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ABSTRACT

Based on the modified harmonic balance method, an analytical
method has been developed for handling the forced Van der Pol
vibration equation. Usually, a system of nonlinear algebraic
equations arises within the unfamiliar coefficients in several
harmonics terms and the frequency of the forcing term. A
numerical technique has been applied to handle those nonlinear
algebraic equations in the classical harmonic balance method. In
our study, a system of linear algebraic equations is calculated with
the aid of a single nonlinear one. The solutions attained by the
suggested scheme have been likened to the results acquired by the
well-known Runge-Kutta method, and these results display very
nice harmony with the result obtained by the mentioned method.
Also, it is noticed that the proposed technique is straightforward
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and gives the desired results in the whole solution domain.

Introduction

Van der Pol equation is known as the self-excited
system with negative damping, and this equation is
important to scientists, physicists, and engineers. It is
noticed that a self-excited oscillator is a system that
has some external energy sources. Nowadays, many
researchers are interested in handling the forced Van
der Pol equation owing to its various applications in
science, technologies, and human activities. Hence
nonlinear operations are one of the most critical
challenges to researchers and scientists. But it is too
difficult to control the nonlinear systems since their
properties change rapidly due to some little variation
of the system parameters and time. The standard
theories and solution procedures for linear
differential equations are widely developed. There
are no general theories and solution techniques for
handling the nonlinear differential equations. But
most of the physical, engineering and real-life
oscillatory systems have occurred in terms of
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nonlinear differential equations. To handle these
oscillatory systems, physicists and engineers use
linear  approximation techniques. But such
linearization is not always possible. In such cases, the
original nonlinear oscillatory systems must be solved
straightway. Several researchers have developed
analytical techniques to handle nonlinear oscillatory
systems using various methods (Belendez et al., 2012;
Kovacic and Mickens, 1986; Krylov and Bogoliubov,
1947; Mondal et al., 2019; Nayfeh, 1981; Liu, 2005;
Lim and Lai, 2006; Guo and Leung, 2010; Guo and
Ma, 2014; He, 1998, 1999, 2006; Uddin al et., 2011,
2012, 2015; Mishara et al., 2016; Khan, 2019; Yeasmin
et al., 2020; Uddin and Sattar, 2010; Ullah et al., 2021).
Perturbation techniques (Kovacic and Mickens, 1986;
Krylov and Bogoliubov, 1947; Nayfeh, 1981; Uddin
and Sattar, 2010), which are extensively applied
tools. Most of these techniques were originally
developed to handle weakly nonlinear dynamical
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systems in the presence of small parameters.
According to these techniques, the solutions are
expanded analytically into a power series of small
parameters. The coefficients of the series of several
harmonics are attained as a group of nonlinear linear
algebraic equations. Moreover, many nonlinear
differential systems arise in science and engineering
without perturbation parameters. There exists little
accuracy to the results attained by the perturbation
techniques.

To overcome these limitations,  several
approximation methods are established to handle
strongly nonlinear oscillatory systems, including the
modified Lindstedt-Poincare method (Cheung et al.,
1991; Liu, 2005; Nayfeh, 1981), harmonic balance
method (Alam et al., 2016; Lim and Lai, 2006;
Mickens, 1986; Rahman et al., 2010), residual
harmonic balance method (Guo and Ma, 2014) and
residual mass harmonic balance method (Ju, and
Xue, 2015), iterative harmonic balance method
(Guo and Leung, 2010), amplitude and frequency
formulation (EI-Naggar and Ismail, 2012) and
symmetry analysis method (Khan and Mirzabeigy,
2014), Homotopy perturbation method (He, 1998,
1999, 2006; Uddin et al., 2011, 2012). Furthermore,
the energy balancing technique is applied to solve
strongly nonlinear differential systems (Molla et al.,
2018, Mehdipour et al., 2010; Babazadeh et al.,
2008, Molla et al., 2017; Molla and Alam, 2017). A
clear analysis of some newly exhibited approximate
techniques can be attained in (Alam et al., 2007; Liu
et al., 2007; Shen et al., 2014, Zhang and Gu, 2010;
Barro, 2016; Casaleiroa et al., 2014; Mondal et al.,
2019). Rahman et al. (2010) applied the harmonic
balance method for solving Van der Pol oscillator
without external force.

Mondal et al. (2019) developed a new analytical
method for handling the VVan der Pol oscillator based on
the harmonic balance method. Khan (2019) presented
an analytical technique to solve Van der Pol equation
by using the homotopy perturbation method. Yeasmin
et al. (2020) have introduced a technique for handing
free vibration quadratic nonlinear dynamical systems
based on the harmonic balance method. However,

these methods have not been greatly improved to
attain approximate solutions. Any given method is
not appropriate for all nonlinear dynamical
systems. The individual methods are suitable for
particular nonlinear problems. Some procedures
are long and difficult to handle the systems.
Also, the derivations and calculations of these
procedures are very tedious work. Recently, Ullah
et al. (2021) have developed a modified harmonic
balance method for handling damped forced
Duffing oscillators in the presence of cubic and
guadratic nonlinearities.

In this article, a modified harmonic balance
approach is developed to handle the forced Van
der Pol equation. The benefit of the mentioned
technique is that a group of algebraic linear
equations is handled by using a nonlinear one.
As a result, it requires less computational attempt
and time than the other existing harmonic
balance methods.

The Method

Consider a strongly nonlinear dynamical system
(Mondal et al., 2019, Khan, 2019, Liu et al., 2007,
Shen et al., 2014) with a periodic forcing term in

the form

¥+ wiy — g, y) = Psin(wt) 1)
where y(t) is the deformation or displacement of the
system, dots represent derivative w. r. to t, wy is the
natural frequency, g(y,y) is a certain nonlinear
function of y and y, € is a positive parameter which
is not necessarily small and denotes the strength
of the damping in Van der Pol equation, P is the
amplitude of the exciting force and w is the forcing
frequency.

The trial solution of Eq. (1) is assumed as (Ullah
et al., 2021)

y = acos(wt) + B sin(wt) +y cos(3wt) +

S sin(Bwt) + -+ (2
where o, 8,y and & are unknown constants of the
truncated Fourier series. Inserting this trial solution
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in Eq. (1) and spreading g(y,y) using truncated
Fourier series and equating the coefficients of like
harmonics, the following system of nonlinear
algebraic equations are attained

p(—w? + w3) + a € w+€ S;(a,B,y,8,-)=P (3)
a(—w?+ wd) — p € wt+e C(a,B,7,6,-)=0 (4)

§(—9w? + w3) + 3y € w+€ S3(a, B,7,6,-) =0 (5)
y(—9w? + w3) — 36 € w+€ C3(a,B,7,8,--) =0  (6)

Now omitting w? from the Egs. (4)- (6) by using Eq.
(3), and deleting the terms whose response are small,
then we get

w? = wi+€ S, (a,B,v,6,-) —P/B )
—B € w+€ C,(a,B,y,6,*)+a €
Si(a,B,v,6,) +Pa/B =0 (8)
—8w38 +6 € S;(a,B,v,6,--)+€
Ss(a,B,v,6,-)+3y €Ew+9P5/f =0 9)

_8('05)/ + y € Sl(alﬁt)/i 6;”')+€

Cs;(a,B,y,6,--)—36 €w+9yP/B =0 (10)

Now eliminating w from the Egs. (9) and (10) by
using Eq. (8), and taking 0(1) of y, § and removing
the expressions with small effect on the systems. As
a result system of equations in y, § are attained.
Simplifying these two equations, y, & are expressed
in terms of «, B. Finally, putting y, & into Eq. (8) and
a is expanding in a power series small parameter

$(€,w,p)

a = po+ i€ + pp8? + s + -
where g, 1, Uy, ... are function of g . Finally,
substituting v, 8, and a into Eqg. (3) and calculating,
B is attained. Consequently, the values of «, y, and &
are obtained.

(11)

Example

Consider the following forced Van der Pol equation
(Mondal et al., 2019, Khan 2019, Liu et al., 2007,
Shen et al., 2014)

y+y—€ (1—y?)y = Psin(wt) (12)

where g(y,y) = (1 —y?)y . According to the
truncated Fourier series, the guess solution of Eq. (1)
is given by (Ullah et al., 2021)

y = a cos(wt) + B sin(wt) +y cos(3wt) +

6 sin(3wt) (13)

Inserting Eq. (13) in Eg. (12) and taking the
coefficients of similar harmonics terms and removing
the parts which play a small effect on the system,
then the following algebraic equations are generated:

B(l—w2)+a€w+%aew(—a2—ﬁ2—ay+

BY _2y2 _2p5—262) =P 14
——2y" -2 )= (14)

(1-?) - few + 1 Bew (a? + 2 — 5 + =2+

2y? - 2ay +26%) = 0 (15)

6(1—9w2)+3yew—%yew(y2+62+2a2+
2 @ _apt _
267+ 5 y)_o
(16)

36€w

y(1-9w?) -3 €Ew+ "

2, @B _ B _
202 + 38)_o

(v2+8% +2p% +
A7)
Terminating w? from Egs. (15)- (17) by using Eq.

(14), and deleting the terms whose responses are
small, we get

4Pa + (a* + a®y — 3af?y + B2(—4 + B2 — BS) +
a?(—4+2B% +3B8))ew =0 (18)

36P8 + ew(3B%(a — 2y) + 9a(—4 + a?®)§ + 9ap?8) —
B(326 + (a® — 12y + 6a?y)ew) = 0 (19)

36Py + ew (6835 — B* + 9a(—4 + a?)y 3af?(a +
3¥)) — 28(16y — 3(—2 + a?)dew) = 0 (20)

Now using Eq. (18), terminating w from Egs. (19)
and (20) and taking linear terms of y, 6 only and then
excepting the terms whose responses are small, we

4p (—8(a* + F2(—4 + ) +
20%(=2+ B?))8 + P(a* — 3a2B(B — 38) +
9B(—4+ )8)) = 0

attained

(21)
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—4p (8(a* + p2 (=4 + ) + 2a% (=2 + 7))y -
PB(=3a® + af? + 9a?y + 9(—4 + Bz)y)) =0 (22
Solving Eq. (10a) and Eg. (10b), y and & are
calculated as:

_ Paf(-3a%+p?)
V= Cavar+p2)(8a?—orpi8p?)

. Pa?(a?-3p2%)
T (—4+a?+B2)(8a2—9PB+832)

(23)

Puting y and § into Eg. (18), then expanding « in
power series of the small parameter &, we get

a = po+ i€ + ppé? + psé® (24)
ﬁZew ﬁ4€2a)2
where f =7 Mo = M1 = pz '
2p%€3 w3 5ﬁ864- 4
.UZ = P3 ) ﬂ3 = P4. (25)

Finally, after substituting the values of § and « into Eq.
(14), the values of B are computed. Consequently the
values of a,y and § are obtained.

Results and Discussion

In this study, a new modified analytical approach has
been exhibited for obtaining the periodic solution of the
forced Van der Pol oscillator. The solutions determined
by the present technique are compared with the
corresponding numerical (considered to be exact)
solutions to justify the validity and accuracy of the
proposed technique. The solutions curves attained by
the present method and a numerical method are shown
graphically in Figs. 1(a)-1(g) for the forced Van der Pol
equation in presence of several damping and various
values of the system parameters. Also, the phase planes
are drawn for various values of the system parameters
in Figs. 2(a)-2(d). Geometric representation is vital to
visualize the system’s behavior of the physical systems.
From these figures, it is noticed that the obtained results
agree nicely with those results determined by the
numerical method.

1.5 ¢ Proposed —Numerical

o

-1.5

ATATE)

Fig. 1(a). Comparison between the time versus solution of Eq. (12) is attained by the presented technique
(represented by dots) and numerical technique when w =3, e = 0.1, P = 10.
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Fig. 1(b). Comparison between the time versus solution of Eq. (12) is attained by the presented
technique (represented by dots) and numerical technique when w =3, € = 0.1, P = 20.
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Fig. 1(c). Comparison between the time versus solution of Eq. (12) is attained by the presented
technique (represented by dots) and numerical technique whenw =3, € = 0.1, P = 12.
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Fig. 1(d). Comparison between the time versus solution of Eq. (12) is attained by the presented
technique (represented by dots) and numerical technique when w =5, e = 0.1, P = 10.
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Fig. 1(e). Comparison between the time versus solution of Eq. (6) is attained by the presented technique
(represented by dots) and numerical technique when w = 12, € = 0.5, P = 12.
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Fig. 1(f). Comparison between the time versus solution of Eq. (12) is attained by the presented
technique (represented by dots) and numerical technique when w = 10, e =1, P = 10.
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Fig. 1(g). Comparison between the time versus solution of Eq. (12) is attained by the presented
technique (represented by dots) and numerical technique when w = 10, € = 0.5, P = 20.
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Fig. 2(a). Comparison of analytical and numerical solutions in the phase plane forw = 3, e = 0.1, P = 10.
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Fig. 2(b). Comparison of analytical and numerical solutions in the phase plane forw =5, e = 0.1, P = 10.

155

Proposed
Numerical

T
e

0.15

Fig. 2(c). Comparison of analytical and numerical solutions in the phase plane for w = 5, e = 0.1, P = 12

237




Ullah et al./J. Bangladesh Acad. Sci. 45(2); 231-240: December 2021

1.5

¢ Proposed

—— Numerical

-1.5

y

0.05 2 : 0.15

Fig. 2(d). Comparison of analytical and numerical solutions in the phase plane for w = 10, e = 1.0, P = 10

Conclusion

A modified harmonic balance method is developed
and justified in this study to handle forced Van der
Pol equation. The significant convenience in our
technique is that a system of linear algebraic
equations is tackled by using a nonlinear one. As a
result, the computational attempt is reduced for
handling a group of nonlinear algebraic equations.
But it needs an enormous computational effort to
handle a set nonlinear algebraic equation in the
classical harmonic balance method. The graphic
representations show good agreement between
approximate and numerical solutions. The
comparison indicates the accuracy and the
exactness of the present technique in solving the
forced Van der Pol equation. The study results
exhibit adequate understanding with those
solutions computed by the fourth-order Runge-
Kutta method for several significant damping and
several values of the system parameters. Thus,
the present approach may consider a suitable
technique for handling the forced Van der Pol
equation in vibration engineering.

Acknowledgment

The authors are grateful to the unknown reviewers
for their valuable comments in preparing this
research document.

Conflicts of Interest

The authors declare that they have no conflict of
interest. The authors alone are responsible for
the content and writing of the paper.

References

Alam MS, Haque ME and Hossain MB. A new
analytic tecnique to find periodic solutions of
nonlinear systems. Int. J. Non-Linear Mech.
2007; 42: 1035-1045.

Alam MS, Razzak MA, Hosen MA and Parvez MR.
The rapidly convergent solutions of strongly
nonlinear oscillators. Springer Plus. 2016;
5:1258.

Babazadeh H, Ganji DD and Akbarzade M. He’s
energy balance method to evaluate the effect of
amplitude on the natural frequency in nonlinear
vibration systems. Prog. Electromagn. Res. M.
2008; 4: 143-154.

Barro MA. Stability of a ring of coupled Van der Pol
oscillators with non-uniform distribution of the
coupling parameter. J. Appl. Res. Techno. 2016;
14: 62-66.

Belendez A, Arribas E, Ortuno M, Gallego S,
Marquez A and Pascual |. Approximate
solutions for the nonlinear pendulum equation

238



Ullah et al./J. Bangladesh Acad. Sci. 45(2); 231-240: December 2021

using a rational harmonic representation.
Comput. Math. Appl. 2012; 64: 1602-1611.

Casaleiroa J, Oliveira L B and Pintoa AC. Van der
Pol Approximation applied to Wien Oscillators.
Proc. Techno. 2014; 17: 335-342.

Cheung YK, Chen SH and Lau SL. A modified
Lindstedt-Poincare method for certain strongly
non-linear oscillators. Int. J. Non-Linear Mech.
1991; 26(3): 367-378.

El-Naggar AM and Ismail G. Applications of He’s
amplitude-frequency formulation to the free
vibration of strongly nonlinear oscillators. J.
Appl. Math. Sci. 2012; 6: 2071- 2079.

Guo Z and Leung AYT. The iterative homotopy
harmonic balance method for conservative
Helmholtz— Duffing oscillators. J. Appl. Math.
Comput. 2010; 215: 3163-31609.

Guo Z and Ma X. Residue harmonic balance
solution  procedure to nonlinear delay
differential systems. J. Appl. Math. Comput.
2014; 237: 20-30.

He JH. Approximate solution of nonlinear
differential equations with convolution product
nonlinearities. Comput. Methods Appl. Mech.

Eng. 1998; 167: 69-73.

He JH. New interpretation of homotopy perturbation
method, Int. J. Moder. Phy. B. 2006; 20(18):
2561-2568.

He JH. Some new approaches to Duffing equation
with strongly and high order nonlinearity (1)
linearized perturbation technique. Commun.
Nonlinear Sci Numer. Simul. 1999; 4(1): 78-80.

Ju P and Xue X. Global residue harmonic balance
method for large-amplitude oscillations of a
nonlinear system. Appl. Math. Model, 2015; 39:
449-454,

Khan MMR. Analytical solution of Van der Pol’s
differentialequation using homotopy perturbation
method. J. Appl. Math. Phys. 2019; 7: 1-12.

Khan Y and Mirzabeigy A. Improved accuracy of
He’s energy balance method for analysis of

239

conservative  nonlinear  oscillator.  Neural

Comput. Appl. 2014; 25: 889-895.

Kovacic | and Mickens RE. A generalized Van der
Pol type oscillator: Investigation of the
properties of its limit cycle. Math. Comput.
Model, 2012; 55: 645-653.

Krylov NN and NN Bogoliubov. 1947. Introduction to
nonlinear mechanics. Princeton University Press,
New Jersey, USA.

Lim CW and Lai SK. Accurate higher-order analytical
approximate  solutions to  non-conservative
nonlinear oscillators and application to Van der
Pol damped oscillations. Int. J. Mech. Sci. 2006;
48: 483-492.

HM. Approximate period of nonlinear
oscillators with discontinuities by modified
Lindstedt-Poincare method. Chaos.  Solit.
Fractals, 2005; 23: 577-579.

Liu L, Dowell EH and Hall KC. A novel harmonic
balance analysis for the Van der Pol oscillator.
Int. J. Non-Linear Mech. 2007; 42: 2-12.

Mehdipour I, Ganji DD and Mozaffari M.
Application of the energy balance method to
nonlinear vibrating equations. Curr. Appl. Phys.
2010; 10: 104-112.

Mickens RE. A generalization of the method of
harmonic balance. J. Sound Vib. 1986; 111:
515-518.

Mishara V, Das S, Jafari H and Ong SH. Study of
fractional order Van der Pol equation. J. King
Saud Uni. Sci. 2016; 28: 55-60.

Molla MHU and Alam MS. Higher accuracy analytical
approximations to nonlinear oscillators ~ with
discontinuity by energy balance method. Results
Phys. 2017; 7: 2104-2110.

Molla MHU, Razzak M and Alam MS. A more
accurate solution of nonlinear conservative
oscillator by energy balance  method.
Multidiscip. Model. Mater. Struct. 2018; 14 (4):
634-646.

Molla MHU, Razzak M and Alam MS. An analytical

Liu



Ullah et al./J. Bangladesh Acad. Sci. 45(2); 231-240: December 2021

technique for solving quadratic nonlinear
oscillator Multidiscip. Model. Mater. Struct.
2017; 13(3), 424-433.

Mondal MAK, Molla MHU and Alam MS. A new
analytical approach for solving Van der Pol
oscillator. Sci. J. Appl. Math. Stat. 2019;
7(4): 51-55.

Nayfeh AH. 1981. Introduction to perturbation
techniques. Wiley, New York, USA.

Rahman MS, Haque ME and Shanta SS. Harmonic
balance solution of nonlinear differential equation
(Non-conservative). Ganit: J. Bangladesh Math.
Soc. 2010; 9(4): 345-356.

Shen Y, Yang S and Sui C. Analysis on limit cycle
of fractional-order van der Pol oscillator. Chaos,
Solit. Fractals, 2014; 67: 94-102.

Uddin MA and Sattar MA. Approximate solution of
a fourth order weakly non-linear differential
system with strong damping and slowly varying
coefficients by unified KBM method. J.
Bangladesh Acad. Sci., 2010, 34(1): 71-82.

Uddin MA, Alom MA and Ullah MW. An analytical
approximate technique for solving a certain type

of fourth order strongly nonlinear oscillatory
differential system with small damping. Far East J.
Math. Sci. 2012; 67(1): 59-72.

Uddin MA, Sattar MA and Alam MS. An
approximate technique for solving strongly
nonlinear differential systems with damping
effects. Indian J. Maths. 2011; 53(1): 83-98

Uddin MA, Ullah MW and Bipasha RS. An
approximate analytical technique for solving
second order strongly nonlinear generalized
Duffing equation with small damping. J.
Bangladesh Acad. Sci. 2015; 39 (1): 103-114.

Ullah MW, Rahman MS and Uddin MA. A
modified harmonic balance method for
solving forced vibration problems with
strong nonlinearity, J. Low Freq. Noise Vib.
Act. Control. 2021; 40(2): 1096-1104.

Yeasmin IA, Sharif N, Rahman MS and Alam MS.
Analytical technique for solving the quadratic
nonlinear oscillator. Results Phys. 2020;
18: 103303.

Zhang Jand Gu X. A stability and bifurcation analysis in
the delay-coupled Van der Pol oscillators. Appl.
Math. Model 2010; 34: 2291-2299.

240



