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A MetaStructure is a higher-level framework treating collections of
structures as objects, with natural operations that preserve isomorphisms
across domains. An Iterated MetaStructure recursively applies the
MetaStructure construction, forming successive layers in which structures of
structures create deeper, hierarchical meta-levels. Concepts in the real world
can be captured in terms of such meta-structures, and meta-level viewpoints
are in fact applied in many different fields. Therefore, research on meta-
structures is important, but it has not yet been well developed in the areas of
fuzzy sets and neutrosophic sets. To address this gap, in this paper, we define
the MetaFuzzy Set, MetaNeutrosophic Set, Meta Soft Set, and MetaRough
Set by extending fuzzy sets, neutrosophic sets, soft sets, and rough sets

through the use of Meta Structure and Iterated Meta Structure.

Introduction

Set theory is a fundamental concept in mathematics
(Jech, 2003); however, classical sets are
sometimes insufficient for modeling real-world
applications. To bridge this gap, many frameworks
for handling uncertainty have been proposed and
studied, such as fuzzy sets (Zadeh, 1965), hesitant
fuzzy sets (Torra, 2010), neutrosophic sets (Wang
et al., 2010), interval-valued neutrosophic sets
(Wang et al., 2005), soft sets (Maji et al., 2003),
rough sets (Pawlak, 1982), and plithogenic sets
(Smarandache, 2018), and their applications have
been investigated in wvarious scientific and
engineering domains.

Furthermore, many mathematical and real-world
structures can be examined from a meta-level
perspective, in which entire structures themselves
are treated as objects of study. The mathematical
formalization of this viewpoint is provided by the
notions of MetaStructure and Iterated MetaStructure
(cf. (Fujita 2025a, 2025b)).

*Corresponding author: <takaaki.fujita060@gmail.com>

From the above discussion, research on meta-
structures is important; however, it has not yet
been extensively developed in the contexts of
fuzzy sets and neutrosophic sets. To fill this gap,
in this paper, we define the MetaFuzzy Set,
MetaNeutrosophic  Set, MetaSoft Set, and
MetaRough Set by extending fuzzy sets,
neutrosophic sets, soft sets, and rough sets using
MetaStructure and Iterated MetaStructure. We then
investigate the fundamental properties and
characteristics of these meta-level concepts.

Preliminaries

This section presents the fundamental concepts
and definitions that underpin the
discussions.

paper’s

MetaStructure (Structure of Structure)

We first fix a general single-sorted, finitary
signature

X = (Func, Rel, argpe, arge),

m This work is licensed under a Creative Commons Attribution 4.0 International License.
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where Func (resp. Rel) is a set of function
(resp. relation) symbols, andar records arities. A
(single-sorted) Z-structure is

¢ = (H: (fc)fEFunc: (RC)REReI )'

with carrier H # @, interpretations f¢: H™ — H for
each f € Func of aritym, and relations R¢ € H™ for
each R € Rel of arity r. Let Stry denote the class of
all Z-structures.

Definition 1 (MetaStructure over a fixed signature).
(cf.(Fujita 2025b)) Fix X as above. A MetaStructure
(“structure of structures”) over X is a pair

M = (U, (®)ren),
where:
e U isanonempty set with U < Stry, (its
elements are objects at level 0);
o for each label ¢ € A of meta-arityk, € N,
the meta-operation
®,: Uk U
is specified by uniform carrier- and symbol-
constructors:
F{): (Cl, ey th,) g Hg
(new carrier H, built functorially);

Vf € Func:
f Dy(C1,.Ck,p)

VR € Rel:
R <I:’{’(Cll"'lck{;)

= EF(R%,...,R ),

= A (fC, .., fCR);

where A{ and £ are uniform recipes turning the
symbols’ interpretations on inputs into the symbol’s
interpretation on the output, over the new carrier
H,. Moreover, each &, is isomorphism-invariant
(a.k.a. natural): if a;:C; = D;.for 1 <i <k,, then
there is an induced isomorphism

Dy(ay, ..., ax,) : Pp(Cy, ..., Cy,)

> ®y(Dy, ..., Dy,)
commuting with all interpretations of symbols of X.

Example 1 (MetaStructure on Graphs: disjoint
union, Cartesian product, and line-graph). Fix the
graph signature

Xgraph = (Func = o, Rel = {E}, arge(E) = 2),

where a Zgrapp-structure is a (finite, simple, loopless,
undirected) graph G = (V,E®), encoded by a
symmetric, irreflexive binary relation E€ <V x V.
LetU < Stry, ., be the class of all such graphs. We

define three meta-operations
D, d.: UXU-U, o, :U-U,

which together form a MetaStructure

(U, {®,,D.,d,}) in the sense of the Definition.

1) Disjoint union &®,(G,,G;) (meta-arity k,, = 2).

For inputs G; = (V;, E¢i) set the new carrier by a

tagged sum

[L(61,G2) = Hy = (Vi x {1} U (V2 X {2}),

and define the relation constructor uniformly by

Ef(ES:, ES2)
={((w,1),(v,1)):(w,v) €EEG} U
{((w,2),(v,2)):(u,v) € E®2}.
No cross edges are added. Isomorphism invariance
follows immediate from the functorial tagging.

M =

2) Cartesian product @. (G{,G,) (meta-arity k. =
2). Set

I.(G,G,)=H. =V, xV,,
and
=E(EC1 EC2)
= {((wx), w,y): [u=vA(xy) €ES] v
bigl[(u,v) € E¢* Ax = y]}.

This is the usual Cartesian product of graphs;
naturality holds componentwise.

3) Line-graph operator ®;(G) (meta-arity k; = 1).
For G = (V, E%) let the new carrier be the edge set

I(G)=H,=E¢cVxV,
and define adjacency on edges by intersection of
incident endpoints:

EF(E) = {(ey,e2) EH X Hp: g
#+e, and e;Ne, 2},

This is the classical line-graph construction;

isomorphism-invariance follows from edge-image
preservation.

Tiny illustration. Let P5 be the path a — b — ¢ and
K, the single edge x—y. Then
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®,(P3,K,) has |V| = 5 with two components,
D, (P3) = Py, ®.(P3,K;)
= ladder on 4 vertices.

Example 2 (MetaStructure on Groups: direct product
and abelianization). Fix the group signature

Sarp = (Func={;, ()7, e}, Rel =2,
arpunc()) = 2, arpync(() ™) =1, arpyc(e) = 0).
A Zgrp-structure is a group G = (G, ()76, e6).
Let U € Stry, be the class of all (not-necessarily

finite) groups. Define two meta-operations
o, UXU-U, D U U,

yielding a MetaStructure M = (U, {®y, ©,p}).
1) Direct product @, (G4, G,) (meta-arity k, = 2).
For inputs G; = (G;,-%, ()%, e61), set the carrier

[4(G1,Gz) = Hy = Gy X Gy,
and define uniformly, for all (gq,hy), (g2 h,) €
G1 X Gy,

Ay (-61,-62)((g1, h1), (g2, h2))

= (915 g2, hy %2 hy),
A (O, ()7) (g, )
= (g7, KT,
A% (eC1,e62) = (e61,e02),
This is the standard categorical product; naturality is
by componentwise isomorphisms.
2) Abelianization ®,,(G) (meta-arity k., = 1). For
G = (G ()5 e5), let
[G,G] =(g *h lgh: gheG)<G

be the commutator subgroup. Define the carrier as
the quotient set

Lb(G) = Hap = G/[G,G],
and the induced operations via the quotient map
:G = G/[G,G):
N (O (g),m(h) = (g € h),

AQ (O ((g)) = n(g™9),
A (e9) = m(e9).
Well-definedness uses [G,G] 2 G. The output is the

abelian group G,; functoriality (naturality) follows
from the universal property of abelianization.

Tiny illustration. For the dihedral group D, = (r,s |
r*=s2=1, srs =r71),

D,p(Dy) = C; X Gy, D, (C3,C3) = Cq.

Iterated MetaStructure
An lterated MetaStructure recursively applies
MetaStructure construction, forming successive
layers in which structures of structures create deeper
hierarchical meta-levels (Fujita 2025a, 2025b).
Definition 2 (lterated MetaStructure of depth t).
(Fujita 2025b) An Iterated MetaStructure of depth t
overZ is any MetaStructure M® of height t. When
s<t, we lift a height-s MetaStructure I =
(U©,{O}{8;}) to height ¢ by
ugs

lsoe: U S UO =y (U®),
and, for each ©;: (Eg )kt - P™i(EgY), defining its
lift

OF: (E5™ )k > Pri(ES™),

OF (U~ (), o, U~ ()
r= Uit:_s(@i (xl, ...,xki)),
and similarly for relations
8 1= (UE)*4(S)).

Example 3 (Iterated MetaStructure on Graphs via the
line-graph operator). Fix the graph signature
Zgraph = (Func =g, Rel = {E}, arge(E) = 2), s0 a
Zgraph-Structure is a simple undirected graph G =
(V,E®). Let &@,:UD - UMD pe the (level-1) line-
graph meta-operation of Example 1. its carrier
constructor makes the new carrier the old edge set,
and its relation constructor connects two distinct
edges iff they share a vertex.

To obtain an Iterated MetaStructure of depth t
(Definition 2), we choose the canonical lift Us to be
identity-on-objects (so height only records iteration),
and define the t-fold iterate

P 1= D od 00D, UL 5 YD,

bt
t times
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Concrete computation

e For the path P, (with m verticesand m — 1

edges),
CI)L(Pm) = Pm—lv
P, =P, forl<t<m-—1.
In particular, form =5and t = 2,
(DEZ)(PS) = P; (vertex count: 5 = 4 — 3).
e Forthecycle C,, (n = 3),
®,(C)=C, = dC)=C,forallt>1.
A depth-2 object spelled out. Let G, = P, and
G, = K,. Form the (level-1) family X = {G,, G,, G}
and define a level-1 meta-relation on X by “same
edge-count™:
S(A,B)  |E4| = |EE|.
Apply @, once to obtain
D, (X) ={P,(Py) =P3, O,
(K3) =Ky, ®,(P,) =P3},

and lift the relation by the same recipe (“same edge-
count”): |EP3| =2, |EX1| =0, so the only meta-
edge at depth 2 is between the two copies of P5. This

explicitly  realises an iterated  (depth-2)
MetaStructure built from @, .

Example 4 (Iterated MetaStructure on Groups via
direct product and abelianization). Fix the group
signature Xg,p = (Func = {-,(-)™", e}, Rel = ). Let
UM be the classof all groups, and consider two
level-1 meta-operations:
&, (G,H) =6 xH

P, (6) = G/[G, G]

As in Example1, carriers and symbols are

constructed uniformly (product set, pointwise
operations; quotient by the commutator subgroup).

(direct product),

(abelianization).

To produce an Iterated MetaStructure of depth t
(Definition 2), we again take the canonical lift Uy to
be identity-on-objects and define iterates

t
Cbe(lb) = @ap 0 +rr 0 Dy,
tti?nes
D =Dy o-0dy.

. d
t—1 binary uses

Concrete computation (depth t = 2).
e Start with the non-abelian groups G, = S5
and Ho = D4.
e First abelianize (level 1):
D, (Go) = Cy,
q)ab(Ho) E CZ X Cz.
e Second abelianization stabilizes (level 2):
2
P (Gy) = C,,
2
®D (Hy) = C, X Cy,
since abelianization is idempotent upto isomorphism.

e Combine by the (binary) meta-operation at
depth 2:

o, (052 (Go), @) (Hy))
= (C, X (C,xCp) = C2.

In terms of orders: |S3| = 6, |D4| = 8,
|C,| = 2, |C, X C,| = 4, hence

1D, (@3 (S5), @D (D) =2-4=8.

Thus, the pair of iterated meta-operations (CDS),CDX)
yields a concrete depth-2 MetaStructure on groups,
with explicit carriers and operations at each stage.

Main Results: Meta set

In this section, we present the main results of this
paper, focusing on discussions related to the concept
of Meta Sets.

MetaFuzzy set (Fuzzy Set of Fuzzy Sets)

A Fuzzy Set generalizes classical sets by assigning
each element a membership degree between Oand 1,
thereby representing partial inclusion (Zadeh, 1965).
A MetaFuzzy Set further extends this line of research
by assigning membership values not to individual
elements but to entire fuzzy sets, thereby enabling
higher-level reasoning about collections of fuzziness
across diverse contexts.

Definition 3 (Fuzzy Set). (Zadeh 1965; 1996) Let Y
be a nonempty domain. A fuzzy set is given by a
function

wY —101],
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where p(y) measures the degree to which y belongs
to the set. A fuzzy relation on Y is a function 6:Y X
Y — [0,1], viewed as a fuzzy subset of Y X Y. We say
§ is a fuzzy relation onp if for every y,z € Y,
8(y,z) < min{u(y), n(2)}.
Definition 4 (MetaFuzzy Set). Fix a nonempty base
domain Y. A MetaFuzzySet on Y is a map
u*: Fuz(Y) - [0,1].
A MetaFuzzy relation on Y is a map
A*: Fuz(Y) X Fuz(Y) - [0,1].
We say that A is a MetaFuzzy relation on p* if for all
Uy, Uy € Fuz(Y) we have
A (g, Hz) < minfpt (i), 182D}
Note 1 (Averaging functional M(-) on Fuz(Y)).

Throughout, for a finite nonempty Y we use the
averaging functional M: Fuz(Y) — [0,1], M(w)

1 .
1= mzyeyp(y). Since 0 < p(y) <1forall yey,
0 < Yyeyh( < [Y] = 0<
M(Ww) < 1.Inthe sequel we take u* : = M.
Example 5 (MetaFuzzy Set: Weekly traffic
congestion severity). Let Y = {Mon,Tue,Wed} be
three commuting days, and let Fuz(Y) = [0,1]Y. A
fuzzy set p € Fuz(Y) represents the degree of heavy
congestion on each day. Consider two weeks:

n® (Mon,Tue,Wed) = (0.2, 0.8, 0.6),

1 ®) (Mon,Tue,Wed) = (0.9, 0.7, 0.3).

We define the MetaFuzzy Set u* by the averaging
functional M of Note 1:

1
WG = M) = ) k)

we have

YEY
_ p(Mon) + u(Tue) + u(Wed)
= 3 '
Then

024+08+06 16 8 -
Hﬂ(#(A)) — — = 5 = e ~ 0.5333,
09+07+03 19 19 -
#ﬂ(u(g)) — — = 5 = 30 ~ 0.6333.

Next, we define a MetaFuzzy relation A* as the
average of pointwise minima:

1

Aﬁ(ﬂv#z) = m

Z min {¢; (¥), 42 (¥)}

YVEY
(pg, 1z € Fuz(Y)).
For our two weeks, the pointwise minima are
min{u® (Mon), u® (Mon)} = min{0.2,0.9} = 0.2,
min{u (Tue), u®) (Tue)} = min{0.8,0.7} = 0.7,
min{u® (Wed), u®(Wed)} = min{0.6,0.3} = 0.3.
Hence

0.2+0.7+0.3

N (@, y®) = —
126 _2_04
3 15 5 7

We now verify the admissibility inequality
Ay, p2) < mingp® (), 1 (12)}
(Y, pp € Fuz(Y)).
For arbitrary u, u, and each y € Y we have
min{u; (y), 12(¥)} < 11(y)

and  min{u; (), 2 ()} < w2(y).
Summing over y € Y and dividing by |Y] yields

1
K, 12) = 1 > min (1), 122)
yey
1
< mz m () = 1 (),

YEY
and similarly A% (uy, up) < p*(uy). Therefore
N (g, 1) < minfp®(uy), 1* (1)}
for all u,, u, € Fuz(Y).
In particular, for our concrete weeks,

2 12
TP
Mu®u®)=z=35
16 8
=3~ 15 -~ ()
19
BB = 22
<u(u®) =35

SO

Aﬁ('u(A)’ 'u(B))
< min{y* (u@), @* (u®)}

_8 0.5333
15 '
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Thus, the MetaFuzzy relation A* satisfies the required
inequality in this example and, by the above
argument, for all fuzzy weeks in Fuz(Y).

Theorem 1 (Zero-support property of MetaFuzzy
relations). Let p? be a MetaFuzzy Set on Y, and let
A* be a MetaFuzzy relation on p* in the sense of
Definition 4. Then for all pq, p, € Fuz(Y) we have

W) =0 or p(u) =0 = A*(uy,pp) =0.
In particular, if pf(u) =0 then A*(w,v)=0=
A*(v, ) for all v € Fuz(Y).

Proof. Assume A* is a MetaFuzzy relation on u*. Fix
H1, Uy € Fuz(Y).

By Definition 8 we have

A (ug, pz) < minfp’ (), 1 (2)}-
Suppose p*(u;) = 0. Then

min{u* (1), 1 (12)}

= min{0, u* ()} = 0.
Hence

0 < AM(u,ip) <0,

which forces A*(u,u,) =0. The same argument
applies when pu*(u,) =0, and also to the pair
(U, 1q), since the defining inequality is symmetric in
the two arguments. This gives the desired
conclusion.
Theorem 2 (Maximal MetaFuzzy relation). Let p*
be a MetaFuzzy Set on Y, and defineA,,.: Fuz(Y) x
Fuz(Y) > [01],  Afax(ie )
: = min{u* (1), 4 ()} Then:

1. A% .. is a MetaFuzzy relation onu?.

2. If A* is any MetaFuzzy relation on u*, then

N(up ) S Dhax(bo ) (Yo, €
Fuz(Y)) that is, A%., is the largest

MetaFuzzy relation on p* with respect to the
pointwise order.

Proof. (1) For any u,, 4, € Fuz(Y) we have
Aﬁnax(lh'liz)
= min{u* (1), 1* (42)}-

By definition of min, we immediately get

Aﬁnax(.ul'ﬂz)
< min{u’ (), 1 (12)},
so A% ., satisfies the MetaFuzzy relation condition.
(2) Let A* be any MetaFuzzy relation on p*. Then for
all uq, uy € Fuz(y),
N (g, p2) < minfp® (ug), 1 (12)}
= Afnax(ﬂpﬂz)-
Thus, A* < A% .. pointwise. Hence A% .. is the
largest element (in the pointwise order) among all
MetaFuzzy relations on u*.
Theorem 3 (Level-set representation of a MetaFuzzy
set).
Let p* be a MetaFuzzy set on Y. For each a € [0,1],
define the (meta-)level set
£, = {u €Fuz(Y) | () > a } SFuz(Y).
Then for every u € Fuz(Y) we have the exact
reconstruction formula
W =sup { a €[0,1] | u €4},
Moreover, the family (£,).€[0,1] is nested:
O<a<p<l =24CL,.
Proof. Fix p € Fuz(Y) and set v := p#(p) € [0,1]. By
definition of £, we have
LELS () >a & v>ao.
Thus the set of all o € [0,1] such that p €L, is
exactlyf o € /0,1] |u €4} ={a €[01] |Vv=>a} =
[0, v].
The supremum of [0, v] in [0,1] is v itself.
Thereforesup { o € [0,1] | u €4, =sup [0, v] =V
= 1#(u),which proves the reconstruction formula.
For the nesting property, let 0 <o < <1 and take u
€L Then 1#(u) > > a, SO u EL,. Hence L4,
Theorem 4 (Monotonicity and Lipschitz property of
an arithmetic-mean MetaFuzzy Set). Assume Y =
{y1, -, Y} is a finite nonempty base domain with
n€N. Define p*:Fuz(Y)-[0,1] by u*(n)
= % iu (). Then:
1. (Bounds) For all u € Fuz(¥), 0 < p*(u) < 1.
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2. (Monotonicity) If u,v € Fuz(Y) satisfy u(y) <
v(y)  (Vy €Y), then () < p(v).

3. (Lipschitz continuity) For all p, v € Fuz(Y),
A0 — W) < ZZR @) = ()l In
particular, p* is 1-Lipschitz with respect to the
normalized £*-distance on Fuz(Y).

Proof. (1) Since u(y;) € [0,1] for all i, we have
0 <puly) =1 (vi=1,..,n).
Summing these inequalities gives

n n
0 < Zu(yi) < 21=n.
i=1 i=1

Dividing by n > 0 yields
n
1
0 < ;Zu(yi) <1
i=1

e 0<pf(p) <1

(2) Assume u(y) <v(y) forall y € Y. Thenin
particular

uy) s vy (Vi=1..,n).
Summing these n inequalities gives

n n
Do = ) vow.
i=1 i=1
Dividing by n we obtain
1 n
= Vo) =K ),

i=1

IA

1 n
W) = EZM(%‘)

so u* is monotone with respect to the pointwise order
on Fuz(Y).
(3) For any u,v € Fuz(Y) we compute

n

1% 1
OB ORESWIAEESRTCH
i=1 i

=1
1 n
= EZ(“(YLI) —v())-

Taking absolute values and applying the triangle
inequality yields

() — p* ()| =

1 n
;;(u(m ~v o))

1 n
s;Zlm(yi)—v(yi)L

This is exactly the claimed Lipschitz bound.
If we define the normalized #1-distance

1 n
() i=2 ) (a0 = vl
i=1

then the inequality can be rewritten as

(W) — 1) < di(wv),
showing that 4* is 1-Lipschitz with respect to d;.

MetaNeutrosophic set (Neutrosophic set of
Neutrosophic Set)

A Neutrosophic Set extends fuzzy sets by assigning
each element three independent degrees: truth,
indeterminacy, and falsity, enabling richer
uncertainty modeling (Broumi et al. 2016). A
MetaNeutrosophic Set evaluates neutrosophic sets
themselves, producing truth, indeterminacy, and
falsity degrees for collections of neutrosophic
information.

Definition 5 (Neutrosophic Set). (Hadi and Al-
Swidi, 2022) Let X be a non-empty set. A
Neutrosophic Set (NS)A on X is characterized by
three membership functions:

Ty X - [01], L:X - [01], FuX - [0/1],

where for each x € X, the values T,(x), I,(x), and
F,(x) represent the degrees of truth, indeterminacy,

and falsity, respectively. These values satisfy the
following condition:

0 < Ty(x)+ I1(x) + F4(x) < 3.
Definition 6 (MetaNeutrosophic Set). Let X be a
nonempty finite set, and let Neu(X) denote the

collection of neutrosophic sets on X, that is, all
triples

A = (Ty, 1y, Fy)
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With
Ta, Ip, Fa: X = [0,1]
such that for every x € X,
0 < Ta(x) +I4(x) + Fo(x) < 3.

A MetaNeutrosophic Set on X is a triple of
functionals

T# I¥, F*: Neu(X) - [0,1]
satisfying, for every A € Neu(X),
0 < T*(A) + I*(A) + F¥(A) < 3.
Equivalently, the associated mapping
N*: Neu(X) - [0,1]3,
N*(A) : = (T*(A), 1°(A), F*(A)),
assigns to each neutrosophic set A a meta-level triplet

of truth, indeterminacy, and falsity degrees whose
sum remains in the admissible range [0,3].

Example 6 (MetaNeutrosophic Set: overall project
risk). Let

X = {Budget, Schedule}

be two project risk dimensions. A neutrosophic set
A = (Ty, 15, Fa) € Neu(X) encodes, for each x € X,

o Tu(x): degree that the risk on x is under
control,

o I5(x): degree of uncertainty about the risk
onx,
o F,(x): degree that the risk on x is not under
control,
Assume a concrete assessment
(Ta(Budget), [, (Budget), F5 (Budget))
= (0.8, 0.1, 0.1),

(Ta(Schedule), [, (Schedule), F 5 (Schedule))
= (0.5, 0.3, 0.2).

Define a MetaNeutrosophic Set
(N* = (T* 1*,F¥): Neu(X) - [0,1]3
by the simple averaging/max rules (here |X| = 2):

T, (Budget) + T4 (Schedule)
2 )

I*(A) : = max({l, (Budget), [, (Schedule)},

T*(A) : =

F(Budget) + F, (Schedule)

FHA) : =
&y >
For the above A we obtain
] 0.8+0.5
T*(A) = ——— = 0.65,

I*(A) = max{0.1,0.3} = 0.3,

0.1+0.2
———— = 0.15.

Fi(A) =
Thus

N¥(A) = (0.65, 0.30, 0.15)
is a meta-level summary of the overall project risk:
on average the risk is reasonably controlled (T*
high), there is moderate uncertainty (I*), and
relatively low non-control (F¥), while 0.65 + 0.30 +
0.15 = 1.10 < 3 so the MetaNeutrosophic constraint
is satisfied.

Definition 7 (A concrete averaging/max
MetaNeutrosophic Set). Assume that X is finite with
n:=|X| = 1.For A = (Ty, 14, F,) € Neu(X) define

1
T =2 T (),
F4):= maxl, (x),

1
F*(4) :=£Z F, ().

Example 7 (Averaging/max MetaNeutrosophic Set:
machine health). Let

X = {Sensory, Sensor,, Sensors }

be three monitoring points in an industrial machine.
A neutrosophic set A = (Ty, 14, Fy) € Neu(X)
encodes, for each x € X,

e T,(x): degree that the sensor status is
healthy,

e [,(x): degree of uncertainty about the status,
e F,(x): degree that the sensor status is faulty,
with 0 < T, (x) + [i(x) + F4(x) < 3.

Assume the following assessment:
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(Ta(Sensory), 15 (Sensor;), Fo(Sensor, ))
= (0.9, 0.1, 0.0),
(Ta(Sensor,), 15 (Sensor,), F5 (Sensor,))
= (0.7, 0.2, 0.1),
(Ta(Sensors), I (Sensors), F5 (Sensors))
= (0.6, 0.3, 0.2).

Each triple is admissible, e.g.
09+0.1+0.0=1.0,
0.74+02+0.1=1.0,

06+03+02=11 <3.

Here |X| = n = 3. Using Definition 7, the

averaging/max MetaNeutrosophic Set (T*, I#, F¥)

gives
1
T*(A) = 3 (T4 (Sensory) + To(Sensor,)

+ T, (Sensors))

_09407+06 22 11 07333
- 3 ~ 3 15 ’

I*(A) = maxla (x) = max{0.1,0.2,0.3} = 0.3,
X
1
F*(A) = 3 (Fa(Sensor;) + Fa(Sensor,)
+ F5(Sensors))

00401402 03

0.1.
3 3

The meta-sum is

# # # 11
T*(A) + I*(A) + F¥(A) = — + 0.3 4+ 0.1

15
11 3 1 22+9+3
S 1010 30
=%=£z1133§<3
30 15 ' -7

so the MetaNeutrosophic constraint is satisfied.

Thus the averaging/max MetaNeutrosophic Set
summarizes the machine as

N¥(A) = (T*(A),I*(A), F*(A))
~ (0.733, 0.300, 0.100),

meaning “high overall health, moderate worst-case
uncertainty, and low average fault degree” at the
meta-level.

Theorem 5 (Well-definedness of the averaging/max
MetaNeutrosophic Set). The triple (T# 1¥, F¥) from

Definition 7is a MetaNeutrosophic Set on X. That is,
for every A € Neu(X), 0 < T*(A) +I*(A) +
F¥(A) < 3.

Proof. Fix A = (Ty, 14, Fa) € Neu(X). By definition
of a neutrosophic set, for each x € X,
0<STyx)<1, 0=<I\(x)<1,
Hence

1
< — <
O_nZTA(x)_l,

xeX

1
OSEZFA(x)Sl.

xXeX

Also, since each I,(x) € [0,1], we have
0 < I*(4) = max/y(x) < 1.
Therefore
0 < TA)+IFMA)+F'(A) <1+1+1=3.
This is exactly the MetaNeutrosophic constraint, so
(T#, 1%, F*) is a valid MetaNeutrosophic Set.

Definition 8 (Neutrosophic preorder). Let A =
(T4, 14,Fy) and B = (Tg, I, Fg) be elements of
Neu(X). We define the truth-favoring neutrosophic
preorder<y by

Ty(x) Tp(x),
I, (x) Ip(x),
Fy(x) = Fp(x),

Thus A <y B means that B has no less truth and no
more indeterminacy or falsity at every point.

<
=

A<yB o Vx € X.

Theorem 6 (Monotonicity of the averaging/max
MetaNeutrosophic Set). Let (T% 1%, F*) be as in
Definition 7. If A,B € Neu(X) satisfy A<yB
(Definition 8), then T*(A) < T*(B), *(A) >
I*(B), F*(A) > F*(B). In other words, the
meta-aggregator preserves the neutrosophic preorder.
Proof. Assume A <y B. Then for all x € X we have

Ty(x) <Tp(x), Lhi(x) 2Ip(x), Fa(x) = Fp(x).
For the truth component,

1
THA) == ) Ty ()

xXeX
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1
<2 T (0 =T4B),

XEX
since each summand is bounded above by the
corresponding summand of B.
For indeterminacy, by the pointwise inequalities we
have
Li(x) = Ig(x) (vVx €X).
Taking maxima over x € X gives
I*(A) = maxl, (x)

> =t
= I;rclg}?d,;(x) I*(B).

For falsity,

1
FHA) == Fy ()

xeX

1
2= Fy () = F'(B),

X€EX
because each F,(x) = Fg(x).
Thus the desired inequalities hold for all three
components.
Theorem 7 (Level-set representation of a
MetaNeutrosophic Set). Let N* = (T*,I*, F*) be any
MetaNeutrosophic Set on X. For each a € [0,1],
define the truth-, indeterminacy-, and falsity-level
sets  Lp(a):={A € Neu(X) | T*(4) = a}, £;(a)
:={A € Neu(X) | I*(A) = a}, Lp(a) :={A €
Neu(X) | F¥(A) = a}. Then for every A € Neu(X),
T*(A) = sup{a € [0,1] | A € L;(a)},I*(4) =
sup{a € [0,1] | A € £;(a)}, F¥(A) = sup{a €
[0,1] | A € Lz(a)}. Moreover, each of the families
(Lr(@)aefo) Li(@))aepor;y Lr(@)aepo) 18
nested in the sense that 0<a<pB<1 =
L,(B) € L.(), for each symbol € {T, 1, F}.
Proof. We prove the statement for the truth
component; the proofs for the indeterminacy and
falsity components are identical in form.
Fix A € Neu(X) and set v:=T*%(A) € [0,1]. By
definition,
A€ Lr(a)
Hence

e T'A=z2a © va

{a €[0,1] | A € Ly (a)}
={a€[01]|v=a}=][0v]
The supremum of the interval [0,v] in [0,1] is v.
Therefore
sup{a € [0,1] | A € Ly ()}

= sup[0, v]

=v = T*(4).
For the nesting property, let 0 < a < 8 < 1 and take
any A€ Lp(B). Then T*(A)=pB=a, so A€
Ly(a). Thus Lr(B) € Lr(a). The same argument
applies to £;(a) and Lz(a) by replacing T* with I*
or F¥,
Theorem 8 (Lipschitz  continuity of the
averaging/max  MetaNeutrosophic ~ Set). Let
(T#, 1%, F*) be the averaging/max MetaNeutrosophic
Set from Definition 7on a finite base X with n = |X].
Define a normalized neutrosophic distance dy

onNeu(X) by dn(4,B) ::%erx(lTA(x) -
Tp()| + [1a(x) = Ig(X)| + [Fa(x) — Fp(x)]). Then
for all A,B € Neu(X), [T*(4) = T*(B)| < +Tyex
| T4 () = Tg )], IF*(A) = F*(B)] < —Yrex

| Fa(x) = Fg(0)|, |I*(4) = I*(B)| < max|l, (x) —
()| < = Tyex|1a() — )]
each component T#, I*, F* is 1-Lipschitz with respect

to dy, and the combined map N*: (Neu(X),dy) —
([0,173, II-l) is Lipschitz-continuous.

Proof. Fix A = (T, 14,Fy) and B = (Tg,Ig, Fg) in
Neu(X).
For the truth component,

T*(A) — T*(B)

=N 1w-=) T
DICIOREDY

Consequently,

xXEX XEX
1
- ;; (Ta(0) = Ty (0.

Applying the triangle inequality yields
IT*(A) - T*(B)|
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1
= (140 = To ()

xX€EX

1
<T@ = T,
X€EX

The same computation for the falsity component
gives

1
[FCA) = F(B)] < = ) | FaC) = Fp(@)l

X€EX

For the indeterminacy component,

# —
I*(4) = maxl,(x),
# —
I(B) = r}rclg)?d,; ().
Recall the standard inequality
|maxa; — maxb;| < max]|a; — b;|
l l L
for any finite family of real numbers (a;), (b;).
Taking a, : = I,(x), b, : = Iz(x), we obtain
[1°(A) = I*(B))|
= [maxI,(x) — max/p (x)|
< max|I,(0) — I (@)

Since for any finite family (c,)yex,

1
max|c,| < — c
naxic,| < = |l

we further have
[I(4) — I*(B)|

1
<@ - @

XEX
Combining these inequalities coordinatewise shows
that each component of N* is bounded by the
corresponding part of the normalized #-distance in
dy, and hence N* is Lipschitz-continuous from
(Neu(X), dy) to ([0,113, Ill).

MetaSoft set (Soft Set of Soft Set)

A Soft Set represents uncertain information using a
parameterized family of subsets, mapping attributes
to corresponding approximate descriptions within
universes (Molodtsov, 1999). A MetaSoft Set selects
or groups multiple soft sets under meta-parameters,

providing higher-order decisions about uncertain
attribute-based data.

Definition 9 (Soft Set). (Molodtsov, 1999) Let U be
a finite universal set and A be a set of attributes. Let
S € A denote a chosen subset of parameters. A soft
set over U is defined as a pair (F, S) where

F:S - P
is a function that assigns to each parameter ¢ € S a
subset F(a) < U. Formally,

F S ={(e,F(a))|la€eS, F(a) 2 U}
Definition 10 (MetaSoft Set). Let U be a nonempty
universe of objects and let S be a (possibly finite) set
of parameters. A (crisp) soft set on (U,S) is a
mapping

F:S - P),
and we denote by
Soft(U,S) :={F | F:S - PU)}
the collection of all such soft sets on (U, S).
Let Ilbe a nonempty set of meta-parameters. A
MetaSoft Set on (U,S) with meta-parameter set II is
a soft set over the universe Soft(U, S) with parameter
set I1, that is, a pair
(G, 1) where
G: Tl - P(Soft(U, S)).
For each m €1l, the value G(m) < Soft(U,S) is
interpreted as the family of base soft sets that satisfy
the meta-criterion encoded by 7.
Remark (Second-order viewpoint). A MetaSoft Set
(G, 1) treats ordinary soft sets F € Soft(U,S) as
“points” in a new universe. Each meta-parameter = €
[T specifies a qualitative or quantitative requirement
on soft descriptions (e.g., “good for business travel”,
“good for leisure”), and G () collects precisely those
base soft sets fulfilling that meta-level requirement.
Thus (g, IT) is a soft-set valued selector on the space
Soft(U, S).
Example 8 (MetaSoft Set: Hotel selection by meta-
criteria). Let U = {h4, h,, h3} be three hotels and

S = {NearStation, Breakfast, Quiet}
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be the set of attributes. A soft set F:S —» P(U)
records, for each attribute s € S, the subset F(s) €
U of hotels that satisfy s.

Consider two soft descriptions of the same city:
F @ (NearStation) = {hy, h,},
F @ (Breakfast) = {h,, h3},
F@(Quiet) = {h3},
F B) (NearStation) = {h,},
F B (Breakfast) = {h3},
F®B)(Quiet) = {h,, hs}.
Both F@ and F®) are elements of Soft(U, S).
Now introduce two meta-parameters
= {n.biz 7.L.leiS}
interpreted as:

mP1Z; “g00d for a business traveler who prefers hotel
h, and wants it both near the station and with
breakfast”.

e ml€S: “good for a leisure traveler who
prefers hotel h; with breakfast in a quiet
environment”.

Define a MetaSoft Set (G, 1) on (U, S) by

G(mPi?) : = {F € Soft(U,S) |
and h. eF(Breakfast) },
G(nls}) .= { Fe Soft(U, S) | hs eF(Breakfast) and
hs €F(Quiet) }.

h. €F(NearStation)

Verification for mPiz:
h, € F“ (NearStation) = {hy, h,},

h, € F 4 (Breakfast) = {h,, hs},
so F@ € G(nP#). For F ) we have

h, ¢ F®) (NearStation) = {h,},
hence F &) ¢ G (7).
Thus the MetaSoft Set (g, IT) behaves as a meta-level
selector on Soft(U, S): the parameter 7P singles out
those soft descriptions that are suitable for a business
traveler preferring h,, while 7'®i collects those

descriptions appropriate for a leisure traveler
preferring h5 in a quiet, breakfast-included setting.

Definition 12  (Soft-set inclusion). Let
(F,9),(#H,S) € Soft(U,S) be two soft sets on the
same universe and parameter set. We write

F Ssoft H

© F(s) € H(s) foralls€S.

This defines a partial order on Soft(U, S).
Lemma 29 (Soft-set inclusion is a partial order).
The relation CSg . on Soft(U,S) is reflexive,
antisymmetric, and transitive. Hence
(Soft(U, S), Ssort) is a partially ordered set.
Proof.Let F, H, K € Soft(U, S).

Reflexivity: for every s € S, we have F(s) € F(s)
as sets. Thus F Sgop F.
Antisymmetry: assume F Seone H and H Son F.
Then forall s € S,

F(s) €S H(s) and H(s) S F(s),
S0 F(s) = H (s). Hence F = H as functions.
Transitivity: assume F Coq H and H CSyop K.
Then foreach s € S,

F(s) S H(s) € K(s),

S0 F(s) S K(s). Thus F Sgop K.
All three properties hold; therefore Sq. is a partial
order.
Theorem 9 (Indicator-function representation of
MetaSoft Sets). Let (G,IT1) be a MetaSoft Set on
(U,S) in the sense of Definition 10. Define xg: IT X

(1, Fegm),
Xg(ﬂr?) r T {0, F $ g(.n.)
Conversely, let x:1I x Soft(U,S) - {0,1} be any
map.  Define  G,:11 - P(Soft(U,S)), Gy ()
:={F € Soft(U,S) | x(m,F) = 1}. Then the
assignments (G, 1) ~ xg, X ~ (Gy,I) are
mutually inverse. In particular, there is a bijection
between MetaSoft Sets on (U,S) (with meta-
parameter set II) and indicator maps I X
Soft(U, S) - {0,1}.
Proof. We prove that each construction is inverse to
the other.
Step 1. start from a MetaSoft Set (G,I1) and
construct xg, then ng-

Soft(U, S) - {0,1},

118



Fujita/J. Bangladesh Acad. Sci. 50(1); 107-145: March 2026

Fix € I1. By definition,
Gy (M) ={F € Soft(U,S) | x5(m, F) = 1}.

But by the definition of xg,

Xg(mF) =1

& Feg(m).
Thus

G (M)
= {F € Soft(U,S) | F € G(m)} = G(m).

Since this holds for all = € I1, we have Gx; = G-

Step 2: start from an indicator map y and construct

Gy, then X6,
For any (m, F) € II x Soft(U, S), we have
Xg,(mF) =1
e FEeG,(m
e y(mF) =1
Similarly,
)(gx(n,ﬂ-“) =0
& F &g, (m

e y(mF)=0.
Hence ng(n, F) = y(m,F) for all (w,F), so XG, =
X-
Therefore the two constructions are mutually inverse,
yielding a bijection.
Definition 13 (Boolean operations on MetaSoft
Sets). Let (G, I1) and (H,IT) be MetaSoft Sets on
(U,S) with the same meta-parameter set I1. Define
three new MetaSoft Sets on (U, S) by

(G NH)(m) : = G(m) N H(m),
(GUH)(m) :=G(m) U H (m),
(=9) (1) : = Soft(U, H\G (),

T € IL

We call these the intersection, union, and
complement of MetaSoft Sets, taken parameterwise.

Theorem 10 (MetaSoft Sets form a Boolean algebra
over each parameter). Let (G,11) and (#,II) be
MetaSoft Sets on (U, S). Then

) (@Gn#H, ), (GUH,II), and (~G,II) are
again MetaSoft Sets on (U,S) with
parameter set TI.

For each fixed mell, the family {G(m) <
Soft(U,S)}, equipped with the operations of
intersection, union, and complement inside
Soft(U, S), forms a Boolean algebra. In particular, for
all MetaSoft Sets (G, 1) and (£, IT) we have the De
Morgan laws: “(GNH)=(=G)V
(=H), —(GUH) = (=G) N (=) where
equalities are understood parameterwise.
Proof. (i) By Definition 13, each of
GNH, GUH, =G

isamap I - P(Soft(U, S)). For example,

(GNH):TT - P(Soft(U,S)),

- G(m) N H (m).

Thus each pair (G N H,1I), (G U H, 1), and (=G, 1)
satisfies the pattern of Definition 10 and hence is a
MetaSoft Set.

(ii) Fix m € I1. Consider the collection of all subsets
of Soft(U, S), which is the power set P(Soft(U, S)).
Under the usual set-theoretic operations N,U, ()€
(with complement taken relative to Soft(U,S)),
P(Soft(U,S)) is a Boolean algebra. For each
MetaSoft Set (G, IT), the value G () is an element of
this Boolean algebra. The parameterwise operations
in Definition 13 are exactly these Boolean operations
in P(Soft(U,S)) applied at the fixed parameter .
Hence all Boolean identities, including the De
Morgan laws, hold for each fixed m. Writing them
parameterwise yields the stated equalities.

Corollary 1 (ldempotence, commutativity, and
associativity). For any MetaSoft Sets (g, IT), (3, 1),
and (¢, 1) on (U,S) we have, parameterwise,G N
§=6  GUG=GGNH=HnG  GU
H=HUGGENH)NK=GgNn(HNK),(GU
HYUK =GU(H UK).

Proof. All identities hold for each parameter value
because they are standard set-theoretic equalities inside
the Boolean algebra P (Soft(U, S)). For example,
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G NnG(m)
=G(mnG(m) = G(m)
for all = € I1. The other cases are analogous.
Definition 14 (Upward-closed MetaSoft Set). A
MetaSoft Set (G,II1) on (U,S) is called upward-
closed (with respect to soft-set inclusion) if for every
m € Iland all F, H € Soft(U, S),
Feg(m) and F S H
= H € G(m).
Theorem 11 (Intersection of upward-closed
MetaSoft Sets). Let (G,IT) and (%, 1) be upward-
closed MetaSoft Sets on (U,S). Then their
intersection (G N A, 1) is also upward-closed.
Proof. Fix € I and let F, X € Soft(U, S) satisfy
Fe(@nNnH)m) and F Cgop K.
By the definition of intersection,
F e (GNH)(m)
& Feg(m) and F € H(m).
Since (G, 1) is upward-closed and F € G(m) with
F Ssofe K, We have K € G(mr). Similarly, (H,11) is
upward-closed and F € H (m) with F S5 K, SO
K € H(m).
Thus XK lies in both G () and 7 (), hence
K e g(m) nH(m)
= (G N H)(m).
Therefore (G N 3, 1) satisfies Definition 34 at every
parameter 7 and is upward-closed.

Theorem 12 (Maximal soft sets among upward-
closed MetaSoft selections). Let (G,II) be an
upward-closed MetaSoft Set on (U, S), and let t € TI
be fixed. Suppose there exists F,.x € G (1) such that
for every H € G(m) we have H S o5 Fmax-Then:

(i) Fmax IS the unique S4,p-maximal element of
G(m);
(ii) for any X € Soft(U,S), X €G(n) &
K Ssoft Fnax-
Proof. (i) Uniqueness and maximality.
Maximality: Let H € G(m) satisfy Frnax Ssore H - BY
assumption on F.x We also have H Sqoe Fmaxs

since H € G(m). By Lemma29 (antisymmetry),
H = Fpax- Thus there is no element of G(m) strictly
above F,,. in the soft-inclusion order.

Uniqueness: Suppose some Fp.x € G(m) is also
maximal in the same sense. Then, applying the first
assumption with H = F.x, We get Frax Ssoft Fmax-
Conversely, applying maximality of F, ., with H =
Frnax Yields Fpax Ssofc Fmax- BY antisymmetry,
Fnax = Fnax, S0 the maximal element is unique.

(ii) Characterization via inclusion.

The implication “=" is immediate from the assumption:
if K € G(m), then by hypothesis K Sos Fmax-

For the converse, assume K Sgorc Fnax- Since (G, 1)
is upward- closed and Fy.x € G(m), we may
equivalently rewrite the condition as

Tmax € g(ﬂ) and Tmax 2soft X.

Upward-closure (Definition 34) is usually stated for
F Seore H, but we can apply it with F: =% and H
i = Fnax If We first know that I is in G(m). To avoid
circularity, observe that by uniqueness of the maximal
element, any K that strictly contains F,,.x cannot be
in G(m). Therefore the only candidates for
membership of G () that are Sq,p Fnax are those that
appear “below” F,ax. By assumption of the theorem,
all elements of G (1) are So5 Fmax, hence the set

{X € Soft(U,S) | K Seot Fmax)

is the largest downward-closed subset of Soft(U,S)
whose complement has no intersection with G(m)°.
Thus any X satisfying K Sgor Fmax Must already lie
in G(m), otherwise we could extend G(m) without
violating maximality of F,., Which contradicts the
hypothesis.

Therefore ¢ € G(m) if and only if K So6 Frnax-

Definition 15 (Pushforward of a soft set). Let

f:U — V be any map between universes, and let S be

a fixed parameter set. For a soft set F € Soft(U, S)

we define its pushforward along f to be the soft set
f.(F) € Soft(V,S)

given by

(. (F)(s) := f(F(s))

={fWIlueF(s)}cV, SES.
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Theorem 13 (Pushforward of MetaSoft Sets). Let
f:U —>Vbe a map of universes and (G,I1) be a
MetaSoft Set on (U,S). Define f,G:I1 -
P(Soft(V,S)), f.g(m):={f.(F) | F € G(m) }.
Then (f,G, 1) is a MetaSoft Set on (V, S).

Moreover, if (G, II) is upward-closed with respect to
Csort ON Soft(U,S), then (f.G,IT) is upward-closed
with respect to Sg.¢ 0N Soft(V, S).

Proof. First statement: MetaSoft structure.

For each fixed = € 11, the set

fG(m) = {f.(F) | F € G(m)}
is a subset of Soft(V, S), because each f,(F) is a soft
set on (V,S) by Definition 15. Thus £.G is a map
[T - P(Soft(V,S)), and so the pair (f,G,II) is a
MetaSoft Set on (V, S) in the sense of Definition 10.

Second statement: preservation of upward-closure.

Assume (G,IT) is upward-closed. Fix m €Il and
consider soft sets ', H' € Soft(V, S) with

F' € f.G(m)
and F' Cgon H'.

By definition of f.G(m), there exists F € G(m) such
that F' = f.(F).

In general, given an arbitrary H' € Soft(V,S) with
fi(F) Soore ', there need not exist a soft set H on
U with f,(H) = H' and F S5 . However, when
such a soft set H does exist, upward-closure of
(G, 1) implies H € G(r), and therefore f,(H) €
f.G(m), so H' € f.G(m).

Consequently, in all situations where one can “lift”
a soft-set inclusion f,(F) Sgore H' from (V,S)
back to an inclusion F S, H on (U,S), the
upward-closed feature of G transfers to f.G. In
particular, if f is surjective and each fibre f~1(v)
can be used to choose a preimage soft set ' of H’
that contains F softly, then (f.G,IT) is upward-
closed.

Thus £, sends MetaSoft Sets to MetaSoft Sets, and
preserves upward-closure under the stated lifting
property.

MetaRough set (Rough Set of Rough Set)

A Rough Set models uncertainty by approximating
subsets using lower and upper approximations
derived from indiscernibility relations on universes
(Pawlak 1982; 2012; Pawlak and Skowron 2007).
Related concepts include HyperRough Sets (Fujita
2025c, 2025d), Weighted Rough Sets (Own et al.,
2010; He et al., 2006), Fuzzy Rough Sets (Hsiao et
al., 2013; Lenz et al., 2022; Atagiin and Kamaci,
2023), and Soft Rough Sets, which are well known in
the literature.

A MetaRough Set computes approximations over
families of rough sets, capturing meta-level lower
and upper approximations across rough structures.
Definition 16 (Rough Set Approximation). (Pawlak,
1998) Let X be a nonempty universe of discourse,
and let R € X x X be an equivalence relation (also
called an indiscernibility relation) on X. The relation
R partitions X into disjoint equivalence classes,
denoted by [x]y for each x € X, where

[x]z = (y EX | (x,y) €R).
For any subset U < X, the lower approximationU and
the upper approximationU are defined by:
3. Lower Approximation:
U={xeX|[x]p e U}
This set contains all elements whose entire

This set contains all elements whose equivalence
class has a nonempty intersection with U; these
elements possibly belong to U.

Thus, the pair (U,U) forms the rough set
representation of U, satisfying
Uucucu.

Definition 17 (Meta-indiscernibility on rough
objects). Let (X, R) be a fixed Pawlak
approximation space and let

Rough(X,R)={ (U, U)|U € X and
U, U are the R-approximations of U}
denote the universe of all rough objects on (X, R).

A meta-indiscernibility relation on rough objects is
an equivalence relation
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€ € Rough(X,R) X Rough(X, R).
Typical choices include, for (U, U), (V,V) €
Rough(X, R):
e Exact equality:
G EWEV)
© U=VandU=V.
e Boundary equality:
W,0) e W, 7V)
V\V.
e Upper-approximation equality:
WD) EW.V)
e U=V.
For r € Rough(X,R), its &-equivalence class is
denoted [r]c :={r' € Rough(X,R) | r' Er}.
Definition 18 (MetaRough approximations and
MetaRough Set). Let € be a meta-indiscernibility
relation on Rough(X, R) and let ¢ < Rough(X, R) be
any collection of rough objects. The meta-lower and
meta-upper approximations of ¢ with respect to €
are defined by

& T =

QS
c¢:={reRough(X,R)|[1]_Ecc},

—£&
C ={reRough(X,R)|[T[.ENC+07}
The pair
—£&

(c7e)
is called the MetaRough Set (or meta-rough
approximation pair) of ¢ with respect to £.
Proposition 1 (Meta-level sandwich property). For
every C < Rough(X,R) and every equivalence
relation € on Rough(X,R), the inclusions g‘g c
¢ c ¢ hold.

Proof. First inclusion. Let r egg. By definition,
[r]e € C. Since r € [r]g, we obtain r € C. Hence
céce.
Second inclusion. Let r € C. Then

[rlenC 2 {r} # @,

—& —£
sor € C by definition. Thereforec <€ C .

Combining both
sandwich relation.

inclusions vyields the claimed

Example 7 (MetaRough Set: homeroom-level pass
status). Let X = {sy,5,,53,54} be a set of students,
and suppose the indiscernibility relation R groups
students by homeroom:
[s1]r = [s2]r = {s1,52}, [s3]r = [Salr
= {53154}-

For any U < X, the standard rough approximations
are

U={x€eXI|[xlgSU},

U={x€X|[x]gnU =0},
and each rough object is v, = (U, U).
Interpret U as the set of students who passed a mock
exam (based on incomplete information). Consider
two scenarios:

UM = {s;}, U@ = {s;,5,}.
Their rough approximations are computed explicitly.
ForU® = {s;}:
UD ={xeXI[x]g S {513} =0

since [s1]r = {51,852} € {s;} and
S,, S3,S4. FOr the upper approximation,

similarly for

U

={x € X | [x]g N{s1} # B} = {51, 52},
because [s1]gr = [S2]r = {51,52} intersects {s;},
whereas [s3]g = [S4]r = {S3,54} does not. Thus

ry@ = (@,{s1,52}).
For U® = {s;,s,}:
ﬂ
={x € X | [x]g € {51,523} = {51, 52},
since  [si]g = [s2]r = {51,852} € {51,582},
[s3]r = [salr = {53,543 & {51, 5,}. Similarly,

U@

while

={x €X | [x]r N {51,52} # B} = {51, 52}
Hence

Ty@ = ({51,852}, {51, 52])-
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We now work at the meta-level over the universe
Rough(X, R).

Meta-indiscernibility. Define an equivalence relation
EYP on Rough(X, R) by

UADERNUAD

s U=V.
Thus two rough objects are meta-indiscernible if they
induce the same upper approximation (same set of
possibly passing students).
Both rough objects above have upper approximation
{s1,52}, %0
Ty EP Ty,

and their equivalence class is
[ry@]eur
= {r € Rough(X,R) | 7 = {s1,5,}} 2 {ryw,ry@}
MetaRough Set. Consider the meta-concept
C:={ry=»}
interpreted as: “the homeroom {s;, s, }is certainly the

passing group”. Its MetaRough approximations with
respect to EYP are

cEP ={r|[rlew cc},

_gup
C ={rl[rleenC+0}

Since

[ry@]ew 2 {ryw, Ty@} € C,

we have 1,2 & C€". Moreover, any r with the
same upper approximation {s;,s,} belongs to
[ry@]ew and hence cannot lie in the meta-lower
approximation unless the entire class is included in
C, which is not the case here. Therefore,

c&’ =g.
On the other hand, for any rough object r with upper
approximation {s;, s, } we have

[T]gup Nne

= [TU(z)]gurl n {TU(z)}
= {Tu(z)} * 0,

so such r belongs to the meta-upper approximation.
In particular,

_gup
ryw, ry@ €C

Thus in this concrete setting we obtain the strict
sandwich
et =90 ¢ ¢={rym}

_gup
cC 2{ryo,rym}

which explicitly illustrates Proposition lat the meta-
level: no rough object is meta-certainly singled out
by € under the coarse indiscernibility EU'P, yet
several rough objects remain meta-possibly
compatible with C.

Theorem 14 (Monotonicity and basic distributivity
of MetaRough approximations). Let £ be a meta-
indiscernibility relation on Rough(X,R) and let
C,D < Rough(X,R). Then:
—&
1. If ccD, then ¢¢ € D¢ and C <
—&
D .
2. For all ¢D, ¢nD® =¢¢n
— ¢ —& —&
Dé&CuD =¢C uD.
Proof. (i) Monotonicity of C€. Assume ¢ € D and
let recf By definition of the meta-lower
approximation,

[r]le € C.
Since € € D, we obtain
[rle € € € D,
hence [r]c €D, sor € D&. Therefore ¢ € DC.

—&
Monotonicity of ¢ . Again assume C €D and let
—&
r € C .Then
[T]g nec # @
Since ¢ € D, we have
[rlenD
2 [rlenC # Q.
—& —& —&
Thusr €D ,andC <D .
(i) Distributivity for intersection (meta-lower). We
show the two inclusions separately.
(S) Letr € € N DE. By definition,

[rle € €ND.
Hence
[rle € C
and [r]e € D,
sor € C¢andr € DE. Therefore
r € C¢EnDE,
giving
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™

cNnD
c c¢nDE.
(2) Letr e ¥ NnDE. Then
[rlecC
[r]e € D.

and
Thus
[rle€CND,
sor € €N DE. This yields
cénpe
c cnDE,
and therefore equality holds.
Distributivity for union (meta-upper). Again we
show both inclusions.
(S) Let
reciud’
JfreC’,then
[rle nC # 0.
Butc ccu?D,so
[rlen(CUD) 2 [r]lenC # @,

—¢&
hence r € ¢ UD . The same argument applies when
—&
r € D . Therefore

— ¢
(R)LetrecuD .Then
Thus there exists s € [r]g such that s € C UD.
Hence either s € C or s € D. In the first case,

[FlenC 2 {s}#0,

—€
sor € C . Inthe second case,
[rlenD 2 {s}# @,

—& —& —&
sor €D . Thereforer e ¢ UD , and we obtain
&

CuD
—-& =€
cCC UD.
Combining both inclusions in each case proves (ii).

Theorem 15 (ldempotence of MetaRough
approximations). For any € € Rough(X,R) and any
meta-indiscernibility € on Rough(X,R), the meta-

lower and meta-upper operators are idempotent:
€ =¢es () =¢"
Proof. We first prove idempotence for the meta-
lower approximation. Set
L) :=c*®
={r € Rough(X,R) | [r]¢ € C}.
(L(L(C)) € L(C)) Letr € L(L(C)), i.e.,
[rle € L(C).
Take any s € [r]¢. Thens € L(C), so
[S]g cC.
But s € [r]c implies [s]g = [r]¢, hence
[T]g cC.
Therefore r € L(C), and we have
L(L(C)) < L(O).
(L(C) € L(L(C))) Let r € L(C), so [r]e € C. For
any s € [r]¢ we have [s]¢ = [r]¢ (by the definition
of an equivalence class), so
[sle = [r]e S C.
Thus s € L(C) for every s € [r]g, which implies
[rle € L(C).
Therefore r € L(L(C)) and
L(C) < L(L(C)).
Combining the two inclusions vyields L(L(C)) =

L(C),i.e.,
€’

=Cc¢.
We now prove idempotence for the meta-upper
approximation. Set

ueE) := ¢
={r eRough(X,R) | [r]lenC #0}.
(UW() cU(©))Letr e U(U(C)). Then
[rlenU(C) # Q.

Hence there exists s € [r]c N U(C). From s € U(C)
we get

[slenC # 0.
Since s € [r]g, we have [s]g = [r]¢, SO
[rlenC = [s]lenC # 0,
which shows r € U(C). Therefore U(U(C)) < U(C).
@) cu(e))) Letr e u(c),so
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[rlenC # 0.

In particular, r € [r]¢ and r € U(C), hence

r € [r]le NU(C).
This shows

[rlenu(©) # 9,
sor € U(U(C)). Thus U(C) € U(U(C)).
Combining both inclusions gives U(U(C)) = U(C),
ie.,

& € &

() =¢.
Theorem 16 (MetaRough duality via complement).
Let € be a meta-indiscernibility on Rough(X,R) and
let C < Rough(X, R). Denote the complement of C in

Rough(X,R) by €€ : = Rough(X, R)\C. Then:
—&
1. (€5° = ¢c .
—&
2. (€)= ¢cé,
Proof. (i) We show pointwise equivalence
r€(€o)F

—&
& rece.

(=) Suppose
re (e
This meansr & C¢, i.e.,
[rle € C.
Therefore there exists s € [r]g with s €&C.

Equivalently, s € [r]c N C€. Thus

[T]g nee * ®,

—€
SO recCc by the definition of meta-upper
approximation.
—¢

(<) Conversely, suppose r € €€ . Then

[rlenCt + Q.

Hence there exists s € [r]g with s € CS, i.e., s & C.
This implies that [r] is not a subset of €, so

[T]E g C'
and therefore r ¢ C €. Thus
r € (CH)"

Combining the two directions establishes (i).

(if) We again show pointwise equivalence

re @
& re C_Ce.
(=) Assume
re @9
ie,re &% Thus
[rlenC = 0.

Hence [r]¢ € C€, because no element of [r]¢ lies in
C. Therefore

[rle € €,
which means r € ¢¢¢,
(<) Conversely, suppose r € C’_Cg. Then
[r]e € CS,
S0 no element of [r]¢ lies in C. Thus
[rlenC = @,
which means r & € and hence
re @
This completes the proof of (ii).

Theorem 17 (Characterization of MetaRough fixed
points). Let £ be a meta-indiscernibility relation on
Rough(X,R) and let ¢ < Rough(X, R). The following
are equivalent:
1. Cis a union of &-equivalence classes, i.e.,
Vr € C: [r]¢ € C.

2. ¢=c*t.

3. c=¢C .

In particular, ¢ is meta-crisp (fixed by both meta-
lower and meta-upper operators) if and only if it is
saturated with respect to &.

Proof. (a)=(b). Assume that C is a union of &-
classes, i.e., whenever r € C then [r]¢ €C. By
Definition 18, r € ¢ € if and only if [r]¢ € €. Thus
each r € C satisfiesr € QS, and hence

c c cé.
Combined with the meta-sandwich property € c ¢
(Proposition ), we obtain equality:

c = cé¢.
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(b)=(a). Assume C = C¥¢ and take any r € C. Since
C =C¢,

recé,
so by definition [r]¢ € C. This is exactly the
condition that C is a union of £-classes.

(a)=(c). Assume again that C is a union of E-classes.
Then for any r € C and any s € [r]¢, we have s € C
because the whole class [r]¢ lies in €. Consequently,
for such r,

[f]leNC 2 {r} # 0,

—£
which implies r € C . Therefore

—£
ccece.

Combining with the meta-sandwich property C < Ee

—&
and €€ < ¢, we already have the inclusion C € C
and thus obtain

—€
c=c

—£&
(c)=>(). Assume C=C and let reC. Since r €
—&
C , we have

[flenC # 0.

Lets € [r]e N C, so s € C and s ~¢ r. Now consider
any t € [r]g. Since t ~¢ r and s ~¢ r, we also have
t~cs,50tE [s]c. Weshowt € C.

By the assumption C = C ,

—£
tec
e [tlenC 0.

teC &

But s € [t]¢ (sincet ~¢ s)and s € C, so

[tlenC 2 {s} # 0.
Hence t € C. Therefore [r]¢ € C for each r € C,
which shows € is a union of £-classes.
We have shown (a) © (b) and (a) © (c), so all
three conditions are equivalent. In particular, C is
fixed by both -€ and =€ if and only if € is saturated
with respect to €.
Corollary 2 (MetaRough interior and closure

operators). For any fixed meta-indiscernibility € on
Rough(X,R), the operator Ug:P(Rough(X,R)) —

—£
P(Rough(X,R)), Ug(C):=C , is a closure
operator (extensive, monotone, idempotent), and

Le: P(Rough(X,R)) = P(Rough(X,R)), Le(©)
i= QS, is an interior operator (contractive,
monotone,  idempotent) on  the  powerset

P(Rough(X,R)).

Proof. Extensivity of Ug and contractivity of Lg

follow from the meta-sandwich  property
(Proposition 1):
Le()=cfce
—&
Monotonicity of both operators is given by

Theorem 14. ldempotence is exactly Theorem 15.
Thus Ug is a closure operator and Lg is an interior
operator on P(Rough(X, R)).

Results
Iterated Meta-Objects

Throughout, let Y = @ (base domain for fuzzy sets),
X # @ (base domain for neutrosophic sets), U # @
(universe for soft sets) with parameter set S # @, and
(X, R) a Pawlak approximation space.

Iterated MetaFuzzy sets

Iterated MetaFuzzy Sets organize fuzzy evaluations
into a hierarchy of levels: at level 0 we have ordinary
fuzzy sets on Y, at level 1 fuzzy evaluations of those
fuzzy sets, at level 2 fuzzy evaluations of level-1
evaluations, and so on. This yields a tower of meta-
level membership analyses.

Definition 19 (Hierarchy of fuzzy universes). LetY
be a nonempty set. Define inductively the sequence
of carrier sets (Fuz®(Y))eso by
Fuz®(Y) := Fuz(Y) = [0,1]Y,
Fuz1 ()

= [0,1]® (> 0).

Thus a level-t fuzzy object is a function
n® e Fuz{®(Y)
e uO:FuZN(Y) - [0,1] (t=1),

assigning grades in [0,1] to level-(t—1) fuzzy
objects.
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Definition 20 (lterated MetaFuzzy Set of depth t).
Let t > 1. An Iterated MetaFuzzy Set (IMF) of depth
tonY is an element

u® e Fuz(®(Y)

= [0,1]u=" V™),
Equivalently, it is a map

u®: Fuz=1(Y) - [0,1],
which assigns a membership grade in [0,1] to each
level-(t — 1) fuzzy object.
A binary iterated MetaFuzzy relation of depth t
based on p® is any map
A®: Fuz&=1(Y) x Fuzf&=1(Y) - [0,1]
such that the admissibility constraint
A®(a,b) < min{u®(a), p® (b)}

(Va,b € Fuz{t=2(Y))

holds. Hence 4® is never “more confident” about a

pair (a, b) than the individual meta-memberships of
a and b.

Example 8 (lterated MetaFuzzy Set (depth 2): store
staffing from weekly traffic profiles). Let Y=
{Mon,Tue,Wed} be three trading days.

Level 0 (ordinary fuzzy sets). A level-0 fuzzy set u €
Fuz®(Y) = Fuz(Y) = [0,1]" encodes, for each y €
Y, the degree of “high customer traffic” on day y.
Consider two weeks:
u™ (Mon,Tue,Wed) = (0.2, 0.8, 0.6),
1 ®) (Mon,Tue,Wed) = (0.9, 0.7, 0.3).
Level 1 (MetaFuzzy predicate on week-profiles).
Elements of Fuz{"(Y) = [0,1]7*(") are functions
A:Fuz(Y) - [0,1],
assigning to each week-profile u a degree describing
some global property of that week.
Define a level-1 fuzzy predicate

Agyg € Fuz(Y),

1
Ravg(1) =157 > 1)

yey
w(Mon) + p(Tue) + u(Wed)
3 :

It measures how strongly a given week-profile
exhibits “high traffic on average”.
For our two weeks,
0.2+08+0.6
Aavg(.u(A)) = f

_16_38 0.5333
-3 15 Y
094 0.7+0.3
Aavg(M(B)) = f
_9_ D 0.6333
T3 30 '
Level 2 (lterated MetaFuzzy Set). An lterated

MetaFuzzy Set of depth 2 is a map
M@ Fuz(Y) - [0,1].
Fix a finite reference set of week-profiles
2= {u@, u®3 c Fuz(Y),
and define
MO@):= |?1|Z AW
UEZ
_A@®) +A®)
2
This assigns to each level-1 predicate A a meta-score

reflecting how strongly A is supported across the two
reference weeks.

(A € Fuz(1)).

For the concrete predicate A, above,

Aavg (u (A)) + Aavg(.u(B))
2
8,19 16 19

_ 15 30 _ 30 30

M@ (Aavg) =

2 2
¥ o35 7

= —30 = — . __

T2 60 12 0.5833

Interpretation. Level 0 captures daily congestion.
Level 1 summarizes each week-profile into a single
fuzzy degree of ‘“high average traffic”. Level 2
aggregates how strong such predicates (here A,yg)
are across multiple weeks, yielding a meta-level
score that can guide decisions such as whether the
store should adopt a permanently increased staffing
policy rather than reacting week by week.
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Theorem 18 (Generalization of MetaFuzzy Sets and
Iterated MetaStructure). (@) For t=1, Iterated
MetaFuzzy Sets coincide with MetaFuzzy Sets
(Definition 4): FuzP(Y) = [0,1]"*Y) &
MetaFuzzy Sets on Y.
(b) For every
(Fuz®(n), @f),  @8):Fuz(y) x
FuzD() - [0,1], 8)(1®,a):=p®(a),
forms an lterated MetaStructure of depth t in the
sense of Definition 2.

Proof. (a) By Definition 19,
Fuz(Y)
— [O’l]Fuz(")(Y) — [0’1]Fuz(Y).
By Definition 4, a MetaFuzzy Set on Y is precisely a

map u*:Fuz(Y) — [0,1]. Hence depth-1 Iterated
MetaFuzzy Sets are exactly MetaFuzzy Sets.

(b) Let U® : = Fuz®(Y) forall t > 0, so that U(® =

Fuz(t) and U® =[0,1]Y“" for t>1. By
construction, a level-t object u® € U® is a function

#(t): yt-1 [0,1],
and the evaluation map is
t
o&) (1©,a) = u®(a)
(u® eU®, aeyt-m),

t=>1, the pair

By the axioms of Definition4, an lIterated
MetaStructure of depth t requires:
4. a sequence of universes

(U(O), U(l), U(t)),
5. level-wise isomorphisms g:U® — y®
induced by bijections on lower levels, and

6. evaluation maps Cbgf,) that are invariant
under these isomorphisms.

The sequence (U®),., is given by the fuzzy
hierarchy.

For invariance, let k > 1 and let g: U*~1 - y&-1
be a bijection arising from isomorphisms at lower

levels (by the inductive part of Definition 4). It
induces a bijection

ﬂ*: U(k) — [0,1]U(k_1) 5 [0’1]U(k—1) — U(k),

(ﬁ*/.l(k)) C= M(k) ° ﬁ_l.
Then forall u® € U® and a € UKD,

ol (B'1®, ()
= (¥ o g7 (B(a))
= u®(a) = &%) (u®, a).
Hence CDS‘? is isomorphism-invariant, as required.

Taking k =t shows that (U®,dY) satisfies all

ev

Iterated MetaStructure axioms at depth t. Therefore
(Fuz0 (), 0%))
is an Iterated MetaStructure of depth t.
Theorem 19 (Levelwise order and completeness of
the fuzzy hierarchy). LetY be a nonempty set and let
(Fuz®(Y)) =0 be as in Definition 19. For each t > 0:
1. The set Fuz®(Y) becomes a partially
ordered set under the pointwise fuzzy order
u(t) S V(t) =9 u(t)(a) S
vi®(@) VvaeFuzt1(Y) for t>1, and
for t=0 the usual order on fuzzy sets
Fuz{®(Y) = Fuz(Y) = [0,1]".
2. Equipped with this order, Fuz{®(Y) is a

complete lattice: every subfamily has a
pointwise supremum and infimum.

Proof. We treat the case t>1; the case t=20 is
identical with Fuz{=2(Y) replaced by Y.
Set

A= FuzZ=1(y),

Fuz(®(Y) = [0,1]Ax.

Thus a level-t object u® is a function p®: A, -
[0,1].
(i) Partial order. Reflexivity: For any p® and any
a€A,

u®@ < pO),
hence u® < u®.,
Antisymmetry: Suppose u® <v® and v® < u®,
Then forall a € A,
u®@) <v®(@) and
v®(a) < n®(a),
so u®(a) = v (a). Thus p® = v(® as functions.
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Transitivity: If p® <v® and v® < A® then for
each a € A,

n®(a) <vO(a) < AO(a),
so u®(a) < A®(a), whence p® < A®,
Therefore the pointwise definition yields a partial
order.

(ii) Completeness. Let {Hi(t)}iel c Fuz’®(Y) be an
arbitrary family indexed by I (possibly infinite). For
each a € A, define

(S,upui(t)) (@) : = supp(a),
i€l iel

(infu®) @ : = infiu® @),
where the supremum and infimum are taken in [0,1].
Since every subset of [0,1] admits a supremum and
an infimum in [0,1], these functions are well-defined
and satisfy
®

i

Suph” g
€ [0,1]4 = Fuz®(Y).

We now check the universal property for the

supremum; the argument for the infimum is dual.

Upper bound: For each fixed i € [ and any a € A,

n(@) < supp®(a) = <S_Upuj(t)) (a),
j€el j€l

SO ui(t) < Supjeluj(t). Thus Supjeluj(t) is an upper

bound of {u"};er.

Leastness: Let A® be any upper bound, so that for all
ielanda €A,

1Y@ < AD().
Taking the supremum over i € 1 yields
supp(” (@) < AO(a),
i€l

(supui(t)) (a) < A®(a)
i€l
(Vva e Ay),
hence supielui(t) < AO,
Therefore Supiellj—i(t) is the least upper bound

(supremum) of the family {u®}e;. The dual

argument shows that infielui(t) is the greatest lower

bound (infimum). Thus Fuz®(Y) is a complete
lattice for each t.

Theorem 20 (a-cut representation and reconstruction
at depth t). Fix t>1 and set A
: = Fuz{&=1(Y), Fuz®(Y) = [0,1]Ax.

7. For every lterated MetaFuzzy Set p® €
Fuz{(Y), define for each o €[0,1] the
meta-a-cut L, () :={a €A | n® (@) =
a }. Then:

o For 0<a<fB<1 we have the
nesting £,0(B) S L,o(a).

o For every a€A, p®@)=
sup{a € [0,1] | a € £, ()}.

8. Conversely, let (Co)aefo be a family of

subsets C, € A; satisfying the nesting
condition 0<a<B<1 = C(Cp<Cq
Define  u®:A > [0,1] by u®(@)
:=supfa€[0,1]la€C,}, where by
convention sup@:=0. Then p®e

Fuz®(Y), and its meta-a-cuts coincide with
the given family: £, (a) = Cq Vae
[0,1]). In particular, every nested system of
crisp meta-level sets comes from a unique
Iterated MetaFuzzy Set.

Proof. (i) Nesting. Let 0 < a < f <1 and take any
a € L, (B)- Then by definition,
n®@ = B.
Since B > a, we also have p®(a) > a, which means
aE€ Lu(t) (). Therefore
L,wB) € Lo ().
Representation formula. Fix a€ A, and set v
:=n®(a) € [0,1]. Then
a€Lw@ & pY@==a
S v=a.
Hence
{a €[01]la€ Lyw(a)}
={a€[01]lv=a}=1[0,v]
The supremum of [0, v] in [0,1] is v, SO
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sup{a €[01]lae Lo (a')}

= sup[0,v] = v = u®(a).
(ii) Reconstruction from nested families. Let
(Ca)aelo, satisfy the nesting condition and define
u® as in the statement. By construction, u®(a) €

[0,1] for every a € A, (as a supremum of a subset of
[0,1]), so u® € [0,1]4¢ = Fuz®(Y).
We show £, (@) = Cq.
(S) Leta € £, (). Then 1) = a,ie,
sup{y € [0,1] la € C)} = a.

Thus there exists some y € [0,1] with

y=a and ac€gC,.
By the nesting assumption and y > «, we have

Cy € Cq,
S0 a € C,. Therefore a € C,, and
Lyo(@) € Cq.
(2) Conversely, let a € C,. Then « is one of the
candidates in the defining supremum:
a€f{ye[0l]la€ecC,}.
Hence
u®@) =supfye[0,1]1a€C,} = q
soa € Lyw(a). Thus Cy S L0 ().
Combining both inclusions yields
Lyo(@) =Cq (Va € [0,1]),

and the reconstruction is complete.

Theorem 21 (Compatibility of iterated MetaFuzzy
relations with a-cuts). Fix t=>1 and set A
: = Fuz{&1(Y). Let u® € Fuz(®(Y) and let A®: A x
A; = [0,1] be a binary iterated MetaFuzzy relation of
depth t based on u® in the sense of Definition 20,
ie, A®(a,b) < min{p®(),p®®)} vabe
A..

For each o €[0,1] define the meta-a-cut C,
:={a€A | n®() > a} and the relation a-cut R,
:={(a,b) € A, x A; | A®(a,b) = a}. Then:

1. For every a€[0,1], Ry S C4 X Cq In
particular, each R, is a crisp binary relation
on the meta-a-cut carrier C,,.
2. The families (Co)qeqo,1) aNd (Ro) aefo,1] are
nested: for 0<a<sB<l, Cp S
Cq and Rpg S R,.
Proof. (i) Let (a,b) € R, for some a € [0,1]. By
definition,
A®(a,b) > a
On the other hand, the MetaFuzzy admissibility
constraint gives
A®(a,b) < min{p®(a), n®(b)}.
Combining,
a < A®(a,b) < min{u®(a), n®(b)}
implies
a < pu®()
and o < p®(b).
Therefore a,b € C, and (a,b) € C, X C,. Hence
Ry S Cy X Cy.
(ii) Nesting of (Cy)aefo,1) Was already established in
Theorem 54(i), since u® € Fuz®(Y) is an ordinary
fuzzy set on A.
For (R)aefo)y let 0 <a<B <1 and take any
(a,b) € Rg. Then
A®(a,b) > B,
and since = a, it follows that
A®(@a,b) > «a,
so (a,b) € R,. Hence Rg € R,.
This proves both nestedness properties.

Theorem 22 (Canonical embedding of level-(t — 1)
objects as crisp Iterated MetaFuzzy Sets). Fix t > 1
and set A.:=Fuz'*“U(Y). Equip A, with the
pointwise order <,_; from Theorem 19. Define amap

K@) ={y So=e D

. ®
Jr A = Fuz(Y), otherwise,

forall a,b € A,.
Then:
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1. Ji(a) € Fuz{?(Y) for each a € A, and J(a)
is crisp in the sense that J.(a)(b) € {0,1} for
allb € A..
2. J. is an order-embedding: a<;_;1 b &
Ji(@) < J;(b) with respect to the pointwise
order on Fuz{®(Y).
Proof. (i) For each fixed a € A, the assignment
b = Ji(a)(b) € {0,1} < [0,1]
is a well-defined function A; — [0,1], hence J;(a) €
[0,1]% = Fuz{"(Y). By construction, its values are
always 0 or 1, so J;(a) is crisp.
(ii) (=) Assume a <;_; b. To show J,(a) < J.(b), we
must check that for each ¢ € A,
Je@(Q) = Je(b)(©).
If J.(a)(c) = 0, the inequality holds automatically. If
Ji(@)(c) = 1, then by definition a <;_; c. Together
with a <,_; b and transitivity of <,_; we obtain
b <(_; ¢ as well. Therefore J.(b)(c) = 1. In both
cases we have Ji(a)(c) <Ji(b)(c). Thus Ji(a) <
Je(b).
(&) Conversely, suppose J¢(a) < J(b). In particular,
comparing at the point c : = b yields
Je(@(b) < Je(b)(b).
By definition, J;(b)(b) =1, because b <;_; b. If
J:(@)(b) = 0, the inequality 0 < 1 holds but gives no
information. However, we actually have J.(a) <
J:(b) pointwise, so
Ji@(@) = Je(b)(@).
By reflexivity, a <,_; a, hence J;(a)(a) = 1. Thus
Je(b)(a) = 1 as well, which implies (by definition of
J) that
b <i_;a.
Similarly, comparing at c:=b we know J;(b)(b) =
1, so J;(a)(b) < 1 is always true; this alone does not
force a <;_; b. To obtain a <,_; b, we apply the
same reasoning with roles swapped: if J.(a) < J.(b)
and J.(b) < J.(a) then a and b would be equivalent
under <,_;. Therefore, in order for J, to be an
embedding (injective wrt order), we observe that
a1 b © {ceAlasic}
2{ceAIb<4c},
and the principal up-set of a is encoded exactly by

Je(a):

{ceAcli(@() =1} ={c€Aila<,ch

Hence
Ji@ <J(b) o {cla<iqc}
2{clb<ich
In particular, taking c : = b shows
Jt@ <Ju(b) = befcla<i,d}
S0 a <;_, b. This proves the desired equivalence
asi b o Ji(@) <Ji(b).

Thus J; is an order-embedding, and every level-(t —
1) fuzzy object can be viewed as a “crisp”
IteratedMetaFuzzy Set of depth t representing its
principal up-set in the meta-level universe.

Iterated MetaNeutrosophic sets

Iterated MetaNeutrosophic Sets organize
neutrosophic evaluations into several levels. Level 0
consists of ordinary neutrosophic sets on X, level 1
contains neutrosophic evaluations of those level-0
objects, level 2 contains neutrosophic evaluations of
level-1 objects, and so on. This yields a tower of
meta-level truth, indeterminacy, and falsity
assessments.

Definition 21 (Hierarchy of neutrosophic universes).
Let X be a nonempty set and let Neu(X) denote the
set of all (single-valued) neutrosophic sets on X.
Define inductively

Neu(®(X) := Neu(X),
and for every t > 0 set
Neult*D(x) : =
£ (TLEDY {0} FED)) |
TE+D) [(E+D) pE+1),
Neu‘®(X) - [0,1],
0 < TEDA) 4+ 1E+FD(4)
+FED4) < 3,
VA € Neu® (X)}.
Thus a level-t neutrosophic meta-object is a triple of

functions on Neu™1(X) that satisfies the
neutrosophic sum constraint pointwise.

Definition 22 (lterated MetaNeutrosophic Set of
depth  t). Let t>1. An lterated
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MetaNeutrosophicSet (IMN) of depth t on X is any
triple

N® = (17O 1O FOY) € Neu®(X).
Equivalently,

T®, 1O, FO: Neult=(X) - [0,1]
are functions such that, for every A € Neu(=(X),

0 < TOWU+IDA)+FO) < 3.
Example 9 (lterated MetaNeutrosophic Set (depth
2): device certification across test batteries). Let X =
{Safety, EMC} be two compliance tests (Safety and

electromagnetic compatibility). A base neutrosophic
set

A = (Ty 14, Fy) € Neu(X) = Neul®(X)
assigns to each test x € X the degrees
T4(x) (pass),
I4(x) (uncertain),
Fy(x) (fail),
subjectto 0 < T4(x) + I, (x) + F4(x) < 3.
Suppose a device obtains the following results:

(T4(Safety), I, (Safety), F, (Safety))
= (0.7, 0.2, 0.1),

(T,(EMC), I, (EMC), F, (EMC)) = (0.4, 0.4, 0.2).
Level 1 (MetaNeutrosophic summarizer over tests).
Define a level-1 neutrosophic meta-evaluator

NO = (T(l),l(l),p(l)) € Neu<1>(X)
by specifying its action on an arbitrary base
neutrosophic set C = (T¢, I¢, F¢) € Neu(X):
T (Safety) + T (EMC)

TAO) : = > )
1(C) 1= IC(Safety);-IC(EMC)’
FOO(C) - = FC(Safety);- FC(EMC).

For each C, these three values lie in [0,1], and
0 < TOWC)+IMDC)+FD(EC) < 3
holds because each summand is in [0,1].

Evaluate N on the concrete device A:

T,(Safety) + T,(EMC)

TDA) =
) z
_0.7+0.4_1.1_055
o2 2 Y
1, (Safety) + 1,(EMC
1(1)(14): A( ty)z A( )
_0.2+0.4_O.6_030
o2 2 Y
F,(Safety) + F,(EMC
F(l)(A)z A( tY)Z A( )
_0.1+0.2_0.3_015
o2 2 T
Therefore

TWA) + 1D (A) + FD(4)
= 0.55+0.30 + 0.15 = 1.00 < 3.

Level 2 (lterated MetaNeutrosophic evaluation of
level-1 evaluators). Now we move one level up and
consider neutrosophic evaluations of level-1 objects
themselves. Elements of Neu™(X) are triples like
B = (T, 17, F{Y); they play the role of first-level
certifiers.

Fix the baseline device A, and define a depth-2
Iterated MetaNeutrosophic Set

N® = (7@, 1@ F®)) € Neut? (X)
; _ @ ;1) (1)
by setting, for each B = (T, 1", F5 "),

1 1
TO(B) = - TV 4) + 3 (1-EP @),

1
12(B) := 5 I;(4),

1
FO(B) := ; &M (A).

Because TB(l)(A),IS)(A),Fél)(A) € [0,1] for every
B, we have:

1 1
0 < TO®B) =174 + 5(1 - V()

1
14—

<
2

1=1,

N =

1 1
0 < ID(B) = Ezgﬂ(A) <5<t

1 1
0 < FOB) = ZFB“)(A) <. <L

132



Fujita/J. Bangladesh Acad. Sci. 50(1); 107-145: March 2026

Hence T®), 1@, F2) map Neu‘(X) into [0,1], and
for every B,

0 < TAOMB)+I1PB)+FA(B)

so N®@ indeed belongs to Neu‘? (X).

In particular, for the concrete first-level evaluator
NDO = (7MW, 1MW FM)Y constructed above, we obtain

T(Z)(N(l))
1 1
=3 TM(A) + 5(1 - FO4))
~Loss4l. (1-0.15),
2 2
T@(NW) = 0.275 + 0.425 = 0.700,

1 1
ID(NW) = > 1M = > 0.30 = 0.15,

1 1
FAO(NW) = 2 FO(4) = 2 0-15 = 0.0375.
Thus
T(Z)(N(l)) + 1(2)(1\](1)) + F(Z)(N(l))
= 0.700 + 0.150 + 0.0375 = 0.8875 < 3,
so N@ provides a valid depth-2 neutrosophic meta-

evaluation of the first-level summarizer N for the
fixed device A.

Theorem 23 (MetaNeutrosophic Sets as Iterated
MetaStructures).  (a) The universe Neu‘®(X) is
exactly the set of MetaNeutrosophic Sets on X in the
sense of Definition 6.

(b) For every t=>=1, the pair consisting of the
universe U® : = Neu®(X) and the componentwise
map d®: UO x Neu®D(X) -
[0,1]%, ®Q((T,10,F®),A)

= (T®(A),IV(A),F®(A)), forms an Iterated
MetaStructure of depth t in the sense of Definition 2.

evaluation

Proof. (a) By Definition 21with t = 0, we get
Neu®(X) = {(T% I*,F*) |
T#, 1*, F*: Neu(X) - [0,1],

0 < T*(A) +I*(A) + F¥(A) < 3, VA},

which is precisely the content of Definition 6. Hence
Neu(X) coincides with the class of
MetaNeutrosophic Sets on X.

(b) Let t=>1 and write U : = Neu(X) for 0 <
k < t. By construction,

U© = Neu(x),
U® < (10,1193 (k> 1),

so every element of U® is a triple of functions on
yk-n,

Definition 4 requires:
1. asequence of universes (U@, UM, .., u®);
2. for each k > 1, isomorphisms B: U1 -

U&-1D and their induced actions on U®:

3. evaluation maps CDgf,) that are invariant
under these induced actions.

Fix k=1 and let B: U&= — U&=1 pe a bijection
arising from isomorphisms at lower levels. It induces
amap

g U® S g,
B*(T®, 109, £19)
r= (T(k) o B_l, I(k) o B_l’ F(k) o B_l)_

Since B is a bijection, precomposition with p~1
preserves the range [0,1] and the sum constraint 0 <
-< 3; hence p*(U®) c u®,
For any (T®, 10, F0) € U® and any A € U&-D,
we have
o) (B (10,100, F19), B(A))
= ((T® o =) (B(A)),
(1990 B (B(A)),
(F19 0 B~H)(B(A))
= (TO@W),109(4), F9 1))
= ol ((T®, 10, F), 1),
Thus the evaluation map CDEf,) is invariant under all
such isomorphisms. Taking k = t yields that

(v0.08)
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= (Neu(x), %))
satisfies all axioms of an Iterated MetaStructure of
depth t.
Theorem 24 (Convexity of Neu®(X)). Let t>1
and let NGO = (1010, F®), NP =
(TO,10,FY) be two Iterated MetaNeutrosophic
Sets of depth t on X, i.e. elements of Neu‘®(X). For
any A€ [0,1] define T ”(A):=AT(A) + (1 -
DT A, 10 A) = NP () + (1 -
NP @A), FP @) : =aF ) + (1 - HFP @A), for
all A€ NeuD(X) and set NV : = (0,1, FY).
Then N € Neu®(X), i.e. Neu®(X) is convex.
Proof. Fix A € Neu!=1(X). Since
), 10(4),FY(A) € [0,1] for i=1,2 and A €
[0,1], each convex combination lies in [0,1]:

0<TP@) <1,

0<1@ <1,

0<FY@ <1
Let
SiA): =T +10@) +FP@A)  (i=12).
By Definition 58, 0 < S;(A) < 3. We have
T @A) + 1Y A) + FP(A)
= AS;(A) + (1 — 1)S,(A).
Since A, (1 —2) = 0and S;(A),S,(A) € [0,3],
0 <AS;(A) + (1 —)S,(A) A3+ (1—1) -3

=3.

Thus
0<TP @) +10)) +FPA) < 3

for all A, so N}(\t) satisfies the neutrosophic sum
constraint and belongs to Neu‘® (X).

Theorem 25 (Level-set representation at depth t).
Fix t>1 and let N® = (T®, 10, FO®) € Neu® (X).
For a € [0,1] define the truth-, indeterminacy-, and
falsity-level £9(0) : = {A € Neu™1(X) |
TOMR) = a}, L (@) : = {A € Neu™D(X) |

sets

10A) = a}, £ () : = {A € NeuD(x) |

FO(A) > a}. Then for 0<a<B<1, L) c
LO®) (€ {T,LF},
Neu®1)(X), TO@M) =supf{ae[0,1] A€

and for every A€
P}, 10) = supfa e [0,1] 1A €
Ll(t)(a)}: F(t) (A) = sup {(X € [0,1] | A€ ng‘t)(a)}

Proof. We prove the statement for the truth
component; the other two are identical.

Nesting: let 0 <a<B<1 and take A€ L(B).
Then T®(A) > B > «, hence A € L%t)(oc). Thus
LY@ € LY (@).

Representation: fix A and write v: = T(®(A) € [0,1].
By definition,
AefP@ o TOWU) za

S v=a.
Hence
{a€[01]14€LP(@}={a€[01]lv=a}
= [0, v].

The supremum of [0, v] is v, SO

sup{a | A € L(Tt)(a)} = sup[0,v] = v = T®O(A).

Definition 23 (Truth—favoring order on level-t meta-
objects). Lett > 1 and let

NG = (10,10, 50), N = (10,10, 7
be elements of Neu(®(X). We define the truth—
Y
TOW%) < TP@A),
19@) = 1@,
FO@) = FY),

vV A € Neu™=1(X).

Theorem 26 (Complete
MetaNeutrosophic Sets).
Neu(®(X) with the order <S) from Definition 63.
Then:

favoring neutrosophic order<

N <O Y o

lattice of Iterated
Fix t=1 and equip

9. <\ is a partial order on Neu®(X).
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(Neu®(x), <) is a complete lattice.
For any family (N = (T®, 1%, F®)},¢, <
Neu®(X), the join VigN® and meet
/\iEINi(t) are given componentwise by
T : = Silg)Ti(t) @), 1)

=infil), FP®)

= infF" (A), T (4)

=infr%), 1)

i= Si‘éPIi(t) (A), F,(\t) A):= silélpFi(t) (A), for

all A € NeuS*=1(X).

Proof. (i) Reflexivity and transitivity follow directly
from the coordinatewise inequalities on [0,1].
Antisymmetry: if N < NP and N <P NEY,
then for all A,

TVA) < TV (A) and

) < TP (),

so TV (A) = TSV (A); similarly 18°(A) = 1Y (A) and
F(a) = FP(A). Hence N = N,
(ii) Let {Ni(t)}iEI be arbitrary. For each A, the sets
(10 W ier, 10 (W}ier, and (F? (A)}iey are subsets
of [0,1], so their suprema and infima lie in [0,1].
Thus the formulas above define functions into [0,1].

We check the neutrosophic sum constraint for the
join; the meet is analogous. Fix A and write
t t

a:=TO®), bi:=1(),
Ci::Fi(t)(A), Si :=ai+bi+ci,
500 <s; < 3 foralli. Set

*-_
A" : = supa;,

B*:= i_nfbi,
iel i€l

C* : = infc;.
iel
By definition,
V@) = A7, 10(a) =B,
FP ) = c.
Lower bound: clearly A*,B*,C* >0,
@) +10@) +FP @) > o.

hence

Upper bound: let € > 0. By definition of supremum,
there exists iy, € I such that
aj, >A"—e
Since B* <b; and C* <c; for all i, we have in
particular
B*<b;, C"=<g,.
Hence
A"+ B"+C <aj +bj +¢,+e
=sj, te<3+e
Because € > 0 is arbitrary,
A*"+B*"+C"<3.
Therefore
0<TP@ +1°@) +FP@) <3
for all A, so the join is in Neu‘®(X).
A standard coordinatewise argument shows that N\(,t)
= (T, 180 F) is the least upper bound of the

vV v
® ®
<y, and N,
= (T, 19 F) is the greatest lower bound. Thus

. . (t)
Neu(®(X) is a complete lattice under <y’

family  with  respect to

Iterated MetaSoft sets
Iterated MetaSoft Sets apply the soft-set construction
repeatedly at higher meta-levels. Level 0 consists of
ordinary soft sets on (U,S); level 1 consists of soft
sets whose “universe’” is Soft(U, S); level 2 consists
of soft sets whose universe is Soft{*(U,S); and so
on. This vyields a hierarchy of meta-policies about
families of soft descriptions.
Definition 24 (Hierarchy of soft universes with
meta-parameters). Let U be a universe of objects and
S a parameter set for base soft sets. Let (I1,)»; be a
fixed family of nonempty sets of meta-parameters.
Set
Soft{®(U,S) := Soft(U,S),
the set of all soft sets F: S — P(U). For t = 0, define
recursively
Soft™* M (U, S; My, .., Megq) i = { Geo: Mesy =
P(Soft®(U,S; My, ..., 1Ty)) }.
Thus, a level-(t+ 1) object is a soft set on the
universe Soft{®(U,S; I, ..., TI,), with parameter set
M,,,. For brevity we simply writeSoft{® (U, S) when
the meta-parameter sets are understood from context.
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Definition 25 (lterated MetaSoft Set of depth t). Fix
meta-parameter sets I1y, ..., I1;, with each I1; # @. For
t > 1, an lterated MetaSoft Set (IMS) of depth t on
(U, S) with meta-parameters (I1,, ..., IT;) is an element
G® € Soft!™(U,S; Iy, ..., ).

Equivalently, G is a soft set

GO: Iy > P(Soft™"V(U,S; My, ..., M_q)).
In particular, for t = 1 we have

Soft(U, S; 11;) = {G,:11; » P(Soft(U,S))},
so a depth-1 IMS is precisely a MetaSoft Set in the
sense of Definition 6.

Example 10 (Iterated MetaSoft Set (depth 2): travel-
planning policies over hotel filters). Let the universe
of hotels be
U = {hy, hy, hg},
and let the attribute (parameter) set be
S = {NearStation,Breakfast}.
A base soft set F: S — P (U) states which hotels
satisfy each attribute.
Consider three concrete soft sets:
F @) (NearStation) = {hy, h,},
F @) (Breakfast) = {h,,h;},
F B) (NearStation) = {h,},
F (B)(Breakfast) = {hs},
F(© (NearStation) = {h,},
F© (Breakfast) = {h,}.
Level 1 (MetaSoft filter by a single meta-criterion).
Let the level-1 meta-parameter set be IT; = {m}}.
Define a MetaSoft Set
G, € Soft™(U, S; I1;)
by
Gi(m™) = { Fe Soft(U, S) | h. eF(NearStation)
and h. €F(Breakfast) }.

This selects those soft sets that certify hotel h, as
both near the station and serving breakfast.

For the three examples:
e ForF®,
h, € F® (NearStation) = {hy, h,},

h, € F® (Breakfast) = {h,,h3},
s0 F® € G, (m}).
e ForF®,
h, & F® (NearStation) = {h,},
so the NearStation condition fails and
F® g G ().
e ForF©,
h, & F© (NearStation) = {h,},
so again F(© ¢ G, ().
Thus, in this concrete scenario,
F® € g, (),
F®,FO ¢ G (n).
Level 2 (lterated MetaSoft selection of level-1

policies). Next we consider policies about policies. A
level-1 object is any map

#: 11, - P(Soft(U,S)),
that is, 7 € Soft{¥(U,S; I1,). Such an H specifies,

for each meta-parameter in I1;, a collection of base
soft sets.

Let the level-2 meta-parameter set be II, = {m3}}.
Define a depth-2 Iterated MetaSoft Set

G, € Soft!?(U, S; 11, I1,)
by setting

Gz(?‘[z{°}) = { He SOﬂ<1}(U, S, ) | gl(m{*})
CH () and AFeH (1) : hy eF(Breakfast) }.

Informally, G, (m5) contains those level-1 policies
which:

1. keep all hotel filters favored by the first-
level MetaSoft Set G, (they extend G,), and

2. additionally guarantee that there is at least
one candidate soft set in H (1}) where hotel
h, offers breakfast.

Now construct a concrete level-1 policy ., by
Hex (107)
=G () U {FOL
By definition,
G1(T7) € Hey (1)
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holds automatically, because H,,(m;) is G,(m})
together with one extra soft set F(©). Moreover,

FO € Hey ()
and h; € F©(Breakfast) = {h,},

so the existential condition in the definition of
G, (m3) is satisfied. Hence

Hex € Go(103).
Summarizing, G, encodes a first-level MetaSoft
preference (keep hotels where h, is near the station
and has breakfast), while G, describes second-level
meta-policies over such first-level preferences
(among those policies, select ones that still guarantee
at least one candidate with breakfast for h;). This
pair (G;,G,) realizes a concrete depth-2 Iterated
MetaSoft Set on the travel-planning scenario.
Theorem 27 (MetaSoft Sets as Iterated
MetaStructures). Fix nonempty meta-parameter sets
M,.., M, and define U® :=5Soft!®U,S) =
Soft(U,S), u®
:=Soft(U,S; My, ..., 1)) (1<j<t). (a) For t=
1, the universe UM = Soft{)(U, S; I1,) is exactly the
set of MetaSoft Sets on (U, S) with meta-parameters
I1; (Definition 6).
(b) For every t=1, the family of universes

U@ u®, ., U® together with the levelwise
selection maps @ ;: UD x I1; -
P(Ul-D), Dge1j(Gi, ) 1= Gj(m), forms  an

Iterated MetaStructure of depth t in the sense of
Definition 2.

Proof. (a) By Definition 24 at level t=0—- 1, we
have

Soft"(U,S; I1;) = {G;:T; = P(Soft(U,S))},
which is precisely the data of a Meta Soft Set

(G, TI;) on (U,S) (Definition 6). Hence U®
coincides with the class of MetaSoft Sets.

(b) For each level j > 1, an element G; € UD is a
map

G;:1; » P(U0-D),

Let oj:II; - TI; be a bijection (reindexing of meta-
parameters), and let B;:U0™Y - U0D pe a
bijection (isomorphism at level j — 1). These induce
an action on UO) by
(0,87 - G;: I > P(UI7D),
((o5,8)) - Gj) ()
:= Bi[G; (o] " ()],

where ;[—] denotes the image of a subset under ;.
Because B; is a bijection, (oj,B;)-G; again takes
values in P(UUD), so UD is stable under these
induced isomorphisms.

Now check compatibility with the selection maps.
For any G; € U® and m € I; we have

Dseri((05, B)) - Gj 0(M))
= (03,8 - G))(5(m)
= B;[G;(oj * (o5(m))]
= Bi[G;(m)].
By contrast,
Dge1(Gj, ™) = Gj(),
so the selection at level j is equivariant with respect
to the induced isomorphisms, as required in
Definition 4. Since each level UD and &g, ; satisfies
this naturality condition, the whole tower
UO,UD, L UO; dgyy, ., Perr)

forms an Iterated Meta Structure of depth t.

Theorem 28 (Depth-1 Iterated MetaSoft Sets coincide
with MetaSoft Sets). Let (U, S) be a fixed soft universe
and let TI; be a nonempty meta-parameter set. Then
Soft™ (U, S; 11;) = {G,:11; = P(Soft(U,S))} is
exactly the class of MetaSoft Sets on (U, S) with meta-
parameter set I1; in the sense of Definition 6.

Proof. By Definition 24 with t = 0, we have
Soft{® (U, S) = Soft(U,S),
and therefore
Soft™(U,S;11;) =
{G1:11; - P(Soft®(U,S))}
= {G,: TI; = P(Soft(U,S))}.
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By Definition 6, a MetaSoft Set on (U,S) with
parameter set II, is precisely such a mapping
Gy:11; = P(Soft(U,S)). Hence the two classes
coincide.

Theorem 29 (Complete lattice of depth-t Iterated
MetaSoft Sets). Fix t =1 and meta-parameter sets
M,.., I, each  nonempty. Let U®D
.= Soft!™ (U, S; Iy, ..., M_4), uo

: = Soft!®(U,S; M, ..., 1y). Equip U® with the

pointwise inclusion order G <, 6 o
1(t)(1T) c Z(t)(n) v eI, Then (U®, <) is

a complete lattice. More precisely, for any family
{gi(t)}iel c U®, the join Vielgi(t) and meet /\ielgi“)

(i\e/lgi(t)) (m)

are given by

. — ® ®
:=06%m, (A6 @
= _n]gi“) (n), vmell,.

1€

Proof. First note that each gi(t) is by definition a map
t —
61, > PUED),
so for each m € II;, the values gi(t)(n) form a family
of subsets of U1, The union and intersection of
such families are again subsets of U®D, so the
formulas in the statement define maps II; —
P(UED)Y: hence they belong to UM,
We verify that these maps are indeed join and meet.
Join. Let H'® € U® satisfy GV <, H® for all i €
I. Then for each T € TI; and each i €1,
t
67 (m) € HO(m).
Therefore
UG (m e #O(m vrel,
1€
which means

VG < 1O,

i€l

Also, for each j € I and each m,

G m < U6 m),

hence G¥ <, VierG”. Thus VierG" is the least
upper bound.
Meet. Dually, if 7 ® satisfies 1 ® <, G for all i €
I, then for each T,

HOm cgPm vi
S0

HOm € NG m v
1

that is, H® <, /\iE[gi(t). Moreover, for each j €l
and each m,

N6 (m < 7,

S0 /\ielgi“) <t g].“). Therefore /\ielgi(t) is the greatest
lower bound.
Since arbitrary joins and meets exist and are given
componentwise by unions and intersections,
(UM, xp) is a complete lattice.
Definition 26 (Meta-lower and meta-upper operators
induced by an IMS). Fix t = 1 and meta-parameter
sets m,..,1,. Let

UED = Softdt=1(U, S; I, ..., M_;)
and let G® € Soft® (U, S; 14, ..., I1y), SO

GO:1, » P(UED),

For any C € U1, define

cS: = UfgOm) | gOm) c c).

Ecm =U{gOm) | gOm ncC =0}

We call these the meta-lower and meta-upper
operators on U1 induced by the Iterated MetaSoft
Set G®,

Theorem 30 (Monotonicity and localized sandwich
for meta-lower/upper). Let G® and U1 be as in
Definition 26. For arbitrary subsets C,D € U1 the
following hold.

1. (Monotonicity in C) If C < D, then 9 <

— g(t)

—_c®
Ds®, ¢ DX
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2. (Localized sandwich) For every C € U1,
ci“ cc and C n( U g(t>(n)> c
- TEI;

—G®
CQ

Proof. (i) Let C € D.

For the meta-lower operator, let x € ggm. By
Definition 26, there exists m € II, such that
x€G®Om) and ¢O(m) cC.
Since C € D, we also have G®(m) € D, so the same
index 1t witnesses that x € DS, Thus
cs“ cp9®.

(

—_g®
For the meta-upper operator, let x € Cg . Then there

exists m € II; such that
x € GO(m
and GO@mMNC=0.
From C € D we deduce

GOMND26OMmMNC =0,

®

s0 the same Tt satisfies the condition for D° , and
hence

®

X€D

Therefore

—_c® _c®
=5

(i) Let C € U=,

For the first inclusion, let x € ggm_ Then there exists

T € II; such that
x€G®(m

In particular x € C, so

and GO®(m) cC.

cs“cc.

For the second inclusion, let

x€CN ( u Q(t)(n)>.

el
Then x € C and x € G (m,) for some 1, € I1;. Thus
g(t)(“o) NnC+09,
and by Definition 26we have

—G®
x€GOm)ccC .
Therefore every element in the intersection Cn
(UnG®O(m) belongs to T° , which yields the
desired inclusion.
Iterated MetaRough sets

Iterated MetaRough  Sets  extend rough
approximations to higher levels by applying the Meta
Rough construction repeatedly, now over families of
rough objects themselves. This yields a hierarchy of
rough universes together with meta-indiscernibility
relations at each depth.
Definition 27 (Hierarchy of rough universes and
meta-indiscernibilities). Let (X,R) be a Pawlak
rough approximation space, and let Rough(X,R)
denote the set of all rough objects (U, U) determined
by R.
Define the level-0 universe by
Rough(®(X,R) := Rough(X,R).

For each t=>1, define the
inductively by

Rough®(X,R) := P(Rough™(X,R)) X

P(Rough®™1(X,R)).

level-t universe

Thus a level-t rough object is a
r® = (£O,y®)

with £O,U® < Rough® (X, R),

interpreted as lower and upper approximations inside
the universe of level-(t — 1) rough objects.

pair

For each t > 1, fix an equivalence relation

£® on Rough{™=1(X,R),
called the level-t meta-indiscernibility. For r €
Rough{&=1 (X, R) we denote its £®-equivalence class
by [r]ec.
Definition 28 (Iterated MetaRough Set of depth t).
Lett > 1 and let

C S Rough{™Y(X,R)
be any family of level-(t — 1) rough objects.
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The meta-lower and meta-upper approximations of ¢
with respect to £® are defined by

C€Y:={r e Rough™(X,R) | [r].0 €C},

—_e®
C  :={reRough®™XR) | [rlconC =0}

The pair
R® ©)

—c®
:=(g<f“>, c ) € Rough®(X,R)

is called the Iterated Meta Rough Set of depth t
generated by C. For t =1 this coincides with the
Meta Rough Set from Definition 18, where €M
plays the role of the meta-indiscernibility on
Rough(X, R).

Example 11 (Iterated MetaRough Set (depth 2):
course pass-status aggregated by classes and by a
school-level summary). Let X = {s4,s,,53,54} be
students in two homerooms (indiscernibility
relation R):

[s1]r = [s2]r = {51,582},
[s3]r = [Sa]r = {S3,54}-
Consider two observed pass-sets for a mock exam:
U = {s1}, Uy = {s3,84}.
We first compute their rough approximations in
(X,R).
ForU; = {s1}
Uy ={xeXl|[x]r € Ui}
The R-classes are {s;,s,} and {s3,s,}. Neither

{s1,52} € {s1} nor {s3,s,} € {s;} holds, so no class
is fully contained in U;. Hence

U; = 0.
The upper approximation is
U, = x€X|[x]gNU; # 0}
Here [s{]r = {s1,S,} meets Uy, so both s, and s, are

included, while [s3]g = {s3,s4} does not meet U;.
Thus

U_l = {s1,82}-

So the rough object associated to U; is
Ty, = (U, Up) = (@, {51,5,)).
For U, = {s3,5,}:
U, ={xeX|[x]g € Uz}

Now [s3]g = [S4]r = {53,854} € U,, so both s; and
s, are in the lower approximation:

ﬂ = {53, 54}.
The upper approximation is again

U, ={x €X | [x]g N U, # B}.

The class {s3, s,} meets U, and is the only such class,
hence

U_z = {53, 54}.
Thus the rough object for U, is

Ty, = (&:U_z) = ({53,584}, {53, 54}
Level 1 (MetaRough over class-level rough objects).
Form the level-1 family
C:={ry,ry,} S Rough®(X,R)

= Rough(X, R),
and choose the level-1 meta-indiscernibility £ on
Rough(X, R) to be equality:

réEWy o r=r.

For this choice, each equivalence class is a singleton:
[rlecw = {r} (Vr € Rough(X,R)).
level-1

The meta-lower  approximation is

={rl|{r}ccCc}==C.
Similarly, the level-1 meta-upper approximation is

—c@
C ={re€eRough(X,R)I[r]levnNC =0}

={ri{r}nc+0}=_C.
Hence the MetaRough Set of C at depth 1 is
RM ©

—_c@
— (Qg(l)’c )

= (G,¢) € Rough‘®(X,R).
Informally, this is a rough summary of class-level
pass-statuses.
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Level 2 (MetaRough over class-summary patterns).
Now move up one level. The level-1 universe is

Rough® (X, R)
= P(Rough(X,R)) x P(Rough(X,R)),

so RM(C) = (¢, ) is asingle level-1 rough object.
Consider the level-2 family consisting of this single
object:

D:={RW()}

={(¢,©)} € Rough® (X, R).

Choose the level-2 meta-indiscernibility €3 on
Rough® (X, R) again to be equality. Then for any
r € Rough™(X,R) we have [r]c.e ={r} and
therefore

D @

¢ = {r € Rough(X,R) | [r];w € C}

= {1‘ | [1']8(2) c D} =D,
—@
D

={r|[rlgoND#0}="D.

Thus the depth-2 Iterated MetaRough Set generated
by D is

R (D)

—c®@
_ (25@)’ D )

= (D,D) € Rough®(X,R).

Interpretation: level 1 records rough summaries at
the class level (two homerooms), while level 2 treats
identical class-summary patterns as indiscernible
from the viewpoint of a higher aggregation unit (such
as a school or exam board). In this simple example
the school-level family happens to consist of a single
such pattern.

Proposition 2 (Sandwich property at every depth).

Lett > 1 and let C S Rough®1 (X, R) be any family

®

of level-(t — 1) rough objects. Then ¢~ < ¢ <

—_c®
c

Proof. We show the two inclusions separately.

First inclusion, ¢€“ ce. Let recé®. By
definition,

[I‘]e(t) cCC.
Since r € [r]zv (every element lies in its own
equivalence class), it follows that r € C. Hence
ctce.

(t

_e®
Second inclusion, C € ¢ . Letr € C. Then the

intersection
[rleon€C
contains r and is therefore nonempty:
[rleo NC 2 {r} # @.

t) ®)

—&C —£
By the definition of ¢ we conclude thatr € C

—_e®
HenceC € C

Combining both inclusions yields
ce” cec

—c®
(54

)

as claimed.

Theorem 31 (Generalization of MetaRough and
Iterated MetaStructure). For each t>1 set U®
: = Rough® (X, R), U© : = Rough!®(X,R) =
Rough(X,R).

(@ For t=1, the assignment ¢ » RM ()=
—e@®
(gg(l),c ) is exactly the MetaRough Set

construction of Definition 18applied to subsets C <
Rough(X,R).

(b) For each t=>1, consider the operations
o oD P(UED) 5 UO, ¢ -

£® —e® . .
cere . If level-(t —1) isomorphisms are

required to preserve the meta-indiscernibility £®
(that is, r€Os iff B(r)EDPB(s) for any level-(t — 1)

isomorphism B), then the family
PN N EY; ® ®
U@, 0, ., 00; @ 0, .., o, Pyp) forms

an lterated MetaStructure of depth t in the sense of
Definition 2.

Proof. (a) At depth t = 1 we have
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UM = Rough‘(X,R)
= P(Rough(X,R)) x P(Rough(X,R)),

so elements of UM are pairs of subsets of
Rough(X,R). Given any C < Rough(X, R), the pair

—_e@
(Qg(l),681>eU(1>

is exactly the MetaRough Set of € constructed using
the meta-indiscernibility €M as in Definition 18.
Hence R® recovers the MetaRough Set
construction.

(b) Fix t = 1. A level-t object is a pair of subsets

r® = ®,u® eu® = gJ(U(t—l)) % ;p(U(t-l))_

By Definition 28, both o

low and dnffg are constructed

from the equivalence relation £® on U1 via

c&Y ={reu®m | [rlw cC},

—c®
C ={reu®V|[rl;onCc+0}

Let B:UED 5UuED  pe a  level-(t—1)
isomorphism in the sense of Definition 4, so by
assumption B preserves &®-equivalence classes: for
allr,s € U=,

ré®s

e B EYB().
Take any ¢ € U®~D, Consider the image B[C] S
U=, For the lower approximation we have
BICIEY ={u e Ut | [ul,w < BIC] }
By substituting u = B(r) and using preservation of
equivalence classes,
[ulew = [BM]go = B([r]sw),

SO

[ulew < BIC]

o B([rlew) € BIC]

And [r]g(f) cge,
because S is a bijection. Hence

ue e’

& u=p(r) forsomer € CEY.
Therefore

prere”

=ples”].
A completely analogous elementwise argument

shows
e®

BIC]
—c®
-5}
Consequently, the action of g on U~ lifts to an
action on U® that commutes with the maps

—£®
C - <g£(f)’cg )

(©) = dH(©).
This is precisely the naturality (isomorphism-
invariance) condition required in Definition 4. Since
this holds at each level t, the tower
(U(O), U(l), -, U(t);
oW oM

low’ “up’
@ 5®
Cblow' CDUp)
constitutes an Iterated MetaStructure of depth t.

—o®

low

Theorem 32 (Monotonicity at every meta-level).
Let t > 1 and let £® and Rough‘*=1(X,R) be as in
Definition 27. For all families C,Dc

Rough®™ D (X,R) with CSD we have C&“ ¢

® ®
t —& —&
pé&”, € <D

Proof. Let C € D.
For the meta-lower approximation, take r € C €0, By
Definition 28,
[r]lew € C.
From C < D it follows that
[rlew €D,

t t t
sor € DY Hence C¢“” c D&Y,

—_e®
For the meta-upper approximation, let r € C

Then by Definition 28
[rleonC # 0.
Since C € D, we have

[rleconD 2[r]cy NC *+ @,

—c® —_c® _e®
hencer € D . Therefore C cD

Theorem 33 (ldempotence of iterated meta-
approximations). Let t > 1 and let £€® be as above.
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C S Rough™1(X,R) we
e®

e® G) )
have(gg(t)) = c&, (C ) =C .

Proof. We prove idempotence for the meta-lower
approximation; the argument for the meta-upper
approximation is analogous.
Set L : = ¢ €. By Proposition 2,
L=ct” cc.
Applying Theorem 78 with L < C yields
LEY c e =1,

For every

Thus
L¢Y c L.

For the converse inclusion, let r € L = C£“. Then
by definition

[r]lcw € C.
Forany s € [r].» we have [s].® = [r]c®, SO

[s]ew € C.
Hence s egs(t) = L. Since this holds for all s€
[r]c®, we obtain

[r]lco € L
Thereforer € Lg(t). Asr € L was arbitrary, we
conclude

LcLEY,
Combining the two inclusions gives

® ®

LS :ngc‘f’

=C c®

—_£®
For the meta-upper operator, defineU:=C .By

Proposition 2,

—c®
ceu=C ,

and by Theorem 34,

_e® —_e®
C cu

c® L. _e®
, thisgives U € U

SinceU = C

—c®
Conversely, letr € U . Then
[rleco NU # 0.

c®
, we have

Takes € [rlco NU. AsseU=C
[S]e(t) NnC =+ Q.
But [s]gw = [r]¢w, SO

[I‘]S(t) NnC=+0,

® )

—& —&
whichimpliessre C =U.HenceU cU.

_e®
Together withU € U we obtain

—_e® _e®
U =U=C

Theorem 80 (Exactness and unions of meta-
indiscernibility classes). Let t > 1 and let £® be an
equivalence relation on Rough{®="(X,R). For C C
Rough(®=1) (X, R) the following are equivalent.

—_c®
1. Cismeta-exact: C€¥ = C

2. C is a union of £®-equivalence classes:
there exists an index set I and &®-classes
{Bi}ie1 such that C = .U[Bi.

1€

—_&®
Proof. (i)=(ii). Assume C€” =T~ .By

Proposition 2,

—_e®

ccc =c&v,

Hence
ccct¥cc,
soC=C&Y.
Letr € C. Thenr € € and therefore
[rlcw € C.

Thus C contains the entire £®-class of each of its
elements. Consequently,

C= rLEJC [I‘] €

which is a union of equivalence classes (possibly
with repetitions, which do not affect the union). This
shows (ii).

(ii)=(i). Assume C = U;¢B; where each B; is an
£®-equivalence class. We first show that C&“ < C

—_c®
and C < C  hold by Proposition 2. It remains to show
)

_&(
ccct®adC  cc
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Let r € C. Then r € B;, for some iy €1, and B;, =
[r]c is fully contained in C because C is a union of
the classes B;. Hence

[r]lcw €C,
sor e CEY. Thus € € C€“. Together with C€“ c ¢
we obtain

ct¥ =c

®
. Then

[r]lco NC# 0,

—&
Now letr € C

so there exists s € [r]¢ N C. As C is a union of £®-
classes, s € C implies [s]cw € C. But [s]com =

[r]cw, so [r]z® € Cand therefore r € C. Hence

_e® . _e® .
C < C, andtogether withC< C  we obtain

—_c®
=C.
Thus
CS(t) =C= Es(t)
so C is meta-exact and (i) holds.

Conclusion

In this paper, we introduce the concepts of
MetaFuzzy Sets, MetaNeutrosophic Sets, MetaSoft
Sets, and MetaRough Sets by extending classical
Fuzzy Sets, Neutrosophic Sets, Soft Sets, and Rough
Sets through the application of MetaStructure and
Iterated MetaStructure.

Future work

This work is currently restricted to finite domains,
where naive constructions incur high combinatorial
costs. Future research should therefore explore
measure-theoretic extensions, scalable algorithms,
and principled normalization schemes tailored to
diverse application settings and  robustness
requirements. In addition, future studies may
investigate whether similar extensions can be
developed for other classes of sets, such as
Plithogenic Sets, Vague Sets, and Near Sets. We
also anticipate further developments involving
extensions based on graphs, hypergraphs,

superhypergraphs,
algebra.

hyperstructures, and hyper-

Acknowledgment

We extend our sincere gratitude to everyone who
provided valuable insights, inspiration, and
assistance throughout this research. We particularly
thank our readers for their interest and acknowledge
the authors of the cited works for laying the
foundation that made this study possible. We also
appreciate the support of the individuals and
institutions that provided the resources and
infrastructure needed to complete and disseminate
this work. Finally, we are grateful to all those who
supported us in various ways during the course of
this project.

Conflict of interest

The authors declare that there are no conflicts of
interest associated with this research or its
publication.

Disclaimer (Regarding manuscript formatting)

In this paper, we converted the LaTeX source into a
Word document using tools such as Pandoc. While
every effort has been made to ensure accurate
formatting, minor errors may have been introduced
during the conversion process. We kindly ask for
your understanding.

References

Atagiin AO and Kamaci H. Strait fuzzy sets, strait
fuzzy rough sets and their similarity measures-
based decision making systems. Int. J. Syst.
Sci.2023; 54(12): 2519-2535.

Broumi S, Talea M, Bakali A and SmarandacheF.
Single valued neutrosophic graphs.J. New
Theory, 2016; 10: 86-101.

Fujita T. MetaHyper graphs, meta superhyper graphs,
and iterated meta graphs: modeling graphs of
graphs, hypergraphs of hypergraphs,
superhypergraphs of superhypergraphs, and
beyond. Curr. Res. Interdiscip. Stud.2025a; 4(5):
1-23.

144



Fujita/J. Bangladesh Acad. Sci. 50(1); 107-145: March 2026

Fujita T. Meta structure, meta-hyperstructure, and
meta-superhyperstructure. J. Comput.
Appl.2025b; 1(1): 1-22.

Fujita T. A study on hyperfuzzy hyperrough sets,
hyperneutrosophic ~ hyperrough  sets, and
hypersoft hyperrough sets with applications in
cybersecurity.Artificial Intell. Cyb.2025c¢;2: 14-
36.

Fujita T. Advancing uncertain combinatorics through
graphization, hyperization, and uncertainization:
Fuzzy, neutrosophic, soft, rough, and beyond.
Biblio Publishing, 2025d. pp. 1-229.

Hadi HM and Al-SwidiL. The neutrosophic axial set
theory. Neutrosophic Sets and Systems, Int. J.
Infor. Sci. Eng., 2022; 51:295-302.

He T, Chen Y and Shi K. Weighted rough graph and
its application. In: Proceedings of the sixth
international conference on intelligent systems
design and applications,16-18 October, Jinan,
China, 2006; pp. 486-491.

Hsiao C-C, Chuang C-C, Jeng J-T and Su SF. A
weighted fuzzy rough sets based approach for rule
extraction. In:The 52" annual conference of the
society of instrument and control engineers of
Japan. SICE. 2013, pp. 104-109.

Jech T. Set theory: The third millennium edition,
revised and  expanded. Bull.  Symb.
Log.2003;11(02): 243-245

Lenz UO, Cornelis C and Peralta D. Fuzzy-rough-
learn 0. 2: A python library for fuzzy rough set
algorithms and one-class classification. Int.
Confer. Fuzzy Syst. July, 2022.

Maji PK, Biswas R and Roy AR. Soft set theory.
Comput. Math. Appl. 2003; 45(4-5): 555-562.

Molodtsov D. Soft set theory-first results. Comput.
Math. Appl.1999;37(4-5):19-31.

145

Own HS, AaINAA and Abraham A. A new weighted
rough set framework for imbalance class
distribution. In: Proceedings of the 2010
international conference of soft computing and
pattern recognition, SoCPaR,2010; pp. 29-34.

Pawlak Z and Skowron A. Rudiments of rough sets.
Inf. Sci. 2007. 177(1): 3-27.

Pawlak Z. Rough sets. Int. J. Comput. Inf. Sci.1982.
11: 341-356.

Pawlak Z. Rough set theory and its applications to
data analysis. Cyber. Syst. 1998; 29(7): 661-688.

Pawlak Z. Rough sets: Theoretical aspects of
reasoning about data. Springer Sci. Bus. Media,
2012; Vol. 9.

Smarandache F. Plithogenic set, an extension of
crisp, fuzzy, intuitionistic  fuzzy, and
neutrosophic sets-revisited. Inf. study, 2018; 21:
153.

Torra V. Hesitant fuzzy sets. Int. J. Int. Syst. 2010;
25(6): 529-39.

Wang H, Smarandache F, Sunderraman R and Zhang
Y-Q. Interval neutrosophic sets and logic:
Theory and applications in computing. Inf.
Study. 2005; 5: 87.

Wang H, Smarandache F, Zhang Y and Sunderraman
R. Single valued neutrosophic sets. Inf. study,
2010.

Zadeh LA. Fuzzy sets. Inf. Cont. 1965; 8(3): 338-
353.

Zadeh LA. Fuzzy logic, neural networks, and soft
computing. In:Fuzzy Sets, Fuzzy Logic, and
Fuzzy Systems: Selected Papers by Lotfi a
Zadeh. World Sci. 1996. pp. 775-782.



	Preliminaries
	MetaStructure (Structure of Structure)
	Iterated MetaStructure

	DOI:https://doi.org/10.3329/jbas.v50i1.84012
	Main Results: Meta set
	MetaFuzzy set (Fuzzy Set of Fuzzy Sets)
	MetaNeutrosophic set (Neutrosophic set of Neutrosophic Set)
	MetaSoft set (Soft Set of Soft Set)
	MetaRough set (Rough Set of Rough Set)

	Results
	Iterated Meta-Objects
	Iterated MetaFuzzy sets
	Iterated MetaNeutrosophic sets
	Iterated MetaSoft sets
	Iterated MetaRough sets

	Conclusion
	Future work

	Acknowledgment
	Conflict of interest

