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ABSTRACT

Ry space in L-topological spaces are defined and studied. The authors give eight definitions of
Ry space in L-topological spaces and discuss certain relationship among them. They showed that
all of these satisfy ‘good extension’ property. Moreover, some of their other properties are
obtained.
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INTRDUCTION

The concept of Ry-property first defined by Shanin (1943) and there after Naimpally
(1967), Dude (1974), Hutton (1975 &, b), Dorsett (1978), Ali (1990) and Caldas (2000).
Khedr (2001) and Ekici (2005) defined and studied many characterizations of Rg-
properties. Later, this concept was generalized to ‘fuzzy Ro-propertise’ by Zhang (2008),
Keskin (2009) and Roy (2010) and many other fuzzy topologists. In this paper the
workers defined possible eight notions of Ry space in L-topological spaces and they
showed that this space possesses many nice properties which are hereditary productive
and projective.

Definition: Let X be a non-empty set and | = [0, 1]. A fuzzy set in X is a function
w:X =1 which assigns to each element*€X | a degree of membership,
ulx) €1 (Zadeh 1965).

Definition: Let X be a hon-empty set and L be a complete distributive lattice with O
and 1. An L-fuzzy set in X is a function @& =* L which assigns to each element
x€X | adegree of membership, @lx1 € L (Goguen 1967).

Definition: Let & be an L-fuzzy set in £ .Then 1—@=a s caled the
complement of & in& (Goguen 1967).

Definition: If Y€ L and @ isan L-fuzzy setsin £ defined by elx) =rvx€X
then the authors refer to ™  as a constant L-fuzzy sets and denoted it by * itself (Goguen
1967).
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In particular, these are the constant L-fuzzy sets0 and 1.

Definition: An L-fuzzy point ¥ in ¥ s a specia L-fuzzy sets with membership
function i) =7 if x=1x4

plx) =0 x# x5 where ™ EL (Liuet al.1997).

Definition: An L-fuzzy point # issaid to belong to an L-fuzzy set @ inX (v € a)
if and only if #(x) < a{x) and 0 = aly), That is*- € @ implies r < a(x) (Liu et
al. 1997).

Definition: Let { =[0.1] X pe a non-empty set and ™ be the collection of all
mappingsfrom & into{ |i.e the classof al fuzzy setsin ¥ . A fuzzy topology on £
is defined asafamily £ of members of " , satisfyi rl_i_Tlu fcé lowing conditions:

(N.0et (ifu; €t foreachi 4 then iza i) if gtz € then
uy Mug € The pair (%.%) is called a fuzzy topological space (fts, in short) and the
members of T are called & -open (or simply open) fuzzy sets. A fuzzy set vV iscalled a
¢ _closed (or simply closed) fuzzy setif 1— ¥ € (Chang 1968).

Definition: Let X be a hon-empty set and L be a complete distributive lattice with O
and 1. Suppose that T be the sub collection of all mappings from & to L

.7 S I Then 7 iscalled L-topology on & if it satisfies the following conditions:
i 0°.1"ex
(i) 1f ¥g .z €7 thenuy Muz €7
(i) If 4: €T foreach i €4 then Vieau: €T
Then the pair £+ 7) is called an L-topological space (Its, for short) and the members

of T are called open L-fuzzy sets. An L-fuzzy sets ¥ is called a closed L-fuzzy set if
1—=vEr (Jinxuanand Bai-lin 1998).

Definition: Let 4 be an L-fuzzy set in Its€¥. 7). Then the closure of 4 is denoted
by 4 and definedas # = MN{u A& u.p 7}

The interior of A written 4° is defined by 4° =U{u:u€ d.u €7} (Liu e
al.1997).

Definition: An L-fuzzy singleton in £ is an L-fuzzy set in & which is zero
everywhere except at one point say * , where it takes avaluesay 7 with0<=r=1
and 7 € L Theauthors denote it by *+ and #= E @ iff ™= =) (Zadeh 1965).

Definition: An L-fuzzy singleton %= is said to be quasi-coincident (g-coincident, in
short) with an L-fuzzy set @ in X | denoted by *-9a@ iff ¥+ als)>1 _ Smilarly, an
L-fuzzy set & in ¥ issaid to be g-coincident with an L-fuzzy set & in & | denoted by
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agf if and only if eld+80)=>1 for some *€X | Therefore  iff
al)+ 60)=1 foral * €4 where denote an L-fuzzy set & in & is said to be
not g-coincident with an L-fuzzy set £ in (Liu et al.1997).

Definition: Let f: & =¥ beafunction and % befuzzy setin £ . Then theimage
flu) isafuzzy setin ¥ which membership function is defined by

() = fruplu ) IF) = y}if F ') = Buxe X
)60 =0 jf /7 ) = 0, x € X (Chang 1969).

Definition: Let £ be a rea-valued function on an L-topological space. If
{c:f(x) > a} s open for every real @ | then f iscalled lower-semi continuous function
(Isc, in short) (Liu et al.1997).

Definition: Let €¥.7) and (. =) be two L-topological space and / be a mapping
from €% 7) into (¥ s) i.e F1(X.7) = (.2). Then  iscalled

(i) Continuousiff for each open L-fuzzy set WEs=> f 1) ET

(ii) Openiff flu) €= for each open L-fuzzy set H €T

(iii) Closed iff f{4) is s-closed for each 4 € 7" where T° is closed L-fuzzy set in

.f"-_

(iv) Homeomorphism iff £ is bijective and both £ and f~* are continuous (Liu et
al.1997).

Definition: Let £ be anonempty set and 7 be atopology on £ . Let 7= wll’) be
the set of all lower semi continuous (Isc) functions from €7} to L (with usual
topology). Thus «{7) = fu & L:u""(a. 1] & T] for each ©« € L . It can be shown that
wll) is a
L-topology on « . Let “P” be the property of a topological space £+T} and LP be its
L-topological analogue. Then LP is called a “good extension” of P “if the statement
(.7 has Piff (¥ @(7) has LP” holds good for every topological space {¥- T} (Liu et
al. 1997).

Definition: Let {C¥..7. )zt € A} pe afamily of L-topological space. Then the space
(¥, M=) is called the product Its of the family {C¥.. 7. ):1 = 4} where 7, denote the
usual product L-topologies of the families 7.2t = 4} of L-topologieson ¥ (Li 1998).

Ro SPACESIN L-TOPOLOGY
The authors now give the following definitions of R, L-topological spaces.
Definition: Anlts {¥.7) iscalled

(@ L—Rel) if Yx.vELXFE Y whenever IUET with ulx] # uld) then
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IV ET guchthat vix) # vly).

(b) L—ERali) if Y.y ELXE Y whenever IUET wijth ulx)=Lul)=10
then 3 v ET gychthat v*{x)=0.v()=1

() L= 8al41) if for any pair of distinct L-fuzzy points = ¥: € 3(¥) whenever
SUET with *» Ewi: Bu thenI vVE T suchthat #r Evev: E T

(d) L—Rale) if for all pairs of distinct L-fuzzy singletons %+ ¥z € 5(¥] and
%:4v: whenever 34 €1 with then 3¥ €7 gychthat .

(e L—Ralv) if for any pair of distinct L-fuzzy points %+« ¥z € S{¥) whenever
Ju €T with*» Ewugys then I¥ €7 suchthat ¥e € Vo vdx,,

(f) L—HEal1) if for any pair of distinct L-fuzzy points %+ ¥z € S(¥) whenever
Su€t  with *€wiNu=0 then 3FvE7T guch that
YeEBRXNr=0

() L—Ralwid) jf Va.y€XazFy whenever FuET with
ule)=0ul3)=0 thenIv ET guchtha vOI=0.v() =0

(h) L= Ralvuird if Y2,y €EX2#F v whenever 34 €1 with ulx) > uly) then
I ET gquchtha ¥ = vix)

“GOOD EXTENSION”, HEREDITARY PROPERTY AND PRODUCT L-TOPOLOGY

Now all the definitions L — R (),
— R} L—Raliid L —Ra(iv) L —Rgv) L — Rglvi) L — Rglvi) and
— Ralvii) are ‘good extensions’ of i, as shown below:

L
L

Theorem: Let (¥+7) be atopological space. Then €7, 7) is Ra iff (¥.w(T)) s
L - Ra0), for §= Lk, iv, v vi, vil, viii.

Proof: Let the topological space €¥:T) be s, The workers shall prove that the
fuzzy topological (¥-«(T1) is L—Ra(i). Choose *+¥ EX with % v . Let
u € wll) with ulx) =1, u()=0  thenitisclear that » 'C-11 €T  for any
rely gnd x€u" (1]  yEu(1] Since % T} is Fa, then there exist
VET withx&V.v€V  Now consider the characteristics function 1+ . The authors
seethat 1 € wlwith 1.6 =0.1.0)=1  Thus (. w(7)) jsL— R (),

Conversely, let (x. wAT1) pe L — Roli1), the workers shall prove that (¥+T) is
RBg. Choose 2+ VEXN x¥Fy gnd VET withx€U.v €L | put we know that the
characteristic function 1» € wiT). Also it is clear that 1:0:)=1.1,0(3=0  Since
(. @(T) is L~ Ral), then 37 € wdT) such that ¥(x) = 0.v(+) = 1. Againsince ¥
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is lower semi continuous function then ¥ *(0.11 €T and from above, we get
x€vi@01] yevr ™ (©0.1] Hence ¥ T)isRa.

Similarly the authors showed that L= Fal) L — Rg (i) L—Rq(tv)

L—Ra()L—Ra(i) L—Roli)and L —Rgl1iis) ge also hold ‘good
extension’ property.
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Theorem: Let & ") beanlts A S X and 7 = {uld:u €7} then

(@ W.r)isk—Ral)= (A7) isL—Rali),

(b) (Far)isb—Reli) = (A1) isL—Rali),

() W.r)isb—Ralit)= (A 7a) isl— Rolst),

(d) (Fer) isk—Re(tv) = (A1.) isL— Reliv),

(e W.r)iskl—FHRalv)= (Ai1a) isL—Ralv),

(f) er)isk—Re() = (A1s) isL— Re(),

() W-1)isb—Rali) = (A7) is L= Rolwid),

(h) Car)isl—Ralrii) = (A r.) js L — Rglrii),

Proof: The authors proved only (b). Suppose (.1} is L-topological space and
L— o). The workers shall prove (4. 7.) isL— Ralit) Let x. ¥ EA  x#F ¥  and
weT with wl)=1  w)=0 Then *.¥vEX with ¥# ¥ a AKX
Consider “ be the extension function of ¥ on the set X, then it is clear that
ul()=1ul)=0_, gnce .71} js L—Fal). Then IVET such tha
v()=0v0()=1, For A=K we find 3FIvWdEwn such tha
WAG) = 0,400 =1 a %y E4 | Hence it is clear that the subspace (4.7.) is
L—Rel). Similarly, (a), (), (d), (&), (f), (g), (h) can be proved.

Theorem: Given {{¥,.7.):i €A} pe a family of L-topological space. Then the
product of L-topological space (LY. M) isL — Ral) iff each coordinate space
(V. 0:) ish— Rali) where | = 1ol 1, T8, W WL, VIL, WIRL

Proof: Let each coordinate space [(¥..7.:i€A} pe L—Ea(1). Then the
authors show that the product space is L — Falit). Suppose =¥ EMY,  x# ¥  and
u€lln with ul)=1Lul¥)=0. Choose x=Mx, v=1Tlv,, but they have
ulx)=min {u,(x;) . foric Aandu; € r;} ,uly) = minfu, () .fori e Aand u; £ 1)
, then there exist at least one / € A such that *# * ¥ and () =1 \ wy) =0
since (%) is L—RalD for each 1EN ,, then F¥ €7 gch that
() =0000) =1 Nowtake " ="' where ¥/ =% andvi =1 fort # ,
then 3v €M, such that ¥{x)=0.20+)=1  Hence the product L-topological space
v M) jsL—Ra().

Conversely, let the product of L-topological space %117} is L= 840, The
workers shall prove each coordinate space (i7/) is aso L—Re(i1). Choose
X X5 FY and ¥ €T with i) =1 '“;':;‘E) ;' 0 Now, congruct
%nyEX such that *= My =" where =2 for %) and
X, =

| =%+% =Y Then = ¥ . Further, let ¥ =%} pe a projection map from ¥

into Ay Now, the workers observe that
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" ((""J )["})= u(x) = Ly, ({"';)("J) =u;(y;)=0 Ciefor 4om € N7 \ith
(w0m )0 = 1.(w07, )6D =1 | Since the product space T1X. M%) is L — Ra().
Then 3+ € Mr, sych that *x) = 0. v(0) =1  Now choose any L-fuzzy point ¥+ in ¥ .
Then 3 a basic open L-fuzzy set "% &% quen that ¥ EW S ¥ \hich implies
that 7 < 0D o that 7= 5 (—":-') and hence 7 = ﬂ-,;f(‘-,;,)v,- EN ) g
() =03 My (x) = 0. () Further, "l‘; ()=02v(x)=0 . since for

JFL5 =% and hence from ©, W ()=01)>7 This we have
w0 Eneix) =0 Now consider uPe¥] T ¥ €T then T €T with
vl )=1Lv(x)=0 Thisshowingthat (¥: 7} isL — &),

Moreover one can verify that

(.n)i€N sl=Ra() & (XM 7)) isL—Re()

(.t ht€N jsL—Ra() & (XM 1) jsL— Reiui)
(Ko hieN sh=FRa(iv) e TN Mn)isl=Raliv)
orndteN jsl—Re()e Q.17 ) isL—Ral(v)

(i dhi€N sh—Ra() & QLT 7)) sl — Ralw)
GirditeN jsb—Ra() e QT .17 js L — Ralv)
Crdhi€N jsh—Relru) & (XM 7)) js L — Rglwisd),

Hence, the workers see that

L—Ra().L—Ra(id L—Ra(it) L—Rgliv) L — Rgv) L — Rg(vi) L — Rglsit) L — Rglutii

properties are productive and projective.

MAPPING IN L-TOOLOGICAL SPACES

The present authors show that £ — && /) property is preserved under one-one, onto
and continuous maps for J = {a & Tl i 1, Vi, VL VI

Theorem: Let £¥.7) and (¥, ) be two L-topological space and
f:0%.5) = (¥, 2) be one-one, onto, L-continuous and L-open map, then-
(@ W.7)isl—Re()=(.2) sL—Ha().

(b) Fer) isL—Ra(t)=(V.5) isL— Rali1)

() a7) isL—Re(t) = (¥.5) jsL— Rglttt).

(d @W.r)isk—Ralw)= (. 5)isl — Raliv).

(e (ar) isl—Ra()=(¥.5) isL—Ral¥).
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() W) isk—=Re(m)= . 5) isl—Ralm).
(g) Cer)isk—Re(ui) = (V. 2) jsL— Relvte).
(h)y &.7)isk—Ralmit) = (¥.2) isL— Ralwiit),

Proof: Suppose €¥.7) is L—FRa(i1). The authors shal prove that (.5) s
L—Rel). Let 1.2 EY 3y T2 andUE S with uly)=1.ul3)=0 Since f
isonto, 3 *1 «%¥2 EX guchthat Ufxl.) =% .flx:) =¥ and *1 # %z as [ isone
one.

Now fu)x,) = ‘-‘{f(‘-'l}] =ully)=1 g
FH)xs) = ulf(x3)) = uGz) =0

Since f is L-continuous then f *uder  and M) =1
M) =0

Since (. 7) isL— Rglit) then S Y ET suchthat ) =0.¢0)=1 Now
FOYoy) = Gupvle, R UFGI ) =03=0
f)oz) = upr(e X Fxl)=w)=1

Since f is L-open, flu)E = Now, it is clear that 3 F(*)E= sych that
M) =0, FOMe) =1  Hence, it is clear that the L-topological space .2} is
L= Eal2). similarly (a), (c), (d), (&), (), (g), (h) can be proved.

Theorem: Let £¥.7) and (¥. =) be two L-topological spaces and f:(¥.7) = (¥, 5}
be one-one, L-continuous and L-open map, then-

(@ es)isk—Ra()= (1) isLl—Ral),

(b) &.2) sl —Ral)= (7)) isL— Ralid),

() V.s) isL—Re(ti) = (V. 1) jsL— Relite).
(d) O".2) isk—Ralv)= (. 7)isL—Raliv).
(e .s)isl—Relw)= (N.1) jsL— Relv),

() O.s)isl—Ra()= (. 7)isl—Rale1).
(g Oa2)isl—Relvi) = (V. 1) jsL—Rglvie),
(h) .5)isk—Ralmit) = (.7) isL— Ralwit),

Proof: Suppose (¥.:) is L—HRalit). The workers shall prove that €¥.7) is
L—FRol) Ltz 32 €X  xy F 23 ond WET with ulxy)=Laulx:)=0  Since
f isone-one map then flx.) # flxz)
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Now fE(f(xy)) = suplule, )l = 1 a5 F isoneone
And FE(f(x2)) = suplulxy)} = 0.

So, the authors have FE) € s | with fE(f(x,)) = 1. FeNrG:)) =0 o
f is
L-open map. Since @.2) s L—Fglih 3FvEs  qch that
(£ () = 0.0QFGID =1  Thisimpliesthat £~ 6Xx,) = 0 I (0)G:I) = 1
and fH(*) €T asf s L-continuous and ¥ €5 . Now it is clear that 3 f " () ET
such that F ) ) =0 | F7*()x2) =1 Hence the L-topological space €. 1) is
L—=HRel1) . similarly (a), (c), (d), (e), (f), (g), (h) can be proved.
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