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1 INTRODUCTION 

The purpose of introducing the concept of a Γ-ring is to generalize that of a classical 
ring. In the last few decades, a number of modern algebraists have determined a lot of 
fundamental properties of Γ-rings and extended numerous significant results in classical 
ring theory to gamma ring theory. Note that the notion of a Γ-ring was first introduced by 
N. Nobusawa(1) and then generalized by W. E. Barnes(2). They obtained many important 
fundamental properties of Γ-rings, and also S. Kyuno(3), J. Luh(4), G. L. Booth(5) and some 
other prominent mathematicians characterized much more significant results in the theory 
of gamma rings. Here, we start with the following definition. 

Let M and Г be two additive abelian groups. If there exists a mapping baba αα →),,(  
of MMM →×Γ×  which satisfies the conditions  

(a) cbcacba ααα +=+ )( , bababa βαβα +=+ )( , 
cabacba ααα +=+ )(  and  

(b) )()( cbacba βαβα =  for all Mcba ∈,,  and Γ∈βα , ,  

then M is called a Г-ring in the sense of Barnes(2), or simply, a Γ-ring.  

For example, suppose that R is a ring with identity 1 and )(, RM nm  is the set of all 
nm ×  matrices over R. Then M is a Γ-ring with respect to the usual addition and 

multiplication of matrices if we choose )(, RMM nm=  and )(, RM mn=Γ . In 

particular, if we let )(2,1 RMM =  and 
















=Γ integeran  is  :
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n
n , then M is a Γ-ring. 

In addition to the definition of a Г-ring given above, if there exists another mapping 
βαβα aa →),,(  of Γ→Γ××Γ M  satisfying the conditions  



  
 

38

(a*) γβγαγβα aaa +=+ )( , βαβαβα baba +=+ )( , 
γαβαγβα aaa +=+ )( , 

(b*) )()()( cbacbacba βαβαβα == , and  

(c*) 0=baα  implies 0=α  for all Mcba ∈,,  and Γ∈γβα ,, ,  

then M is called a Г-ring in the sense of Nobusawa(1), or simply, a NΓ -ring. Note that G. 
L. Booth(5) has also used this notation to express Nobusawa Г-rings. 

For example, let nmD ,  be the set of all rectangular nm ×  matrices over some division 

ring D. Considering nmDM ,=  and mnD ,=Γ , we see that M is a NΓ -ring under the 
usual addition and multiplication of matrices. 

It follows easily from the definitions of Γ-ring and NΓ -ring that M is a Γ-ring does not 

imply Γ is an M-ring in general, but M is a NΓ -ring always implies Γ is an M-ring. 

If M is a Γ-ring, then M is called prime if 0=ΓΓ bMa  (with Mba ∈, ) implies either 
0=a  or 0=b . Note that this concept of prime Γ-ring were introduced by J. Luh(4), and 

some analogous results corresponding to the prime rings were obtained by him as well as 
by S. Kyuno(3). 

An additive subgroup U of M is said to be a left (or, right) ideal of M if UUM ⊂Γ  (or, 
UMU ⊂Γ ), whereas U is called a two-sided ideal, or simply, an ideal of M if U is a 

left as well as a right ideal of M (i.e., if Uum ∈γ  and Umu ∈γ  for all Mm∈ , 
Γ∈γ  and Uu ∈ ). Similarly, an additive subgroup Ω  of an M-ring Γ (if M is 

considered as a NΓ -ring) is said to be a left (or, right) ideal of Γ if Ω⊂ΩΓM  (or, 

Ω⊂ΓΩM , and Ω  is called a two-sided ideal, or simply, an ideal of Γ if Ω  is both a 
left and a right ideal of Γ (i.e., if Ω∈ωγm  and Ω∈γωm  for all Γ∈γ , Mm ∈  
and Ω∈ω ).  

Recall that a Γ-ring M is said to be of characteristic not equal to n (where n is a positive 
integer greater than 1), written as nMchar ≠ , if 0=nx  implies 0=x  for all 

Mx ∈ . Moreover, the set )(MZ  = } and  allfor  :{ MmammaMa ∈Γ∈=∈ ααα  is 
called the center of the Γ-ring M. 

Consider again that M is a Γ-ring. Then M is called a commutative Γ-ring if xyyx γγ =  

holds for all Myx ∈,  and Γ∈γ . If Mba ∈,  and Γ∈α , then α],[ ba  = 

abba αα −  is called the commutator of a and b with respect to α . 

In a Γ-ring M, an element Mm ∈  is called a left nonzero divisor if 0=xmβ  implies 
0=x  for all Γ∈β . Similarly, an element Mm ∈  is called a right nonzero divisor if 
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0=mxβ  implies 0=x  for all Γ∈β . When this said element is both a left nonzero 
divisor and a right nonzero divisor, then it is called a two-sided nonzero divisor, or simply 
a nonzero divisor. In other words, a Γ-ring M is said to have no zero divisor if 0=baγ  
implies 0=a  or 0=b  for all Mba ∈,  and Γ∈γ . 

The notions of derivation and Jordan derivation of a Γ-ring have been introduced by M. 
Sapanci and A. Nakajima(6). Later, in view of the concept of Jordan left derivation of a 
usual ring developed by K. W. Jun and B. D. Kim(7), some important results due to left 
derivation and Jordan left derivation of a Γ-ring has been determined by Y. Ceven(8). But, 
H. Kandamar(9) has been introduced the notion of k-derivation of a Γ-ring and he obtained 
a number of important results on this concept. Here, we introduce the notions of left k-
derivation and right k-derivation of a Γ-ring and we construct some characterizations of 
these concepts on certain NΓ -rings to extend some significant results of certain Γ-rings 
with left derivation and right derivation shown by M. Asci and S. Ceran(10). 

Let M be a Γ-ring and let MMd →:  and Γ→Γ:k  be two additive mappings. 
Then d is called a left derivation of M if )()()( adbbdabad ααα +=  holds for all 

Mba ∈,  and Γ∈α , and d is called a right derivation of M if 
abdbadbad ααα )()()( +=  is satisfied for all Mba ∈,  and Γ∈α . But, if 

)()()()( adbbakbdabad αααα ++=  holds for all Mba ∈,  and Γ∈α , then d 
is called a left k-derivation of M, and if abdbakbadbad αααα )()()()( ++=  is 
satisfied for all Mba ∈,  and Γ∈α , then d is called a right k-derivation of M. 

Finally, for a Γ-ring M, if MMd →:  and Γ→Γ:k  are two additive mappings such 
that Mba ∈,  and Γ∈α , then d is called a derivation of M if 

)()()( bdabadbad ααα +=  and d is called a k-derivation of M if 
)()()()( bdabakbadbad αααα ++= . 

To determine a number of significantly important results on the commutativity of prime 

NΓ -rings of characteristic not equal to 2 and 3 with left k-derivation and right k-
derivation, and also with the composition of such two k-derivations, we proceed as 
follows. 

2. MAIN RESULTS 
For the sake of completeness of the study of this paper we recall some necessary 
important results already proved earlier which are needed to reach our goal. To start the 
discussion we state first the following well-known lemma proved by M. Soyturk(11) 
[Lemma 1]. 

Lemma 2.1 Let M be a Γ-ring and Z the center of M. Then the following are true for all 
Mcba ∈,,  and Γ∈γβ , : 

(i) )()(],[],[],[ bcabcabcacbacba γββγγγγ βββ −++= ; 

(ii) If Za ∈ , then ββ γγ ],[],[ cbacba = ; 
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(iii) If Za ∈ , then γβ βγ ],[],[ cbacba = . 

Especially, if M is a prime Γ-ring, then for all Mcba ∈,,  and Γ∈γβ , : 

(iv) If Za ∈  and 0=Γba , then either 0=a  or 0=b ; 

(v) If Za ∈  and Zba ⊂Γ , then either 0=a  or Zb ∈ ; 

(vi) If Za ∈  and 0],[ =γγ cba , then either 0=a  or 0],[ =γcb . 

Except otherwise mentioned, throughout the article hereafter, M represents a prime 

NΓ -ring (implying from the very definition that Γ is then an M-ring), Z is the center of 

M, U is a nonzero ideal of M, and Ω  is a nonzero ideal of the associated M-ring Γ. 

Now, we state some useful results that have already been discussed and proved by H. 
Kandamar(9) and by M. Soyturk(11) as follows. 

Lemma 2.2 For all Mba ∈,  and Γ∈βα , , 

(i) 0=Ωba ⇒   either 0=a  or 0=b ; (ii) 0=βαU   ⇒   either 0=α  or 0=β ; 

(iii) 0=ΓΓ bUa   ⇒   either 0=a  or 0=b ; (iv) 0=Ω βα MM   ⇒   either 
0=α  or 0=β ; 

(v) If 0=vuα  for all Uvu ∈, , then 0=α ; (vi) If 0=δγa  for all Ω∈δγ , , then 
0=a . 

As the immediate consequences from (iii) and (iv) of this lemma, we get 

Corollary 2.1 For all Mba ∈,  and Γ∈βα , , 

(i) 0=ΩΩ bUa   ⇒   either 0=a  or 0=b ; (ii) 0=Ω βα UU   ⇒   either 0=α  
or 0=β . 

Also, we need the following important results proved in H. Kandamar(9) and M. 
Soyturk(11): 

Lemma 2.3 For all Ma ∈  and Γ∈α , 

(i) UaΓ  (or, aUΓ ) = 0  ⇒   0=a ; (ii) ΓUα  (or, αUΓ ) = 0  ⇒   0=α ; 

(iii) MaΩ  (or, aMΩ ) = 0  ⇒   0=a ; (iv) ΩMα  (or, αMΩ ) = 0  ⇒   0=α . 

Consequently, it follows from this lemma that 

Corollary 2.2 For all Ma ∈  and Γ∈α , 

(i) UaΩ  (or, aUΩ ) = 0  ⇒   0=a ; (ii) ΩUα  (or, αUΩ ) = 0  ⇒   0=α . 

The following result plays a pivotal role in this article. 
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Lemma 2.4 If ZU ⊂ , then M is commutative. 

Proof. Please refer to the proof given by M. Soyturk(11) [Lemma 2(i)]. 

Then we go forward with our main results step by step as follows: 

Lemma 2.5 With our notations as above, the following are true: 

(i) If d is a left k-derivation of M such that 0)( =Ud  along with 0)( =Ωk , then 
0=d ; 

(ii) If d is a right k-derivation of M and )(Md  is a right nonzero divisor such that 
0)( =Ω Uda  for all Ma ∈  along with 0)( =Ωk , then 0=a ; 

(iii) If d is a left k-derivation of M and )(Md  is a left nonzero divisor such that 
0)( =ΩaUd  for all Ma ∈  along with 0)( =Ωk , then 0=a ; 

(iv) If 2≠Mchar  and d is a right k-derivation of M such that 0)(2 =Ud  along with 
0)( =Ωk , then 0=d ; 

(v) If 1d  is a left 1k -derivation of M and 2d  is a right 2k -derivation of M such that 

2≠Mchar , UUd ⊂)(2  and 0)(21 =Udd  along with 0)(1 =Ωk  and 

0)(2 =Ωk , then either 01 =d  or 02 =d . 

Proof. (i) Let Uu ∈ , Ω∈α  and Mm ∈ . Then we have 0 = )( mud α  = )(mduα  
+ muk )(α  + )(udmα  = )(mduα . This implies, 0)( =Ω MdU . Hence, by 
Corollary 2.2(i), we obtain 0)( =Md , i.e., 0=d . 

(ii) Let Uu ∈ , Ω∈βα ,  and Mma ∈, . Then we get 0 = )( muda βα  = 
muda βα )(  + muka )(βα  + umda βα )(  = umda βα )( . Hence, 

0))(( =ΩUMdaα . So, by Corollary 2.2(i), this yields 0)( =Mdaα . But, since 
)(Md  is a right nonzero divisor, therefore 0=a . 

(iii) Let Uu ∈ , Ω∈βα ,  and Mma ∈, . Then we obtain 0 = aumd αβ )(  = 
audm αβ )(  + aumk αβ )(  + amdu αβ )(  = amdu αβ )( . So, 

0))(( =Ω aMdU α . Thus, by Corollary 2.2(i), we get 0)( =aMd α . But, since 
)(Md  is a left nonzero divisor, we get 0=a . 

(iv) Let Uu ∈  and Ω∈α . Then we have 0 = )(2 uud α  = uudd α)((  + uuk )(α  + 
))( uud α  =  )()(2 udud α . Since 2≠Mchar , we get 0)()( =udud α . Thus, we 

obtain 0)()( =Ω UdUd , and consequently, 0)( =Ud . Hence, by (i), we conclude 
that 0=d . 
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(v) Let  Uvu ∈,  and Ω∈α . Then we get 0 = )(21 vudd α  = vudd α)(( 21  + 

vuk )(2 α  + uvd α)(2  = )()( 12 vdud α  + )()( 12 udvd α . Putting )(2 ud  for u, we 

have 0)()( 1
2
2 =vdud α . That is, 0)()( 1

2
2 =Ω UdUd . Hence, by Lemma 2.2(i), 

either 0)(2
2 =Ud  or 0)(1 =Ud , and therefore, we obtain either 02 =d  or 01 =d  

[by (iv) and (i), respectively]. This completes the proof of the lemma. 

Theorem 2.1 Let d be a nonzero right k-derivation of M such that 0)( =Ωk  and 
2≠Mchar . If ZUd ⊂)( , then M is commutative. 

Proof. Let Uu ∈ , Ω∈γ , Zz ∈  and My ∈ . Then we have  

0 = γγ ]),([ yzud  = γγγγ ],)()()([ yuzdzukzud ++  = γγ ],[)( yuzd . 

That means, 0],[)( =Ω γMUZd . Hence, by Lemma 2.2(i), either 0)( =Zd  or 

0],[ =γMU . If 0)( =Zd , then 0)()(2 =⊂ ZdUd , implying 0)(2 =Ud , and 

so, 0=d  [by Lemma 2.5(i)], which is a contradiction to our assumption. Therefore, 
0],[ =γMU  for all Ω∈γ , and consequently, ZU ⊂ , and hence, by Lemma 2.4, M 

is commutative. 

Theorem 2.2 Let d be a nonzero right k-derivation of M such that 0)( =Ωk  and 

3,2≠Mchar . If ZUd ⊂)(2  and UUd ⊂)( , then M is commutative. 

Proof. Let  Uu ∈ , Ω∈γ , Γ∈β  and My ∈ . Then we get  

0 = βγ ])),()(([ 2 yududd  = βγγγ ])),()()()()()()(([ 22 yudududkudududd ++  

 = βγ ])),()(([2 2 yududd  = βγγγ ]),()()()()()()([2 2223 yudududkududud ++  

   = βγ ]),([)(2 3 yudud . 

Hence, the hypothesis 2≠Mchar  implies that 0]),([)(3 =βγ yudud , and so, 

0]),([)(3 =Ω βyudud . By Lemma 2.2(i), either 0)(3 =ud  or 0]),([ =βyud ; 

i.e., either 0)(3 =ud  or Zud ∈)(  for all Uu ∈ . If 0)(3 =ud  for all Uu ∈ , then 

we obtain 0 = γβ ])),(([ 2 yudud  = γβββ ]),)()()()()(([ 2 yuududukududd ++  = 

γβ ]),([)(3 2 yudud . Again, since 3≠Mchar , we get 0]),([)(2 =γβ yudud . 

Hence, by Lemma 2.1(vi), either 0)(2 =ud  or 0]),([ =γyud ; i.e., either 

0)(2 =ud  or Zud ∈)(  for all Uu ∈ . 
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Let }0)(:{ 2 =∈= udUuH  and })(:{ ZudUuK ∈∈= . Then H and K are 
additive subgroups of U, and also KHU ∪= . But, if HU = , then by Lemma 
2.5(iv), 0=d , which is a contradiction to our hypothesis. Hence, by Brauer's trick 
[meaning that a group cannot be a set-theoretic union of its two proper subgroups so that 

KHU ∪=  implies either HU =  or KU =  in this case], we have KU = , and 
so, by Theorem 2.1, M is commutative. 

Theorem 2.3 Let 1d  be a nonzero left 1k -derivation of M and 2d  a nonzero right 2k -

derivation of M such that ZUdd ⊂)(21 , UUd ⊂)(2  and 3,2≠Mchar  along 

with 0)(1 =Ωk  and 0)(2 =Ωk . If 0)(2
21 =Udd , then M is commutative. 

Proof. Let Uu ∈ , Ω∈γ , Γ∈β  and My ∈ . Then we obtain 

0 = βγ ])),()(([ 2221 yududdd  = βγγγ ])),()()()()()()(([ 2
2
22222

2
21 yudududkudududd ++  

   = 
βγ ])),()(([2 2

2
21 yududd  = βγγγ ]),()()()()()()([2 2

21221
2
221

2
2 yuddududkududdud ++  

   = 
βγ ]),()([2 21

2
2 yuddud  = βγ ]),()([2 2

221 yududd  = βγ ]),([)(2 2
221 yududd . 

So, 0]),([)( 2
221 =βγ yududd  (since 2≠Mchar ). Thus, 0]),([)( 2

221 =Ω βyududd . 

By Lemma 2.2(i), either 0)(21 =udd  or 0]),([ 2
2 =βyud ; i.e., either 0)(21 =udd  

or Zud ∈)(2
2 . Let }0)(:{ 21 =∈= uddUuH  and })(:{ 2

2 ZudUuK ∈∈= . 

Then H and K are subgroups of U and KHU ∪= . If HU = , either 01 =d  or 

02 =d  [by Lemma 2.5(v)], a contradiction. Hence, KU = , by Brauer's trick (as stated 
earlier), and therefore, by Theorem 2.2, M is commutative. 

Lemma 2.6 Let Ma ∈  and 0≠Z . If 0],[ =γaU  for all Γ∈γ , then Za ∈ . 

Proof. Please see the proof given by M. Soyturk(11) [Lemma 5]. 

Lemma 2.7 Let Ma ∈ , 1d  a nonzero left 1k -derivation of M and 2d  a nonzero right 

2k -derivation of M such that ZUdd ⊂)(21  and UUd ⊂)(2  with 0)(1 =Ωk  and 

2≠Mchar . If 0]),([ 1 =βaUd , then 0]),([ 2 =βaUd  for all Γ∈β . 

Proof. Let Ma ∈ , Uu ∈ , Ω∈γ  and Γ∈β . Then we have  

0 = βγ ])),()(([ 221 aududd  = βγγγ ]),()()()()()()([ 212212212 auddududkududdud ++  

= βγ ]),()([2 212 auddud  = βγ ]),()([2 221 aududd  = βγ ]),([)(2 221 aududd . 

Thus, 0]),([)( 221 =βγ aududd  (as 2≠Mchar ). So, 0]),([)( 221 =Ω βaududd .  
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Applying Lemma 2.2(i), either 0)(21 =udd  or 0]),([ 2 =βaud  for all Uu ∈  and 

Γ∈β . Let }0)(:{ 21 =∈= uddUuH  and }0]),([:{ 2 =∈= βaudUuK . 

Then H and K are subgroups of U and KHU ∪= . But, since 01 ≠d  and 02 ≠d , 
U cannot be equal to H [by using Lemma 2.5(v)]. Therefore, we obtain KU = , by 
Brauer's trick. As a result, 0]),([ 2 =βaUd  for all Γ∈β . 

Theorem 2.4 Let Ma ∈ , 1d  a nonzero left 1k -derivation of M and 2d  a nonzero 

right 2k -derivation of M such that ZUdd ⊂)(21  and UUd ⊂)(2  with 

0)(1 =Ωk , 0)(2 =Ωk  and 2≠Mchar . If 0]),([ 1 =βaUd  for all Γ∈β , then 

Za ∈ . 

Proof. Given Ma ∈ , from Lemma 2.7, we get 0]),([ 2 =βaUd  for all Γ∈β . 

Now, let Uu ∈ , Ω∈γ  and Γ∈β . Then we have  

0 = βγ ]),([ 21 auudd  = βγγγ ]),)()()(([ 2221 auuduukuudd ++  

   = βγ ]),)(([2 21 auudd  = βγγγ ]),()()()()([2 211212 audduukududud ++  

   = βγ ]),([2 21 auddu  = βγ ],)([2 21 auudd  = βγ ],[)(2 21 auudd . 

Since 2≠Mchar , we get 0],[)(21 =βγ auudd . Thus, 0],[)(21 =Ω βauudd . 

Using Lemma 2.2(i), either 0)(21 =udd  or 0],[ =βau  for all Uu ∈  and Γ∈β . 

If we let }0)(:{ 21 =∈= uddUuH  and }0],[:{ =∈= βauUuK , then H and K 

are subgroups of U and KHU ∪= . But, since 01 ≠d  and 02 ≠d , therefore, U 
cannot be equal to H [by Lemma 2.5(v)]. Hence, by Brauer's trick, KU = . This means, 

0],[ =βau  for all Γ∈β , and consequently, Za ∈ . 

Theorem 2.5 Let Ma ∈ , 1d  a nonzero left 1k -derivation of M and 2d  a nonzero 

right 2k -derivation of M such that ZUdd ⊂)(21  and UUd ⊂)(2  with 

0)(1 =Ωk , 0)(2 =Ωk  and 3,2≠Mchar . If ZaUd ⊂β]),([ 1  for all Γ∈β , 

then Za ∈ . 

Proof. If we consider 0=Z , then 0)(21 =Udd , implying 01 =d  or 02 =d  [by 
Lemma 2.5(v)], a contradiction. Therefore, we can assume that 0≠Z . Now, let 

Ma ∈ , Uu ∈ , Zz ∈ , Ω∈γ  and Γ∈β . Then we get 

Z ∋  βγ ]),([ 1 azud  = βγγγ ]),()()([ 111 audzzukzdu ++  = βγγ ]),()([ 11 audzzdu +  
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    = ββ γγ ]),([]),([ 11 audzazdu +  = ββ γγ ]),([)(],[ 11 audzzdau +  

This implies, ZZdaU ⊂)(],[ 1γβ  for all Γ∈β  and Ω∈γ . Hence, by Lemma 

2.1(v), either ZaU ⊂β],[  for all Γ∈β  or 0)(1 =Zd .  

Now, if 0)(1 ≠Zd , then ZaU ⊂β],[   for all Γ∈β . Then, for any Uu ∈ , 

Mm ∈  and Γ∈β , we get 0],],[[ =ββ mau . Hence, by replacing u by uuβ , we 
have  

0 = βββ ],],[[ mauu  = βββ ββ ],],[],[[ muauauu +  = βββ ],],[[2 mauu . 

Since 2≠Mchar , we obtain 0 = βββ ],],[[ mauu  = ββ β ],[],[ aumu   for all 

Uu ∈ , Mm ∈  and Γ∈β . Hence, by Lemma 2.1(vi), for all Uu ∈ , Mm ∈  and 

Γ∈β , either 0],[ =βmu  or 0],[ =βau . This yields, 0],[ =βau  for all Uu ∈  

and Γ∈β . Therefore, by applying Lemma 2.6, we conclude that Za ∈ . 

But, if 0)(1 =Zd , then 0))(( 211 =Uddd . For any Uu ∈  and Ω∈γ , we get  

0 = )))()((( 22211 ududddd γ  = )))()()()()()()((( 2
2
22222

2
211 udududkudududdd γγγ ++  

   = )))()(((2 2
2
211 ududdd γ  = ))()()()()()()((2 2

21221
2
221

2
21 uddududkududdudd γγγ ++  

   = ))]()(())()(([2 2
212121

2
21 uddudduddudd γγ +  

   = )()()()()()()([2 2
2121211

2
2211

2
2 uddudduddkududddud γγγ ++  

      + )]()()()()()()( 21
2
21

2
2112

2
2112 uddudduddkududddud γγγ ++  

   = )]()()()([2 21
2
21

2
2121 uddudduddudd γγ +  = 

)]()()()([2 2
2121

2
2121 uddudduddudd γγ +  

   = )()(4 2
2121 uddudd γ  

Again, since 2≠Mchar , 0)()( 2
2121 =uddudd γ . Thus, 0)()( 2

2121 =Ω uddudd . 

By Lemma 2.2(i), either 0)(21 =udd  or 0)(2
21 =udd  for all Uu ∈ . Saying 

}0)(:{ 21 =∈= uddUuH  and }0)(:{ 2
21 =∈= uddUuK , we see that H and K 

are subgroups of U and KHU ∪= . But, since 01 ≠d  and 02 ≠d , U cannot be 
equal to H [by Lemma 2.5(v)]. Thus, by Brauer's trick, KU = , which implies that 

0)(2
21 =Udd . Therefore, by Theorem 2.3, M is commutative, and hence, we obtain 
Za ∈ . This completes the proof. 
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