) 

with νf the kinematic viscosity of the fluid, and ρp 
and ρf the densities of, respectively, the particle and 
the fluid. For particle Reynolds numbers larger 
than one, the real relaxation time will be smaller 
due to the increased drag in the non-Stokes case. 
The ratio τp/TL is called the Stokes number S and 
can be interpreted as a measure of the influence of 
particle inertia on the dispersion of the particles by 
fluid turbulence. 
 Three distinguish cases we can consider to lead 
to different responses on the turbulent fluctuations, 
different behavior in the boundary layer, and 
different concentration gradients. These are (i) the 
particle relaxation time is much smaller (S«1); (ii) 
of the same order of magnitude (S≈1); or (iii) much 
larger than the fluid integral time scale (S»1). For 
particle relaxation times much smaller than the 
fluid integral time scale (S«1), particles precisely 
follow the velocity fluctuations of the fluid, the 
deposition is delayed by the boundary layer and the 
deposition flux is low all around the pipe wall. For 
particle relaxation times of the same order of 
magnitude as the fluid integral time scale (S≈1), 
particles follow the turbulent fluctuations quite 
well, the effect of the boundary layer on the 
deposition is limited, and the deposition flux due to 
turbulence is high all around the pipe wall. For 
particle relaxation times much larger than the fluid 
integral time scale (S»1), the response to the 
turbulent fluctuations is slow, and the particles 
effectively see a randomly fluctuating velocity 
field. The deposition is not affected by the 
boundary layer, and the deposition flux is larger at 
the bottom and small at the top, due to gravity. 
 In this model we have assumed solid spherical 
particle in a turbulent water flow. For calculating 
Reynolds Number we have used a 0.1 m/s water 
velocity and pipe diameter 4.72×10-1 m, but to 
calculate length scale L, the only representative 
diameter of a particle, 100 μm, has been used. 

MATHEMATICAL FORMULATION OF THE 
MODEL 
 The diffusion equation concept makes 
physically sensible when the relevant length scale 
over which the diffusion process is considered 
(here pipe diameter, D) is larger than the particle 
mean free path (defined in homogeneous 
turbulence), and the time of observation is larger 
than the mean free time (TL). Following Swailes 
and Reeks13 a particle mean free path can be 
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defined in a turbulent flow as the distance traveled 
by a particle in a time over which its motion is 
correlated. The particle mean free path l is then 
defined as 

 pp Tvl 2′=  (7) 

with 2
pv′  is the particle mean square velocity and 

TP = TL(1+S) the particle integral time scale. With 
increasing particle relaxation time, the particle 
r.m.s. velocity decreases, but the correlation time of 
the particle velocity increases more than the 
particle r.m.s. velocity decreases. Figure 3 gives the 
ratio between pipe diameter and mean free path, 
D/l, as a function of the particle diameter for two 
different velocities. 

 

 

 

 

 

 

 

Figure 3. Ratio between pipe diameter and particle 
mean free path as a function of particle diameter 

for the velocity 0.1 and 0.5 m/s (D = 4.72310-1 m) 

 The largest particles that have been used in this 
calculation, 100μm, this ratio, D/l, is still larger 
than one, which supports assumption (5) in 
turbulent diffusion problem. The mean free path for 
very small particle are assumed to be determined 
by the Eulerian integral length scaled, which is 
0.11 of the pipe diameter. D/l is then more than 27. 
However, in the limit of very large particles, the 
mean free path goes to infinity, and D/l goes to 0. 
The particle mean free path increases with 
increasing velocities. 
The gradient diffusion model in inhomogeneous 
turbulence is must not valid unless 

( ) fpp u νττ
2*=+ « 314.  For the relaxation time 

larger than this limit, turbophoresis becomes 
important. Turbophoresis is the effect that particles 
migrate in inhomogeneous turbulence from a 
region of high turbulent velocity fluctuations to a 
region of low velocity fluctuations 14. In the present 
model, however, it has been neglected, because 
homogeneous turbulence is assumed. 
 A time-dependent convection/diffusion 
equation in one spatial dimension is generally 
written as 

 ( ) ( ) ( )
t
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where C(y,t) is the particle concentration as a 
function of the spatial position y and time t. Dp is 
the particle diffusion coefficient and vg = gτp the 
gravitational settling velocity of the particle. The 
first term on the right hand side is the diffusive 
term due to the influence of turbulence on the 
particles; the second term is the convective term 
due to the influence of gravity on the particles. 
Following Binder and Hanratty11 we make 
variables dimensionless according to 
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where Re is the entrainment flux of the particles 
and u* is the friction velocity. The friction velocity 
is calculated by using the Blasius correlation for a 
smooth pipe 

 25.0Re0791.0 −⋅= ffC  (10) 

where Cf is the friction coefficient, and Ref is the 
fluid Reynolds number, which is defined as VfD/νf. 
Vf is the pipe average fluid velocity. From the 
friction coefficient the wall shear stress τs is 
calculated as 

  fffs CV 2
2

1 ρτ =   (11) 

The wall shear stress is related to the friction 
velocity u* by 

  
f
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ρ
τ

=*  (12) 

The one-dimensional convection/diffusion equation 
for the concentration of particles C+ can then be 
written in the dimensionless form 
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where Peclet number P is defined by 

  P: = D
D
g

p

p ⋅
τ  (14) 

The Peclet number is the ratio of the convection 
term due to gravitational settling and the diffusion 
term due to turbulent diffusion. For Peclet number 
much smaller than one, diffusion term dominates. 
But Peclet numbers much larger than one, 
gravitational settling becomes dominant.  
The particle diffusion coefficient Dp is related to 
the fluid diffusivity Df by  

  Dp = γinertγcrossDf  (15) 

where the fluid diffusivity is given by  
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The fluid mean square velocity 2
fv ′  can be 

approximated by (0.7×u*)2 in the part of the pipe 
where turbulence is considered to be homogeneous 
12. In the absence of gravity, the ratio of particle 
and fluid diffusivity is governed by the ratio of 
particle relaxation time and fluid integral time scale 
and the inertial coefficient γinert, which can then be 
estimated from Mols and Oliemans12 as 

 
Lp

inert
Tτ

γ
+

=
1

1  (17) 

The Equation (17) corresponds physically to a 
decreasing response of particles to fluid turbulence 
(in a wall bounded flow) if τp >TL. In the presence 
of a gravity field, a crossing trajectories effect 
generally has to be taken into account according to 
Csanady15. A particle falling through an eddy loses 
its velocity correlation more rapidly than a fluid 
element. Thus it sees a fluctuating velocity field 
that varies more rapidly in time than a fluid 
element. The velocity correlation of a fluid element 
is determined only by the decay of an eddy. The 
result is that the crossing trajectories effect leads to 
a decreased particle diffusivity. It is determined by 
the ratio between the fluid integral time scale TL 
and the time spent by a particle within an eddy, 
L/vg with L the Eulerian eddy length scale and vg = 
gτp the gravitational settling velocity. The crossing 
trajectories coefficient γcross is then given by  
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Figure 4 gives both inertial and crossing 
trajectories coefficient as a function of particle 
diameter for the velocity 0.1 m/s and 0.5 m/s.  
Figure 4 shows that for 50 μm particles the 
crossing trajectories effect can reduce particle 
diffusivity by about 8%, but for larger particle 
100 μm this has been reduced by about 35% for an 
average fluid velocity 0.1 m/s. This effect is 
negligible for 50 μm particles and less than 5% for 
100 μm particles at velocity 0.5 m/s. The crossing 
trajectories effect is much more important for the 
particle sizes larger than 50 μm. 
 Since the particle’s mean free path is larger 
than the thickness of the boundary layer, a 
convection/diffusion equation is no longer valid for 
the particle behavior in the boundary layer. It is 
assumed that particles are projected towards the 
wall at the beginning of the boundary layer, leading 
to a free-flight flux ⋅v C, where, v has the 
dimensions of a velocity. The free-flight flux is 
then approximated by 

  

 

 

 

 

 

 

 
Figure 4. The inertial and crossing trajectories 

coefficients as a function of particle diameter for 
the velocity 0.1 and 0.5 m/s 
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Since the particle’s mean free path is larger than 
the thickness of the boundary layer, a 
convection/diffusion equation is no longer valid for 
the particle behavior in the boundary layer. It is 
assumed that particles are projected towards the 
wall at the beginning of the boundary layer, leading 
to a free-flight flux ⋅v C, where, v has the 
dimensions of a velocity. The free-flight flux is 
then approximated by 

 ( )∫
∞

⋅=⋅
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dvvvpCCv  (19) 

where p(v) is the velocity distribution at the point 
from which the particles are projected in the 
direction of the wall. Integration is performed only 
over the particle velocities directed towards the 
wall. Following Binder and Hanratty11, p(v) is 
assumed to be Gaussian. With this assumption Eq. 
(19) follows that  

 CvCv p ⋅′=⋅ 22
2
1

π
 (20) 

so that the free-flight velocity v is equal to 

  22
2
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The particle mean square velocity is calculated 
from the ratio of velocity fluctuations between 
particle and fluid given in Hinze16 in which the 
large density ratio between particle and fluid, 
leading to  
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In the analysis, the crossing trajectories effect 
shown in Fig. 5 is fairly high especially at lower 
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velocity for particle sizes under consideration. The 
Eq. (22) is also used by Swailes and Reeks13. At the 

beginning of the boundary layers *2 9.0 uv f ⋅=′ . 

Then it follows from Eq.s (21) and (22) that  

  
S

v
v f

+

′
=

1
2

2
1

2

π
 (23) 

Binder and Hanratty11 used the following empirical 
approximation: 

  ( )Lpf

p
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v

/7.01
1

2

2

τ+
=

′

′
  (24) 

For Stokes relaxation time, this expression reduces 
to  

  
Sv

v

f

p

⋅+
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′

′

7.01
1

2

2

  (25)  

having the same form as (22).  
 Now the boundary conditions can be derived 
by applying conservation of mass at the beginning 
of the boundary layer: the diffusive plus the 
gravitational flux towards the boundary layer 
(Dp(∂C)/(∂y) + (vgC) must be equal to the free-
flight plus the gravitational flux from the boundary 
layer to the wall (vC + vgC). Assuming that the 
boundary layer is this enough to apply this 
condition exactly on the wall, the diffusion free-
flight boundary condition (11) at the bottom wall (y+ 
= 0): 

  ++
+

+
+ =

∂
∂ Cv

y
CDp  (26)  

At the top wall (y+ = 1), we have  

  ++
+

+
+ =

∂
∂

− Cv
y
CDp  (27) 

A more theoretical discussion and justification of 
this type of boundary condition is given in Morse 
and Feshbach17. The ratio Dp/ν is of the order of the 
particle mean free path. Because the particles’ 
mean free path is large compared to the length 
scale characterizing the variation in the particle 
concentration, ∂C/∂y, there can be a finite 
concentration at the wall. For particles with S « 1 
the particle mean free path vanishes at the wall, 
leading to the boundary condition, which normally 
represents perfect absorption, C = 0. To close the 
one-dimensional model, two initial conditions have 
been considered. The first initial condition is a 
uniform concentration: 

  C+(t+ = 0) = C0 = 1  (28) 

 

The second initial condition is a delta source at the 
bottom wall:  

  C+(t+ = 0) = δ(y+) (29)  

Other initial conditions can be used without 
problems. This initial source at the bottom is the 
initial condition that was considered by Binder and 
Hanratty11. 
 The mathematical formulation of the problem 
now consists of Eq. (13) with boundary conditions 
(Eqs (26) and (27)) and initial conditions (Eq. (28) 
or (29)). 

ANALYTICAL SOLUTION OF THE ONE-
DIMENSIONAL PROBLEM 
 Equation (13) with boundary conditions (Eqs 
(26) and (27)) and initial conditions (Eq. (28) or 
(29)) now can be solved analytically (by separation 
of variables) leading to a series solution for C+(y+, 
t+): 

 ( ) [ ] ( )[∑
=

+++++ +−=
0

2
1 cosexp,

n
nn ybPytyC γ  

  ( )] ( )+++ − tDkyb pnnn
2expsinβ  (30) 

The eigenvalues kn are determined by the boundary 
conditions. We have defined the eigenvalues kn in 
terms of bn: 

  ( )2
2
122 : Pbk nn +=   (31) 

where bn then satisfies the transcendental equation 
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n

n
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λ
λ   (32) 

λ is the dimensionless free-flight/diffusion ratio 
equal to vD/Dp. γn is used to satisfy the initial 
condition, and is given by 
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(33) 

γn can be solved analytically. For C+(t=0)=d(y+) the 
numerator in Equation (33) is equal to 1.  
 
Furthermore, we have defined 

  a: = -1/2P  (34) 

and  
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Tables 2 and 3 give the properties of particles that 
are used in the Turbulent Diffusion Model. The 

first values given in each row are at vf = 0.1 m/s, 
and the second values are given at vf = 0.5 m/s.

 
Table 2. Properties of the different size particles with specific gravity 3.0 that are used in the Turbulent 
Diffusion Model (First values are for 0.1 m/s fluid velocity, second values are for 0.5 m/s fluid velocity) 

 
dp (μm) τp S D/l vg (m/s) v (m/s) γinert γcross Dp (m2/s) P 

5 2.78×10-6 5.89×10-7 27.6 2.73×10-5 1.86×10-3 1.0 1.000 6.21×10-5 0.2 
  2.94×10-6 33.7  7.61×10-3 1.0 1.000 2.08×10-4 0.1 

10 1.11×10-5 2.35×10-6 27.6 1.09×10-4 1.86×10-3 1.0 1.000 6.21×10-5 0.8 
  1.18×10-5 33.7  7.61×10-3 1.0 1.000 2.08×10-4 0.2 

20 4.44×10-5 9.42×10-6 27.6 4.36×10-4 1.86×10-3 1.0 0.999 6.20×10-5 3.3 
  4.71×10-5 33.7  7.61×10-3 1.0 1.000 2.07×10-4 1.0 

50 2.78×10-4 5.89×10-5 27.6 2.73×10-3 1.86×10-3 1.0 0.965 5.99×10-5 21.5 
  2.94×10-4 33.7  7.60×10-3 1.0 0.999 2.07×10-4 6.2 

100 1.11×10-3 2.35×10-4 27.6 1.09×10-2 1.86×10-3 1.0 0.676 4.19×10-5 122.6 
  1.18×10-3 33.7  7.60×10-3 1.0 0.977 2.03×10-4 25.4 

 
 

Table 3. Properties of the different weighted particles with diameter 10 μm that are used in the Turbulent 
Diffusion Model (First values are for 0.1 m/s fluid velocity, second values are for 0.5m/s fluid velocity) 

 
Sg τp S D/l vg (m/s) v (m/s) γinert γcross Dp (m2/s) P 
1.5 2.78×10-6 5.89×10-7 27.6 2.73×10-5 1.86×10-3 1.0 1.000 6.21×10-5 0.2 

  2.94×10-6 33.7  7.61×10-3 1.0 1.000 2.08×10-4 0.1 
2.5 8.33×10-6 1.77×10-6 27.6 8.18×10-5 1.86×10-3 1.0 1.000 6.21×10-5 0.6 

  8.83×10-6 33.7  7.61×10-3 1.0 1.000 2.08×10-4 0.2 
4.0 1.67×10-5 3.53×10-6 27.6 1.64×10-4 1.86×10-3 1.0 1.000 6.20×10-5 1.2 

  1.77×10-5 33.7  7.61×10-3 1.0 1.000 2.08×10-4 0.4 
5.0 2.22×10-5 4.71×10-6 27.6 2.18×10-4 1.86×10-3 1.0 1.000 6.20×10-5 1.7 

  2.35×10-5 33.7  7.61×10-3 1.0 1.000 2.07×10-4 0.5 
6.0 2.78×10-5 5.89×10-6 27.6 2.73×10-4 1.86×10-3 1.0 1.000 6.20×10-5 2.1 

  2.94×10-5 33.7  7.61×10-3 1.0 1.000 2.07×10-4 0.6 
 
 

The solution C+(y+, t+) given by Eq. (30) depends 
on three physical parameters: the Peclet number P, 
the dimensionless free-flight/diffusion ratio vD/Dp 
(determining the boundary conditions), and the 
initial condition C+(t = 0) = C0. 
The deposition flux, RD, given by the sum (for the 
bottom wall) or the difference (for the top wall) of 
the free-flight flux and the gravitational settling 
flux:  

  ( )CvvR gD ±=   (36) 

For vg > v, the particle concentration at the top is 
equal to 0. The ratio Drel(t+) of deposition fluxes at 
the top and at the bottom then follows straight from 
the solution for the concentration (12) and Eq. (24): 
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Particles can deposit at the top wall only when free-
flight velocities are much larger than the 
gravitational settling velocity. For infinity time 
(t ∞→ ), when the initial condition does not affect 
the solution anymore, then Eq. (37) follows that 
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 Table 4 shows the velocity ratio (ratio of 
gravitational settling velocity, vg, to free-flight 
velocity, v) for different particles for the velocity of 
0.1 and 0.5 m/s. When vg>0.25v, the particles will 
be settled at the bottom wall by the influence of 
gravitational force; whereas, if vg<0.25v, particles 
remain suspended mostly with homogenous 
distribution across the pipe for turbulence 
diffusion. Table 4 shows that in between 5 and 20 
μm particles have free flight velocities, v, less than 
one fourth of its gravitational settling velocities so 
these particles can be found at the top of the pipe 
(Figs 5-6). 
 
Table 4. Gravitational settling velocity (vg) and its 

ratio to free-flight velocity (v) 
 

Velocity Ratio = 
vg/v 

Particle 
Diameter 
dp (μm) 

sg 
Settling 
Velocity 
vg (m/s) 0.1 m/s 0.5 m/s

5 4.09×10-05 0.02 0.01 
10 1.64×10-04 0.09 0.02 
20 6.54×10-04 0.35 0.09 
50 4.09×10-03 2.21 0.55 
100 

3.0 

1.64×10-02 8.79 2.15 
1.5 8.18×10-05 0.04 0.01 
2.5 1.36×10-04 0.07 0.02 
4.0 2.18×10-04 0.12 0.03 
5.0 2.73×10-04 0.15 0.04 

10 

6.0 3.27×10-04 0.20 0.05 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 5a. Relative concentration of particles for 
different height as a function of particle diameter 

for the velocity 0.1 m/s 
 
 
 
 
 
 
 
 
 
 
 

Figure 5b. Relative concentration of particles for 
different height as a function of specific gravity for 

the particle of 10 μm at velocity 0.1 m/s 

 
 
 
 
 
 
 
 
 
 

Figure 6a. Relative concentration of particles for 
different height as a function of particle diameter 

for the velocity 0.5 m/s 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 6b. Relative concentration of particles for 
different height as a function of specific gravity for 

the particle of 10 μm at velocity 0.5 m/s 
 
 Figures 5a and 6a show the relative 
concentration plotted as a function of particle 
diameter for different heights of 0.25D, 0.5D, 
0.75D, and 1D from the bottom wall of the pipe. 
Relative concentration is a dimensionless 
parameter, which represents the ratio between local 
particle concentration at any heights and that of at 
bottom of the pipe wall. Particles larger than 25 μm 
are not able to reach at top wall for the velocity 0.1 
m/s but for higher 0.5 m/s (Fig. 6a) particles larger 
than 50 μm do not reach to top wall. Both cases 
vg>0.25v (Table 4) and particle are settled at the 
bottom by the influence of gravitational force (figs 
5a and 6a). In Figs. 5b and 6b the relative 
concentration are plotted as a function of particle 
density, where most of the particles remain 
suspended due to vg<0.25v (Table 4). 
 In fig. 7 the relative concentration is plotted as 
a function of particle diameter for the pipe diameter 
D = 4.72×10-1 m (top wall). Note that the curve for 
velocity 0.5 m/s lies much above the one for 
velocity 0.1 m/s in the region 5 μm < dp < 50 μm. 
This is due to two effects, which compensate each 
other to a certain extent. For a higher velocity, the 
correlation time TL decreases (Table 3), leading to a 
larger Stokes number, and a decreasing of particle 
diffusivity as a result of inertial effect, which is 
very minor shown in Fig. 5. On the other hand, the 
particle diffusivity increases due to the increasing 
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fluid diffusivity. The latter increases more than the 
former decreases, so that, according to Eq. (18), the 
net particle diffusivity increases slightly going to 
higher velocity. Relative concentration for the 
velocity 0.1 m/s drops to zero for the particle 50 
μm and larger whereas it happens for the particle 
size larger than 55 μm when fluid velocity 0.5 m/s. 
 

Figure 7. Comparison of the relative concentration 
of particles between top and bottom of the pipe as a 
function of the particle diameter at velocity 0.1 and 

0.5 m/s 
 

EXTENSION TO A TWO-DIMENSIONAL 
DEPOSITION FLUX COMPARISON WITH A 
SEMI EMPIRICAL CORRELATION 
 Paras and Karabelas18 found in their 
experiment with a horizontal annular dispersed gas-
liquid flow with more or less constant particle 
distribution. Using this experimental result as an 
extra assumption, Mols and Oliemans12  proposed a 
one-dimensional model, which can be extended to 
a quasi two-dimensional model by substituting 
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Since we have assumed turbulence to be 
homogeneous, the free-flight velocity is 
independent of φ. The Eq. (39) is not of a genuine 
physical origin for our two-dimensional case. 
Therefore, the results of Eq. (39) leads to a local 
minimum at φ = 0 and local maxima at φ values 
slightly larger than 0. This is an artificial effect. As 

the series term in Eq. (39) is a term depending on 
the initial entrainment condition (via γn), Mols and 
Oliemans12 proposed to write if for the stationary 
case as some unknown constant CE, to be 
determined by the initial entrainment condition. CE 
will generally differ for different particle relaxation 
times. The final result for the two-dimensional 
deposition flux that follows from their analysis can 
then be written as 

( ) ( ) ( )[ ]1cosexp,, 4
1 −⋅= φτφτφ PkR pDpD  (40) 

where the local deposition constant ( )pDk τφ,  is 
defined as 

  ( ) ( ) ( )φττφ cos, gpEpD vvCk +⋅=   (41) 

having the dimension of velocity. The constant CE 
can be determined from the fact that in a fully 
developed annular liquid-solid flow the total 
entrainment flux equals the total deposition flux 
(12): 
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From Eq.s (40), (41), and (42) it follows that 
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From Eq.s (40 and 41) we can have deposition flux 
normalized by CE: 
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 In Figs 8a and 8b, we have plotted the 
deposition flux normalized by CE (Eq. (44)) for two 
velocities as a function of the circumferential pipe 
angle for six different particle sizes (5, 10, 20, 50, 
and 100 μm particles). Although we have plotted 
these curves in one figure, we recall that CE is 
generally different for different particle relaxation 
times. This means that for each particle relaxation 
time the curves in Figs. 8a and 8b have to be 
multiplied by a different multiplication factor CE 
with respect to the horizontal axis. 
 Figures 8a and 8b show the deposition flux 
plotted as a function of circumferential pipe angle 
for different particles. Figure 8b shows that 50 μm 
particles are just able to deposit at the bottom of the 
pipe wall, 100 μm particles can only deposit up to 
one third of the pipe wall circumference. In Figure 
8a, the smaller particles exhibit broader deposition 
with minimum scale. However, depending on 
weights all particles are more or less disperse 
everywhere across the pipe with broader minimum 
scale deposition shown in Fig. 8b. For the lighter 
and smaller particles, the influence of gravity 
becomes less, which results particles deposit more 
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and more uniformly around the pipe circumference. 
In both cases the deposition flux increases at higher 
velocity. The width of the deposition curves is 
mainly determined by 4

1 P. the width decreases if 
the Peclet number increases. The Peclet number 
increases if the acceleration of gravity and/or the 
radius of the pipe increase, and/or if the particle 

diffusion coefficient decreases 12. In the limit P 0 
the influence of gravity is negligible and RD(φ) 
becomes a constant independent of φ. However in 
the limit P ∞ the influence of gravity is infinite, 
and there can only be deposition at the bottom of 
the pipe12. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 8a. Deposition flux normalized by CE(τp) vs circumferential pipe angle for five different particle sizes for 
the velocity 0.1 and 0.5 m/s 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 8b. Deposition flux normalized by CE(τp) vs circumferential pipe angle for five different particle 
densities for the velocity 0.1 and 0.5 m/s 
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CFD INVESTIGATION AND 
RESULTS COMPARISON 
 A comprehensive 3D numerical simulation has 
been carried out to compare with the analytical 
model mentioned above. Multiphase Mixture 
Model available in Fluent 6.12 was used for 
predicting the liquid and solid phases. The model 
proposed by Spalart and Allmaras19 was used for 
calculating the turbulence parameters. Table 5 
shows the physical and hydraulic parameters of the 
system that has been used for CFD investigation.  

 
Table 5. Properties of the different weighted 

particles with diameter 10 μm  
(First values are for 0.1 m/s fluid velocity, second 

values are for 0.5m/s fluid velocity) 
 

Fluid velocity Free-flight velocity (v) 
0.1 m/s 1.82×10-3 m/s 
0.5 m/s 7.61×10-3 m/s 

 
  Figures 9a-9d show analytical and simulated 
relative concentration plotted as a function of 
particle diameter for different height of 0.25D, 
0.5D, 0.75D, and 1D from the bottom wall of the 
pipe. The figures show that the analytical relative 
concentration deviates between higher and lower 
velocity for the smaller particle.  

 
 
 
 
 
 
 
 
 
 
 
 

Figure 9a. Comparison of analytical and simulated 
relative concentration as a function of particle 

diameter at the top of pipe for velocity of 0.1 and 
0.5 m/s 

 
 
 
 
 
 
 
 
 
 
 

Figure 9b. Comparison of analytical and simulated 
relative concentration as a function of particle 

diameter at the height of y = 0.75D from bottom for 
velocity of 0.1 and 0.5 m/s 

 

 
 
 
 
 
 
 
 
 
 

Figure 9c. Comparison of analytical and simulated 
relative concentration as a function of particle 

diameter at the center of pipe for velocity of 0.1 
and 0.5 m/s 

 
 
 
 
 
 
 
 
 
 
 
 

Figure 9d. Comparison of analytical and simulated 
relative concentration as a function of particle 

diameter at the height of y = 0.25D from bottom for 
velocity of 0.1 and 0.5 m/s 

 
 At higher velocity analytical relative 
concentration is also higher than that of lower 
velocity. This is because of turbulence diffusion, 
which increases due to velocity increase. However, 
simulated relative concentration shows no 
difference for larger particles, which are governed 
by the gravitational forces. 
 Figures 10a-10d show analytical and simulated 
relative concentration plotted as a function of 
particle specific gravity for different height of 
0.25D, 0.5D, 0.75D, and 1D from the bottom wall 
of the pipe. Most of the particles remain suspended 
everywhere across the pipe. For the same size of 
particles, density does not affect for their 
deposition much. This can be easily explained 
when we considered the ratio between vg and v. 
Table 4 shows that the free flight velocity is much 
more higher than the gravitational settling velocity 
results the turbulence diffusivity over rules on body 
force, which may be the cause of suspension and/or 
dispersion of particles. 
 Figures 9 (a-d) and 10 (a-d) show that the 
analytical relative concentration exhibits higher 
values than that of CFD simulated concentration. 
This may be explained by particle interaction20 and 
3D effect, which are considered for CFD 
simulation, cause higher deposition for CFD 
simulation whereas particle interaction has ignored 
for analytical model. 
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Figure 10a. Comparison of analytical and simulated 
relative concentration as a function of particle 

weight at the top of the pipe for velocity of 0.1 and 
0.5 m/s 

 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 10b. Comparison of analytical and 
simulated relative concentration as a function of 
particle weight at the height of y = 0.75D from 

bottom for velocity of 0.1 and 0.5 m/s 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 10c. Comparison of analytical and simulated 
relative concentration as a function of particle 

weight at the center of the pipe for velocity of 0.1 
and 0.5 m/s 

 
 Local deposition rates along the pipe 
circumference can be obtained from the simulation. 
Figures 11a-11b show typical circumferential 
distributions of particles volume fraction for the 
velocity of 0.1 and 0.5 m/s. Most of the profiles 
exhibit a smooth variation with the maximum 
deposition at the bottom of the pipe. The overall 
qualitative trend of the present numerical results 
are similar to those of the experimental data of 

Anderson  & Russell6 and simulated results of Mols 
and Oliemans12. However, the present result 
obtained for Liquid-Solid system can not be 
compared quantitatively with those of Mols and 
Oliemans12 and Anderson and Russell6, which were 
obtained for Gas-Solid system. 

 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 10d. Comparison of analytical and 
simulated relative concentration as a function of 
particle weight at the height of y = 0.25D from 

bottom wall for velocity of 0.1 and 0.5 m/s 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 11a. Circumferential deposition as a 
function of circumferential pipe angles for five 
different particle sizes for the velocity 0.1 m/s 

 
 
 
 
 
 
 
 
 
 
 
 

Figure 11b. Circumferential deposition as a 
function of circumferential pipe angles for five 
different particle sizes for the velocity 0.5 m/s 

 
 Figures 11a-11d show the volume fraction of 
different size particles (5, 10, 20, 50, and 100 μm, 
specific gravity 3.0) plotted as a function of the 
circumferential pipe angles. Particles ≥ 20 μm 
show greater concentration near the bottom wall of 
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the pipe. The smaller size particles remain 
suspended and uniformly dispersed due to heavily 
influences of turbulence diffusion, which nullify 
the gravity forces. 

  
Figure 11c. Circumferential deposition as a 

function of circumferential pipe angles for five 
different particle densities for the velocity 0.1 m/s 

 

Figure 11d. Circumferential deposition as a 
function of circumferential pipe angles for five 

different particle densities for the velocity 0.5 m/s 
 
 The influence of the Reynolds number on the 
deposition on the pipe wall is also shown in the 
Figs. 11a-11b. For the smaller particle sizes the 
influence of the velocity change will be larger (also 
Figs. 10a-10d). This is an effect, which can be 
expected on the basis of the fact that for smaller 
particles (vg<0.25v) the influence of turbulent 
diffusion is relatively large in comparison with the 
influence of gravity. Therefore, the particles ≤ 
20 μm (vg<0.25v) have not been influenced by 
gravity and show higher deposition at the bottom at 
lower velocity. The uniformity of dispersion 
increases with the flow velocity. Larger particles 
(vg>0.25v), which are influenced by the gravity, 
settle more for higher velocity. This phenomenon 
has not been observed for the analytical calculation.  
The influence of the Reynolds number on the 
deposition of 10 μm particle with different 
densities is shown in the Figs. 11c-11d. These 
figures show the volume fraction of different 
density particles (1.5, 2.5, 4.0, 5.0, and 6.0 gm/cm3, 
diameter 10 μm) plotted as a function of the 
circumferential pipe angles. The particles, which 
exhibit vg<0.25v (Table 4), are less sensitive to 
gravity force and strongly influenced by the 

diffusivity of the fluid, which increases due to 
increase of velocity12. Table 4 shows that the ratio 
of free flight velocities to settling velocity for 0.1 
m/s is relatively higher than that for 0.5 m/s. This 
resulted in higher concentration of heavier particles 
near the bottom of the pipe for lower velocity 0.1 
m/s (Fig. 11c) as compared to that of 0.5 m/s (Fig. 
11d). 
 Froude number also influences the deposition 
flux shown in Fig. 8 Fig. 11. The smaller and 
lighter particles are influenced more due to change 
in the Froude number (Table 3). Again, this is an 
effect which can be expected on the basis of the 
fact that for smaller and lighter particles the 
influence of turbulent diffusion is relatively large in 
comparison with influence of gravity. For a larger 
Froude number the deposition flux at a certain φ is 
larger. For the smaller and lighter particles, this 
effect decreases with increasing particle relaxation 
time. For the 100 μm particles this effect is very 
little due to the fact that for larger fluid velocities 
the effect of an increasing fluid diffusion 
coefficient is partly compensated by a decreasing 
inertial coefficient (see Table 1 and 2). 
 
CONCLUSIONS 
 This paper investigated the effect of particle 
size, particle density and Reynolds number on the 
deposition and dispersion in a horizontal pipe for 
both analytical and CFD simulation. The larger 
particles, which exhibit the velocity ratio of 
gravitational settling velocity to free flight velocity 
(Table 4) more than 0.25, in general, are influenced 
by gravity, and show a tendency of settlement. But 
smaller particles, which exhibit the ratio of 
gravitational settling velocity to free flight velocity, 
less than 0.25, are influenced by turbulent 
diffusivity and are dispersed more or less uniformly 
across the cross section of the pipe. In the 
analytical model, homogeneous turbulence and 
uniform axial velocity through out the pipe flow 
have been considered, which may be the cause of 
slightly higher concentration in compare to CFD 
simulation in which particle interaction forces also 
included. For smaller and lighter particles the 
influence of turbulent diffusion is relatively large in 
comparison with influence of gravity. 
 CFD simulation results and analytical results 
differ slightly shown in this paper. This is because 
of the assumptions on which this analytical 
Turbulent Diffusion Model is based. The average 
fluid velocity will not be uniform over the whole 
cross-section of the pipe and turbulence will also 
be inhomogeneous close to the wall. The turbulent 
fluctuations here become too small to support the 
motion of these particles to the wall. Whereas, in 
CFD simulation velocity gradient and 
inhomogeneous turbulence near wall are 
incorporated into the model2, which exhibit slight 
difference in relative particles concentration. 
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