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APPROXIMATE SOLUTION OF A FOURTH ORDER WEAKLY NON-LINEAR
DIFFERENTIAL SYSTEM WITH STRONG DAMPING AND SLOWLY
VARYING COEFFICIENTS BY UNIFIED KBM METHOD
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ABSTRACT

The unified Krylov-Bogoliubov-Mitropolskii (KBM) method is used for determining the
analytical approximate solution of a fourth order weakly nonlinear differential system with strong
damping and slowly varying coefficients when a pair of eigen-values of the unperturbed equation
is a multiple (approximately or perfectly) of the other pair or pairs. In a damped case, one of the
natural frequencies of the linearized equation may be a multiple of the other. The analytical first
order approximate solution for different initial conditions shows a good coincidence with those
obtained by the numerical procedure. The method is illustrated by an example.

Key words: Perturbation method, Weak nonlinearity, Oscillatory process, Strong damping,
Varying coefficients

INTRODUCTION

The method of KBM is convenient and one of the widely used techniques to obtain
the analytical approximate solutions of nonlinear differential systems. It is perhaps
noteworthy that because of importance of physical process involving damping, Popov
(1956) extended this method to damped oscillatory systems. Murty et al. (1971) used
Popov’s method to obtain over-damped solutions of nonlinear differential equations,
which were the basis of unified theory of Murty (1969). Later this method has been
extended to damped oscillatory and purely non oscillatory systems with slowly varying
coefficients by Bojadziev and Edwards (1981). Arya and Bojadziev (1981) have studied a
time-dependent nonlinear oscillatory system with damping, slowly varying coefficients
and delay. Feshchenko et al. (1966) have presented a brief way to determine KBM
(Krylov et al.1947, Bogoliubov et al. 1961)) solution (first order) of a second or third
order nonlinear differential system. Arya and Bojadziev (1980) have also studied a
system of second order nonlinear hyperbolic partial differential equation with slowly
varying coefficients. Alam (1997) has investigated a unified KBM method for solving
nonlinear system of ordern > 2. Further, Alam (2002) has investigated a unified KBM
method for solving of second and third nonlinear systems with constant coefficients. In
another paper, Alam (2003) has also investigated a unified KBM method for solving
nonlinear system of order n>3 with slowly varying coefficients. Recently Alam and
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Sattar (2004) have also presented an asymptotic method for third order nonlinear system
with slowly varying coefficients. Recently Akbar et al. (2006) have studied a fourth order
nonlinear differential equation with constant coefficients. Most of the authors have
studied the second and third order nonlinear differential systems for both constant and
varying coefficients to obtain the analytical first order approximate solutions. The
complicated and no less important case of a fourth order nonlinear differential equation
with strong damping and slowly varying coefficients has remained almost untouched.
The main goal of this paper is to fill this gap.

METHOD

Let us consider a fourth order weakly nonlinear ordinary differential equation with
slowly varying coefficients in the following form:

X@ ¢, ()X +Cy (r)K+ Cy(T)X+C, ()X = £ F (X, %, %, X, T) 1)

where the over dots represent the time derivatives, & is a small positive parameter which
measures the strength of the nonlinearity, 7 = &t is the slowly varying time, C, (r) =0,

j=1 2, 3,4 are slowly varying coefficients and f is a given nonlinear function. The
coefficients are slowly varying in the sense that their time derivatives are proportional to
& (Alam 2003).

By setting £=0,7 =17, =constant in Eq. (1), we obtain the solution of the
unperturbed equation. We assume that the unperturbed equation of Eq. (1) has four
eigenvalues 1,(z,), =1, 2, 3,4 ; where 4,(z,) are constants, but if &= 0 then A,(z)
are varying slowly with time t. The solution of the linearized equation of Eq. (1) has the
following form:

4
X(t,0) =Y a e, @)
=

where a,,, j=1,2,3,4 are arbitrary constants.

Now we are going to choose a solution of Eq. (1) that reduces to Eq. (2) as a limit
& — 0 in the following form according to the KBM (Krylov et al. 1947, Bogoliubov et
al. 1961) method:

Xt &)= a;(t)+£u,(a,a,,8,,8,,7) +£U,(8,,8,,8,,8,,7) +&° -+, ®3)

i1

where U, is a function of a;, j=1, 2, 3,4 and each a, satisfies the following first order
differential equation:

. 2 3
a; =4;a; +eA(a,,3,,3;5,8,,7) +&°B;(a,,a,,85,8,,7) +& . 4)
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Confining only to the first few terms, 1, 2, 3... in the series expansions of Eg. (3) and
Eq. (4), we evaluate the functions U, U,,---and A, B;,---, j=1, 2, 3,4 such that
each a. (t) appearing in Eq. (3) and Eq. (4) satisfies the glven differential equation (1)
with an accuracy of g™t (Alam 2003). In order to determine these functions it is
assumed that the functions U, U,,---do not contain the fundamental terms (Alam et al.
1997, Alam 2003, Bojadziev et al. 1981, Murty 1971) which are included in the series
expansions (3) at order £° . Now differentiating Eq. (3) four-times with respect to time t
and using the relations Eq. (4) and by substituting the values of X, X, X, X and X
into the original Eq. (1) with the slowly varying coefficients

€.(7) = =(4(2) + 4,(7) + 4;(7) + 4,(7)),

C,(7) = 4 (0)4,(7) + 4 (0) A (7) + A (2) 4, (7) + A, (0) A (1) + A, (1) 4, (7) + A (7) A, (7),
¢3(7) = =(A4(0) 4, (1) A (2) + 4 (0) 4, () 4, (1) + A, (7) 43 (2) A, (7) + 4, (£) 4, (7) A, (7))
and ¢,(7) =4, ()4, (z)A,(7)4,(r) and by expanding the right hand side of Eq. (1) by
Taylor series and by equating the coefficients of & on both sides, we obtain the
following equation:

H(Q A, +Z(H(Q 2) A)+Z (2(4 K)3-k) 4, “ )2 a, -

= f(O)(avaZIasiaMT)
where

L 0 Y da; . S
Y A CLEL T R GRS R
j=1

4
and X,=) a;.
j=1

We have already assumed that U, does not contain the fundamental terms and for
this reason the solution will be free from secular terms, namely tcost, tsint and
te™. Under these restrictions, we are able to solve Eqg. (5) by separating this into five
individual equations for the unknown functions U, and A;. In general, the functions
f© and U, are expanded in Taylor’s series in the foIIowmg forms:

00,00,00,00

t0=  3F .. (Dararalal, ()

m,=0,m,=0,m,=0m,=0

00,00,00,00

U, = Zumpmpmg,ma (f)af‘]ag”‘ag”‘@a;”“. %

m,=0,m,=0,m,=0m,=0

The eigen-values of the unperturbed equation can be written as — £, (z,) i@, (z,),
where | =1, 2. For the above restrictions, it guaranties that U, must exclude all terms
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with ajzraj” of f @, where m, , —m, =+1. Since according to the linear
approximation (i.e. & —0), a,_, *"a, * becomes €”' when m,  —m, =lor
e whenm,_, —m, =—1. It is noticed that " are known as the fundamental
terms (Alam et al. 1997, Alam 2003, Bojdziev et al. 1981, Murty 1971). Usually these
are included in equations A, . Also, it is restricted (by Krylov et al. 1947, Bogoliubov et
al. 1961) that the functions Aj are independent of the fundamental terms.

Then the equations for U, and A, j=1,2,3,4 are written as

4 00,00
[T@-2)u = DF, . @agay  m,, —m, =0, +1 ®)
=1 m,, ,=0,m, =0

and

( H(Q—@»Am+%<Z(4—k)(s—k)ckﬂz.,l‘z"k‘”)ﬂ;.,laz.,l

k:l,kjl;l ©)
= Z sz,,]mﬂag:z-‘l‘a;ﬂ , My, —m, =1,
m,, ,=0,m, =0
4 1,3 (21k-2)y 17
( H(Q_Zk))AZI +E(Z(4_k)(3_k)ck/12| )/12|32|
k=L k=2l k=0 (10)

0,00

mZI 1 mZI p—
= Z mem“ ay'iay", My, —my, =-1.

m,, ,=0,m, =0
To determine the particular solutions of Egs. (8) - (10), we have replaced the operator €2
4 n
byij/lj , since we know that Q(ay:ay)= ij/lj (ay;ay"). Hence the
j=1 j=1
determination of the analytical first order approximate solution of Eq. (1) is clear to us.
We notice that the solution Eg. (3) is not a standard form of KBM method and is
presented in terms of some unusual variables. Therefore, the solution obtained by formula

of Eqg. (1) is transformed to the formal form by replacing the unusual variables by
amplitudes and phases variables in the forms:

a %b,e””', a, :i%b,e‘””', =12 (11)

24

Thus the determination of the first order approximate solution of Eq. (1) is clear. The
method can be carried out to higher order approximations in a similar way. However,
owing to the rapidly growing algebraic complexity for the derivation of the formulae, the
solution is in general confined to a low order, usually the first order (Krylov et al. 1947,
Bogoliubov et al. 1961, Alam 2003, Akbar et al. 2006).
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EXAMPLE
To obtain the practical working of the above method, we consider the following
fourth order weakly nonlinear differential equation with slowly varying coefficients in
the following form:
X +¢ (2)X +c,(r)%X+C,(r)X+C,(r)x =eX’, (12)
where f(X,X, % X,7)=x*> and X,=a,+a,+a,+a,.
Now
f@=a’+al+al+al+3(a’a, +aa’+a’a, +2aa,a, +a’a, +a’a, 3
2a,a,a,a%a, +a,a’ +2a,a,a, +a,a’ +a,a’ +2a,a,a, +a,a’ +a’a, +a,a’).
Substituting the values of f © i Eqg. (5) and according to the above restrictions, we
obtain five equations for A;, A,, A,, A, and U, whose solutions are respectively given by
A=- (A =244, =244 = 24 + Aol + A2y + A M) Ay
(h =) (4 = 4) (4 - 4,)

.\ 3a’a, N 3a,8;
2HQRA+ A= A)RA+ 2, 4)  (A+ ) (A4 +24 - 4,) (A4 +24, - 4,)
3a,a; 6a,a,a,

Tt A+ 20 = 1)+ 20— 2) ot A)a )t A+ A=)
_ ('?Mé — 211/12 — 2/1213 — 212/14 + 1113 + 11/14 + 1314)/12%2

A (o~ 20— 2o~ )
. 3a,a N 3a,a;
212 (21 + Zj'2 - la)(/% + 222 - j'4) (12 + /13)(12 + 223 - /11)(12 + 223 - j'4)
3a,a; 6a,a,a,

Tt 2o + 20— )l 4 20— 1) (o + )y + Ay A 4 T =)
3 (3/1§ =20, = 24,4, =224, + LA, + A4, + /12/14)%% N

& Che— s~ 2N s~ 1)
3a’a, N 3a’a,

A+ AR+ A4 =) RA+ A4 —=2,) (A +4,)24,+ A, — 4) 24, + A, — ,)
3a’a, 6a,a,a,

2L @A A Y@+ A1)t A+ At Ayt Ay )
A =— (3&21 — Zﬂ‘lﬁﬂl — 2222*4 — 21’314 + j*ﬂ’z + ﬂ‘lﬁ? + 2213)%% +
) (14 _%)(14 _/12)(14 _13)

3a/a, N 3aja, (14)
A+ )24+, = 4)RA+ A, = 43) (A +4)(24, + Ay = 4)(24, + A, — 4)
3a3af 6a,a,a,

2R+ 20 Aot 20— 7)) (at At Tt A+ A~ o)
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and
u,=Ca’+Da}+C,al +D,a;, (15)
where
C, = L , D, = 1 )
b 22,34 - 4)B4 - 4)B4 ~ 4) 22,(34, = 4)(84, — 4,)(34, — 4;) (16)
1 1

C,= , D, = .
24,034 -4)B4 ~4,)B4 ~4) 22,34, = 4) (B4~ 2,)(32, ~ 4,)
Now by substituting the values of A, A,, A, and A, from Eq. (14) into Eq. (4),
we get
4 = Aa +e(- @A =242, =242, =24 + X2 + A2y + A 2) 258,
(4= 2)A-4) (4 -4)

. 3a/a, N 3a,3;
20,24+ 2, = A)2A+ 24, - 4)  (A+A) A +24, - 4,) (4 +24, - 4,)
3a,a; 6a,a,a,

A 2) ot 20 =)ot 20— 1) (ot A) e+ A) A+ g~ )
(32; — 2/11}”2 — 2/12}”3 — 222/14 + ﬂlﬂ's + /11/14 + /1314)12,’32

a,=4a,+e&(—
(4 = )4, = )4, - 4,)
. 3a,a’ N 3,3,
22’2 (AL + 212 _23)(11 + 212 _14) (lz + /7*3)(;«2 + 213 - /11)(12 + 213 - /14)

. 3a,a; N 6a,a,a,
(ﬂ’z + 24)(22 + 224 - ﬂ'l)(lz + 214 _ﬂ'a) (lz + As)(ﬂ’z + /14)(22 + A’a + /14 - 21) ,

b o+ o B2 =20~ 2+ iy A AR KR |
(s = A = ) (s = 2,)

3a/a, N 38,8,
A+ L)AL+ A4 -4)RA+4-4,) (4 +4)24,+ A4 - 4)24, + 4, - 4,)
3a;a, 6a,a.2,

o2+ A= )@+ A=) ot I) o+ Ae) it Tt T Ta)

a,=42a,+¢&(- (B4 = 2A Ay = 22,2 = 204 + Iy + Aoy + D Je) i, "
(2'4 _21)(14 _lz)(ﬂm _ﬂs)

3a’a, N 3a’a, a7
(21 + 14)(211 + 14 - /12)(2/11 + /14 - ﬂ@) (/12 + 14)(212 + 14 - /11)(212 + 14 - /13)
3a,a; 6a,a,a,

2t 2 2o A 22— )t A) o ANt T A~ o)
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For a damped solution of Eq. (12), we may substitute A, =— () £iw(7),

. 1 .
Aa=—m,(r)Tiw,(r) and wusing the transformation equationsalziae"”‘,

1 . .
a, :Eae"“" a, :%be'“, a, :%be"% into Eq. (17) and by separating the real and

imaginary parts, we obtain the following variational equations for the amplitudes and
phases variables:

a=—ma+e(la+l,a® +1,ab® +ab’(E, cos2¢, + F,sin 2¢,)),
@, = o,(r) + e(m, + m,a’ + mb* + b?(E, cos 2¢, + F, sin 2¢,)),

b=—ub+e(pb+ p,a*h+ p,b® +a’b(E, cos2¢, + F,sin 2¢)), 4o
@, = w,(r) + £(q, +q,a*> + q,b*> + a*(E, cos 2¢, + F, sin 2¢,)),
and the first correction term U, is obtained as
u, =a’(c, cos3p, +d, sin3¢p,) +b*(c, cos3p, +d, sin 3p,), (19)

where

(@, (s~ 1) ~ 507+ @21t — 1) — 0 + ) +12.07 (1, — 1,)°)

—_ + 4/“1’601(/11 _,uz)((/ul _/uz)2 + a)12 + a)zz))
20)1((,“1 _luz)2 + (a)l - 0)2)2)((/“‘1 _:uz)2 + (0)1 + a)z)z)

1

do,o; (,Ul _,uz)((,ul _luz)z + a)lz + a)zz) —H (((,Ul _,uz)2 _5(012 + a)zz)
m = ((,ul _qu)z _0)12 +a)22) +120)12(,u1 _:uz)z)
1
2501((,”1 _,uz)2 + (a)l - a)z)z)((ful _,uz)2 + (a)l + a)z)z)

_ 3(/”1((3/'11 —/,12)2 — a)lz + a)zz)_ 26012 (3[11 — /uz))
8(#12 + 0)12)((3/% _qu)z + (a)l —0)2)2)((3/,11 _,uz)2 + (a)l + 0)2)2) ,

2=

_ 3&)1((3#1 B /uz)(5,u1 - ,uz) - a)lz + a)zz)
8(/”‘12 + a)lz)((3,u1 _:uz)2 + (a)1 - 0)2)2)((3#1 _:uz)2 + (a)1 + a)z)z) ,

m, =

_ 3(:“2((:“1"':”2)2_w12+w22)_2w22(ﬂ1+/"2))
A + o))ty + )" + (0, = 0,) )ty + 11,)° + (@0, + @,)°)

3=

—_ 3601((/"1 + ;uz)(/'ﬁ + 3;“2) - a)lz + wzz)
A + o))t + 1) + (0, = 0,)° ) (4 + 1)° + (@, + @,)°)

- _ 3(#2 ((/11 + fuz)z — (a)l + a)z)(a)l + 3(02)) — 2(/11 + fuz)(wl + a)z)(a)l + 2(02))
8(ut; + (0, +@,) ) (1 + 15)° + (@, +@,) (14 + 1,)" + (@, +30,)")

4 )
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| * 3(2/'12 (:ul + /Jz)(w1 + 2[()2) + (w1 + a)z)((/'ﬁ + :uz)2 _ (w1 + wz)(wl + 3(02)))
b8 (@ + @) (1 + 1) (@, + @,) ) (1 + 1)+ (0,4 30,))

m,=-l,,m, =1,,

__ 3(/"2 ((/'11 + :uz)2 - (a)l - wz)(wl — 3602)) — 2(;”1 + /uz)(w1 — wz)(wl - sz))
8(/'122 + (a)l - a)z)z)((/'ﬁ + /uz)2 + (a)1 _a)z)z)((/'ﬁ + /Uz)2 + (a)1 —3(02)2) ,

5

. 3(2/"2 (;ul + /"2)((01 - 2(02) + (wl - wz)((,ul + /"2)2 - (w1 - wz)(wl —30)2)))
8(/”22 + (a)1 - wz)z)((/% + /'12)2 + (a)1 - a)z)z)((/% + /'12)2 + (a)l —3602)2) ,

(a)z (((/“11 _:uz)z + a)lz - a)zz)((ﬂ1 _qu)z + a)lz _56‘)22) +12a)22 (,u1 _qu)z)
_ — 4, @, (14, — 1) (14 _,uz)2 + a)lz + wzz))

b 20, (1~ 1, + (@~ ) )t~ 1) + (@, + )
(40,0, (1~ )t~ 1)+ 0 + 02 + 1, (1~ 11" + 0~

g, =— ((/ul_/uz)z +a)12 _5w22)+12a)22(/u1 _/uz)z)

' 2602((,“1_#2)2 +(a)1_a)2)2)((:u1_ﬂz)z+(a)1+a)2)2)
p,=— 3(#1((ﬂ1+ﬂ2)2+w12_w22)_2a)22(/'11+:u2))

TA o))+ 1)+ (@ + 0,) ) (1 1) (0= 0,)°)
6 =— 300, (1 + 1) By + 11,) + @) — @7)

LA+ )+ 1)+ (@ + 0,) ) (s + 1)+ (0, - @,)7)
oo (= 3) + 0} - o)+ 208 ~3))

? 8(/"22 + wzz)((/'ﬁ —3#2)2 +(o, - wz)z)((/"1 —3#2)2 + (o, + a)z)z) ’
q,=— 3, (14, —3p,) (14, —5p1) + wlz - wzz)

? 8(;“22 + wzz)((,ul —3#2)2 +(@, — wz)z)((/'ll - 3;“2)2 + (o, + wz)z) '
p, =— 3(;“1((#1 + :uz)z - (a)l + a)z)(3a)1 + a)z)) — 2(#1 + /uz)(a)l + a)z)(za)l + a)z))

8(st + (@, + @) )t + 14,)° + (@, + @) ) (1 + 11)" + By + ,)°)

* — 3(2ﬂ1(ﬂ1 + /’12)(2601 + a)Z) + (0)1 + a)Z)((lul + II’lZ)2 _ (a)l + wz)(3w1 + a)Z)))
8(st + (@, + @) )ty + 11,)° + (@, + @) (1 + )" + By + @,)°)

P,

a, =—p4*,q4* =Py
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_ 3(:”1((;”1 + :uz)2 — (w1 - a)z)(3a)1 — 602))— 2(/”1 + /,12)(601 - (()2)(2601 — a)z))
8(/'112 + (a)l - a)z)z)((/ul + ,Uz)2 + (a)l _a)z)z)((/ul + /uz)z + (3601 - a)z)z) ,

Ps =

*_ 3(2#1(#1 + ﬂz)(2w1 - a)z) + (a)l - a)z)((,tﬁ + ;uz)2 - (w1 — wz)(3a)1 _wz)))
8(#12 + (a)l - a)z)z)((:ul + zuz)z + (a)l - wz)z)((:ul + zuz)z + (3601 _a)z)z) ,

5

QS=p5*’q5*=_p5'
E =I,+l,F=I+l, E,=m,+m, F,=m, +m,, 20)
E3= P, + Ps, F3= p4*+ ps*' E4=q4+Q5v F4=q4*+q5*'

and

. (1 —207)(Bet, — 1)° — 90 + 03) 184,007 (341, — f1,)
1 '
16(:“12 + a)lz)(/ulz + 4(012)((3/11 _/'lz)2 + (3601 - a)z)z)((B:ul _zuz)z + (3(01 + a)z)z)

—_ 36‘)1(#1((3/11 — /12)2 _ ga)lz + a)zz) + Z(Slul — ﬂz)(ﬂlz — Zwlz))
' 16(#12 + wlz)(/uf + 4(012)((3/11 - /"2)2 + (3601 - a)z)z)((B;ul - :uz)2 + (3(01 + wz)z)

.- (4, —205) (14 =344,)" + 0 ~99;) +18 11,0, (1, ~31)
’ 16(/”22 + a)zz)(,uzz + 46022)((/11 - 3/”2)2 + (a)1 - 3602)2)((/u1 _3/12)2 + (a)l + 3602)2)

_ 30, (14, (11, —31,)" + @] —905) = 2, —3u4,) (117 — 2%;)) ()
16(/122 + wzz)(,uzz + 45022)((#1 _3/12)2 + (wl _3502)2)((#1 _3/‘2)2 + (wl + 3w2)2)

2

Thus the analytical first order approximate solution (improved) of Eg. (12) is
obtained by X(t,&)=acosg, +bcosg, +¢eu,, (22)

where the amplitudes a, band phases ¢,, @, are the solutions of Eq. (18) and U, is
given by Eq. (19).

RESULTS AND DISCUSSION

A standard form of KBM method is presented to obtain the analytical approximate
solution of a fourth order nonlinear differential equation with strong damping and slowly
varying coefficients with small nonlinearity. The KBM method was originally developed
for obtaining the periodic solutions of second-order nonlinear systems by Krylov and
Bogoliubov (1947) and later it was amplified and justified by Bogoliubov and
Mitropolskii (1961). The method is not only limited to second-order nonlinear problems,
but also useful in third-order (Alam 2002, 2003) and fourth order (Akbar 2006) nonlinear
systems. A general solution has been found for the damped nonlinear differential
equation with slowly varying coefficients based on the unified KBM (Alam et al. 1997,
Alam 2002, 2003, Bogoliubov et al. 1961, Krylov et al. 1947) method.
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We have solved four simultaneous differential equations for amplitude(s) and
phase(s) variables and a partial differential equation for U, involving four independent
variables of amplitudes and phases. Also we are able to solve all the equations of
A, j=1 2,34 and U, by a unified formula. In a particular case, we are forced to
assume that g (7), 1=12 are constants, w,(r) =2 w,(r) and w,(r)=w,e" are
varying slowly with time t, where @, and h are constants. Figures are drawn to compare
between the analytical first order approximate solutions obtained by the perturbation
method and those obtained by the numerical procedure (fourth-order Runge-Kutta
method) for several damping effects. Moreover, this method is able to give the required
results when the coefficients of the given nonlinear differential equation become
constants (h = 0) . From the Figs. (1)- (2), it is seen that the new analytical approximate
solution shows a good agreement with the corresponding numerical solution (considered
to be exact).

15 4

1.3 -
1.1
0.9 4
0.7 A
0.5 A
0.3 4
0.1

1 2
-0.1] M

-0.3 -

t

Fig. 1. First approximate solution (denoted by — ® —) of Eq. (13), with the initial conditions [x(0)
=1.49992, X (0) =-1.43242, X (0) =-1.43652, X (0) =8.767772] or ag=1.5, ¢, =0, b =
1.0 ¢ =0, with 21 =15, b= 0.75, ay = 1.0, h =05, 6= 0.1, w1 = 2, @, = a)oe'hr, =&
and f = x*. Corresponding numerical solution is denoted by — (solid line).
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1.5 9

1.3

1.1

0.9 4

0.7

0.5

0.3 4

0.1 4

-0.1 1

.0.3 4
t

Fig. 2: First approximate solution (denoted by — e —) of Eq. (13), with the initial conditions [x(0) =
1.5000, X (0) - 1.55988, X (0) =-1.01827, X (0) =9.2714] oray=0.5, ¢, =0,b = 1.0, ¢,
=0, with 44 =1.75, 1, =0.75, @y = 1.0,h = 0.5, 6= 0.1, & = 2, a» = a)oe'hr, r=¢t and f
= x®.Corresponding numerical solution is denoted by — (solid line).

CONCLUSION

A unified KBM (Alam 2002, 2003, Bogoliubov et al. 1961, Krylov et al. 1947)
method is presented to obtain the analytical approximate solution of a fourth order
nonlinear differential system with strong damping and slowly varying coefficients with
small nonlinearity. The later form of the solution of Eq. (12) is presented in terms of
amplitudes and phases variables. This form is very important in physical problems, since
amplitudes and phases characterize the oscillating processes. Moreover the variational
equations of amplitudes and phases are important to investigate the stability of a
differential system. In general, the variational equations for the amplitudes and phases,
namely Eq. (18) is solved numerically. In this case, the perturbation method facilitates the
numerical method. The variables a, ¢, b and @, change slowly with timet. So it
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requires the numerical calculation of a few numbers of points. On the contrary, a direct
attempt to solve Eq. (12) dealing with some harmonic terms in the solution Eq. (22),
requires the numerical calculation of a great number of points.
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