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ABSTRACT

In this paper the authors obtained a method of constructing free resolutions of Z for finitely
presented groups directly from their presentations by extending Lyndon’s 3-term partial resolution
to a full-length resolution. Authors resolutions and the method of their construction are such that
free generators of the modules and the boundary homomorphisms are directly and explicitly
obtained by solving of linear equations over the corresponding integral group rings, and hence
these are immediately applicable for computing homology and cohomology of the groups for
arbitrary coefficient modules. Authors have also described a general situation where their method is
valid. The method has been used for a number of classes of group including Fuchsian groups, a few
Euclidean crystallographic groups, NEC groups, the fundamental groups of a few interesting
manifolds, groups of isometries of the hyperbolic plane and a few nilpotent groups of class 2.
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INTRODUCTION

One of the ways of determining the homology and cohomology of groups with
arbitrary coefficient modules is to construct a suitable projection ZG-resolution of Z. The
standard resolution, the bar resolution and the Gruenberg resolution are very well-known,
but these are more useful for development of theory than for computation of homology
for specific groups.

For computational purpose the free resolution of Eilenberg and MacLane (1954) for
cyclic groups had been the starting point. This was generalised on one hand for single-
relator group by Lyndon (1950) using a vital group theoretic tool ‘the identity theorem’
proved by himself. His ideas were further developed by Swan (1969) and Gildenhuys
(1976). Using the solution of the identity Huebschmann (1993) obtained the cohomology
of aspherical groups. Another approch on generalisation from cyclic groups was to
construct free resolutions for finitely generated abelian groups i.e., groups which are
finite direct products of cyclic groups. This approach uses that fact that
VA (G | X GZ); VA (G ,)(>Z§ VA (Gz) and utilises the Kunneth Formula for the tensor product of
complexes. Huebschmann (1989) generalised this method to obtain the cohomology of
the class of nilpotent groups of class 2 by developing a perturbation technique which, in
essence, perturbs the tensor product structure in M(Q)® M(N) for an extension.
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E:1->N—->G—>G/N=Q—1 (N, Q non-abelian). Here M(N) and M(Q) are
algebra models for the unreduced bar construction. M(Q)® ZG is an augmented
differential graded commutative algebra. G may be regarded as the direct product OxN
with a perturbation, and a free ZG-resolution is constructed by perturbing the tensor
product structure in M(Q) ® M(N ) . The basic underlying idea was latent in Wall (1961).

If a group G is given an extension/ - N — G — G/N — I, the relationship of the
homology and cohomology of G with those of N and G/N is provided by Lyndon’s work
(1950) using spectral sequences - a sophisticated machinery of homological algebra. A
corresponding result for fiber spaces is due to Leray-Serre, theorem (MacLane 1963).

A recent method of construction of resolutions uses a technique called ‘a rewriting
system’. It was developed and applied for monoids by Anick (1986) and Squire (1987)
for extensions of groups by Groves (1989) and Carbone (1996).

In this paper authors shall describe an entirely new method of constructing a free
ZG-resolution of Z for groups G from their presentations. Lyndon’s work (1950) contains

the essential ingredients.

Authors shall also describe a general situation where this method is valid. Through a
series of papers of Majumdar and Akhter (2002, 2003, 2008) the method has been applied
to many classes of groups including the class of non Euclidean groups with non-
orientable quotient spaces and no reflexions, a metacyclic groups, a factor group of the
Heisenberg group, an infinite group related to Fibonacci groups, the trefoil kont group,
the fundamental group of the geometrical limit of a sequence of quasi-fuchsian
manifolds, a few groups of isometry of the hyperbolic plane. Previously, such method
was tacitly applied by Majumdar (1970, 1971, 1983, 1984, 1987) to compute the
homology and the cohomolgy of a few classes of groups including the fuchsian groups
and a number of Euclidean crystallographic groups.

The importance and the significance of the method lies in its simplicity of
construction and its ability to yield the homology and the cohomology groups without
any simplification or reduction of the resolution. No sophisticated or elaborate
homological or group-theoretic tools are needed. The technique lies in extending
Lyndon’s partial resolution to a full-length resolution through step-by-step solutions of
system of linear equations over the integral group ring. The consideration whether the
group is given as an extension, or it is abelian or almost abelian, such as nilpotent of class
2, or it satisfies small cancellation properties, are not at all important. The method works
so long as the systems of equations are soluble with the help of the relations. For groups
whose homology and cohomology have been already determined, this method appears to
provide an easier way of computation.
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Lyndon’s Partial Resolution

Lyndon obtained a partial resolution for a group from its presentation. The authors
describe it below.

Theorem 2.1 [(1950), (1965), (1960)]

Let G = F/R, where F is the free group freely generated by xi,...,x,, and R is the
normal subgroup generated by ry,..., 7, in F. Then there is a ZG-free partial resolution of
Z given by

d] d()

A) Y, 2G—457 -0

Y,
where Yy, Y, are ZG-modules free on {ay,...,a,,} and {f,...,5,}respectively, and €, d, d,

are ZG-homomorphisms given by

e(@=1"forall geG, d)(a;)=n(x,—1),foreachi, and

m a}",
d\(p,)=>a,x— |, foreach;.
i=l Oox;

Method of Extension of (A;) to a Full Resolution

The authors shall develop a method of extending (4;) to a full free ZG-resolution (4)
of Z:

dq+] d dz

— =Y, —1>.. > d,

dy

oY Y, Y, 72G—£57 —>0To

extend (4,) authors first find a free ZG-module Y, and ZG-homomorphism d,: Y,—Y,
such that

Ker di=Im d,. An element iﬂ,;/j belongs to Ker d, if and only if
A

dl(i}ﬂﬂ/jj =0,

J

n 6r
i.e., if and only if Z;{a—}/j =0, for each i, since Y, is free on «,'s . The kernel of d,
j= \ Ox

i

will be known if the authors know all the y ;s satisfying the system of linear equations.

n a}’,
1) .. Yr| ==, =0,fori=1,2,..,m.
=

ox,

i

If authors can solve the system of linear equations (1) and obtain the solutions of the
systems in the form

) .. Vi :g‘l/ljkyllc
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where 4,

7' € ZG and each 4, is known and y, are arbitrary, then Imd, is the right ZG-

module consisting of all
r= Zﬂ,-(Zl,-kﬂﬁi) =2 Z(ﬂjﬂﬂc )7’/'(
Jj=1 k=1 k=1j=1

where A, ’s are given by (1°) and y; are arbitrary. This suggests that we take Y, to be the

right ZG-module free on, say, {5,,...,5u} in 1-1 correspondence with {7{7/;}, and
define the ZG-homomorphism d,: Y,— Y; by

d, (§k ) = éﬂjﬂ'ﬂc)

These definitions ensure that the kernel of d; is contained in the image of .

The reverse inclusion follows from the following:

For each ié‘ky,i inY,
k=1

dle(zgk]//,c) = dl( ﬂj(zﬂ-ﬂc%’cjj
k=1 ==

u , n ar.
since } A, is asolution of Zﬂ(—’}/j =0
= =\ 0x,
In this way, the solution of the system of equations (1) leads to extension of the
partial resolution (4;) by one more term Y, to yield

d> d, dy

(A,) ... Y, 2G—£57 50

vy,

To extend (4,) by one more term we turn our attention to Ker d,. We proceed almost
similarly.

Let iﬁkj/k € Kerd,,
k=1
then iﬂjk;/k =0 since Y, is freeon S, ’s
k=1

foreachj=1, ..., n.

As before, to find the kernel of d, authors solve the system of linear equations.
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@ =0, (=L..n)

If authors can get the solutions of the system of linear equations (2) and the solutions
are in the form

2)... 7= _Zlﬂkm’
=

where y,,,7,€ ZG and y,, are known and y, are arbitrary, then authors obtain the
next term Y3 and the next homomorphism ds, so that the corresponding extension of (4,)
is exact at Y, by defining Y; as a right ZG-module free on {pl,..., pv}in 1-1
correspondence with {7{ 7L} and defining the ZG homomorphism ds: Y3 — Y, by

d3(p1) = éak:ukl’

As before, it may be verified that the sequence (4,) has been extended by the term Y3
to yield the exact sequence

d3 d2 d1 d()

A3) ... Y, 26—£57 50

Y h Y,

Authors now suppose that (4;) has been extended to an exact sequence of right ZG-
modules and ZG-homomorphisms

.. v —4,y _du

s s—1

d, dy

7G—£ 57 50

., Y,

s

s >3, where Y, and Y, are free on {af e O } and {af’l,...,a;i] }, respectively and

> mg

sflﬂvs

J i

d,is defined by d (o*)="¥'a
=

the o ,ar}”!

and d; having been obtained as in (4,) and (43).
From here, if we consider Kre d; and fine out the solutions of the system of linear
equations %ﬂ,}y; =0, /=1, ..., mgq) in y; over ZG, and if solutions are of the form
i=1
Ms+1

s _ s+, s+l . s+l S+
vi=X Ay with A7 known and y;

J=1 !

! arbitrary elements of ZG, then we define Y.,

as a right ZG-module free on {af”,. at! } in 1-1 correspondence with {;/f”,..., 7;?”}

T mgy)

and define ZG-homomorphism d_,, - ¥,,, > Y. by d_,, (a;‘“): %a;/l‘/,“ .

Then Im d1= Ker d; and authors obtain an exact sequence of ZG-modules and ZG-
homomorphisms

d; d dy

U)o ¥, —deyy Y Y, 265750
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which is an extension of (4).
Thus authors obtain a full free ZG-resolution of Z.

Authors have thus proved

Theorem 2.2

Let G = <X;Y> be a free presentation of G, where X = {xi, ... x,,}, Y = {ry, ... ¥}.
Let F be a free group freely generated by {xi, ... x,,}and R the normal subgroup generated
by {ri, ... r,}in F. Then the following is a free ZG-resolution of Z:

A).. v ey d d do

g+l q

7G—£ 57 0

Y, Y,
Here, Yy is a right ZG-module free on {alo,...,a,?m }, where my=m

Y, is a right ZG-module free on {all,...,a,lnl }, where m; =n

L 2 2
Y, is aright ZG-module free on {al P o },
where m, is the number of ;/jz. ’s, the latter being given by the solutions %2]/157/]2 of the

system of linear equations %l}j y! =0iny!’s and the ZG-homomorphisms &,d,,d, and
i=1

d, are given bye(g): 1 for all g € G, do(al.o): ﬂ(x,. —1), i=1, ., m, where 7 is the
ring homomorphism ZF—ZG induced by the canonical homomorphism F—F/R=G.

d\(o})=Saalor, /ox, )= S, , wiiting 4, = xlor, /2x)
d, (ajz.): g‘{ai]ﬂ; , /1; ’s are defined by the solution :ijlﬂ;}/f of the system of linear

. m] .
equations 2/11-, =0 in 7,.1 ’s. We assume ds, ..., d; and Y3, ...,Y, have been defined as
i=1

follows:

Y, is right ZG- module free on {al“,,,,a; } 3<u<gq, and d,. Y,—~Y,, is a ZG-

My —1

homomorphism given by d, (a,.”): > al.‘"l/lﬁ.j‘. . Then Y., and d;, are defined as follows.

i=1

Ygu1 is a right ZG-module free on {al‘i”,m,az”l }Where Mgy is the number of }/j” ’s
(1+

of the system of equations

Mg+]
the latter being defined by the solutions il/l"t.} 7/‘;’”
J=

quxlg yi=0in y/’s and d,: Y, —Y, is a ZG-homomorphism given by
=l

J

m,
q
g+l ) _ q 9q+1
dw,(a )-Z}ai A
i
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Remark
Authors see that the ZG-homomorphism d,: ¥, =Y+ for g = 2 in (4) is given by

p mg . _mq mg—1 qflﬂq
q jzzlaﬂf =2 X a Ay,

j=I\ =l

mg—1 o my my
= E a} ( lﬂg yj)for all ;a_?yje);.

Jj=

’"{]
1 q
If we write, jZ:laj}/j as (71’---:7,»1,,)7 then

g ng
d, (71,.,,%): [/Z_lﬂa"f 7_,~y~~-)j_2ﬂq,] ; 7,)

= (ﬂ;{] }/l +"'+/llqmq }/mq""’ﬂ?nq,l,l 7] +..t+ /IZIq,],mq 7mq )

Determination of Homology and Cohomology

For any left ZG-module A the homology group H, (G, A) are giver by the homology
of the complex of abelian groups:

®).. 7. ©4—4 vy o4 yoi—del y g4
q 1 0

g+l

dools y7G® 450

The isomorphisms R (?B =B and } A4, (:)B =y (Aa (:D B) imply that the homology

of (P) is isomorphic to the homology of the complex:

(P')---—>Am"”—di”—>Amq SN S - ENL I N L N RINY

in each dimension, where A? denotes the direct sum of ¢ copies of 4 d , are induced

by d, ®1,and are given by

(P) ... Jq(al,...,amq):(mlal+...+7»" o g > A a ...+ A a ),q=1,2,3,...

Img“mg 22> T mg 1.1 mg_1,mg ~mg
Then the ¢g-th homology group of G with coefficient in A4 is
(P").. H,/(G.A)=Kerd,  /Imd, q>1 H,(G A)=A/Imd,

For any right ZG-module A4, the cohomology group H' (G, A) are given by the
homology of the complex:

Hom(Y,, 4y« Hom(Y;, A4 Fom (¥, 4L Hom(2G, 4) <0
where d, =Hom(d,.1,).

The natural isomorphisms Homg(R, B)= B and



110 MAJUMDAR AND AKHTER

! I
Homy,, (ZBa,B) = Y Hom,(B,,B)
a=1 a=1

so that the homology of the above complex is isomorphic to the complex:

A™ d;* A" 1** A™ dg*

ok ok
g+l dq d?

Q... ... A"

in each dimension, where 4 is the direct sum of ¢ copies of 4 and d”, are induced by
and are given by

Q) .. d)(@,.a,, )

— |9 qa q
= (/111611 + 4,0, +...+ A,

A«0

q q
gt Py ,..,,ﬂlqu a, + ﬂz,mq ay+.+ Amq,l,mqamq,l )

q=1,2,3, ...

Then the g-th cohomology group of G with coefficients in 4,

(Q**) HI(G,A4) L Kerd, g21,H(G,A)=Kerd,
oo > = ]}’nd** H =5 ’ - 0

q-1
Thus the knowledge of the A} ’s enables us to know H, (G, 4) and H’ (G, A)
immediately from (P ) and (P’*) and (Q*) and (Q**), respectively.

Integral Homology Groups of G

The expression of the above homology groups and cohomology groups can be
simplified when A is abelien group regarded as a trivial ZG-module. By the Universal
coefficient theorems for homology of groups and for cohomology of groups (Majumdar
1970), it is sufficient to determined the homology groups H, (G, Z) and to determine the
cohomology groups H" (G, Z), where Z is regarded as a trivial ZG-module.

The effectiveness of this method depends on the possibility and the ability of solving
the systems of the linear equations arising at different steps. Sometimes it may not be
possible to solve the system at each step. In the possible situations the resolutions is nice
in the sense that each dimension the homology and the cohomology of the group can be
obtained explicitly by a finite process. It is possible that we may have a trivial solution
after finite number of steps. Also it is possible that, after a finite number of steps, the
solution repeat with a finite period of step- numbers. In the first situation the resolution is
finite and the group has a finite homological dimension. In the latter case, the homology
becomes periodic after a finite number of steps. In these cases the resolutions are nicer in
the sense that a single finite process displays explicitly the homology and the
cohomology in all dimensions. If impossibility appears after a finite number of steps, we
obtain an effective partial resolution which immediately yields the lower dimensional
homology and the cohomology.
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Authors shall now describe a general situation in which the full resolution (4) exists
and is obtainable.

For this authors start with the following definition.
Definition 2.1

Let R be a ring with 1 and 4 = (a;) an nxn' (n<n') matrix over R with the
properties

(i) a;=0,izj,i=1..,r, (r<n)

(i) a,,,;=0, jzkor j£r+k, k=1,.,s<r

1
(i) a,,,,,; =0, m=1,..,u, uzg(n—r—s)

@iv) a =0, j£r+s+mor jZzr+s+u+m.

r+s+u+m,j
(v) a,;=0,jzn

commute with each other and

rLi

(vi) Annza,; =b,R, Ananl_l_ =Ra, b, and a

A,y rin = by, foreach i and k.

(Vil) @, gpsmrisem  has @ left  annihilator  Re,, ., 40m  Such  that
ar+.v+u+m,r+s+m and Cr+.s'+u+m,r+x+m commute Wlth ar+.s'+u+m,r+.\'+u+m > the latter has
trivial right annihilator and AnnpC,, . om recim = Grocrusm, resem R -

Such a matrix will be called a standard matrix and the form of the matrix will be the
standard form.
Now, if 4= (ai/) is an nxn' (n<n') standard matrix over R, Then the system of
linear equations
X, 0
AX=0,where X =| : |, 0=|: | is given by the following:
b 0

n

@O ax =0,..,a,x, =0

s Frrtr

AD @,y X + a0 %, =0

a. x +a x,., =0

r+s,8 s r+s,rts Y rts

(IH) ar+s+u+l,r+s+1 xr+s+1 + ar+s+u+1,r+s+u+l xr+s+u+1 = O

ar+s+2u,r+s+l xr+s+u + ar+s+2u,r+s+2u xr+s+2u = 0
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The solution of the above system of equations are given by

av) x, =b,,,...x, =b,x,, for some «,,..,a,€R, where b;R is the right

e

annihilator of a;;. Also,

V) x, . =—a, 0, +ayga,,. k=1..s for somea, a,,, €R.
(VI) Xptstutm = a;‘+s+u+m,r+s+u+mar+s+u+m ,m= 1""’“' .for some arﬂ'ﬂﬁm ER.
(VII) xr+s+m = cr+s+u+m,r+s+mar+s+m - ar+s+u+m,r+s+u+m ar+s+u+m «for some ar+s+m eR *

(VIID x;, j>r+s+2u, are free variables.

The following operations

(DR, < R;; (i) R, —> cR, (cisaunitin R); (iii)) R, - R, +cR,
on the rows of 4 = (a;) are elementary row operations.

A matrix A4 is equivalent to a matrix B, written A~B if there exists a finite sequence
of elementary row operations transforming 4 into B. If A~B, AX = 0 and BX = 0 have the
same solution-sets.

A matrix 4 over R is called perfect if there exits a sequence {4,} of standard
matrices over R such that

) A4,

(ii) Foreach n>1, 4,
the system of linear equations 4,X = 0, i.e., if the solutions of 4,X = 0 are given

~B,, where B, is the matrix determined by the solutions of

by x, = ibijyj, i=L..,u.
j=l

Then B, = (b,.j)

{4,} is called the sequence of standard matrices associated with 4, and for each n, B,
is called associate of A4,,.

The above discussion proves the validity of the following Theorem:

Theorem 2.3
Let G be a group as in Theorem 2.2 and such that 4 :(ﬂ(arj / Ox; » is a perfect

matrix with an associated sequence of standard matrices {4,}. Then the following is a
free ZG-resolution of Z

dq+1 dz dl d0

Yqi»..—mz Y, Y, 726—-£57 -0

where

Yo is a free right ZG-module on {alo,... al },

2 mgy
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Y, is a free right ZG-module on {all ol },

mi
Y, is a free right ZG-module on {af’ yees afw }

For ¢ >2.The ZG-homomorphisms are &, d,, d,as in Theorem 2.2 and for each

g2 d, (a," ): qu,l ai"‘l/lg. where (k‘ﬁf): (b;’ ): (Bq) the transpose of the associate B, of
i=1 :
A,
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