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ABSTRACT

Asymptotic solutions for stationary and non-stationary modes for the upper and lower branch
disturbances assuming large scale magnetic fields are investigated. A triple deck structure which
governs the lower branch modes for a large scale magnetic field is displayed. The wavenumbers
and waveangle calculated from the eigenrelations o ~ 2.62m**r*2 g~ 0.78 m¥* r'2, ¢ = 0.298m"
!r, to be consistent with the numerical results for large scale magnetic fields.
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INTRODUCTION

Studies have been carried out to analyze the phenomenon of instability of a three
dimensional boundary layer flow of an incompressible fluid on an infinite rotating disk. It
is the need to comprehend the instability of the boundary layer on a swept wing that has
inspired most of these investigations. The design of laminar flow control has promise of
significant improvement in airplane fuel efficiency. Malik (1986) in a parallel flow
approximation computed the value of ¢ = 11°corresponding to the critical Reynolds
number. Hall (1986) discussed the high Reynolds number asymptotic structure of the
viscous mode of Malik (1986) and pointed out that this lower branch mode was
controlled by a triple-deck structure fixed by a balance between viscous and Coriolis
forces. Following the procedure developed by Hall (1986), and taking into account
nonlinear effects, Mackerrell (1987) extended Hall's asymptotic structure to derive an
amplitude equation governing the growth of disturbances near the neutral location. It was
shown that with nonlinearity, the instability was subcritical.

Hall (1986) has given asymptotic analysis of the upper branch stationary modes, i.e.
zero-frequency waves. Turkyilmazoglu and Gajjar (1998) (hereafter referred to as TG)
extended Hall's work to consider non-zero frequency waves for the upper branch
instability modes. An eigenrelation involving the correction terms for the wavenumber
and waveangle was derived. The wavenumbers for different frequencies so computed
agree well with the numerical results. In this paper, we have extended investigations by
Hall (1986) and TG for zero frequency and for non-zero frequency, respectively, by
imposing on the flow a magnetic field normal to the rotating disk. Jasmine and Gajjar
(2005) have given numerical solution of the absolute and convective instability in the
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incompressible boundary layer on a rotating disk in the presence of a uniform magnetic
field. We have derived asymptotic solutions assuming large magnetic fields.

This paper is organized as follows. The equations governing the flow of an infinite
disk rotating in an incompressible fluid with an imposed external magnetic field normal
to the disk are formulated in section 2. An asymptotic structure of the upper branch mode
when the magnetic field is large is developed in Section 3. A triple-deck structure which
governs the lower branch modes for large scale magnetic fields is given in Section 4.
The conclusions are set in Section 5.

Mathematical formulation

Consider the three dimensional boundary layer flow of an incompressible,
electrically conducting viscous fluid on an infinite disk which rotates about its axis with a
constant angular velocity Q. A uniform magnetic field B = B, k is applied to the system,
where K is a unit vector parallel to the z-axis. If the magnetic Reynolds number is small
(Rm << 1), then within the viscous boundary layer, the electric and magnetic fields, E and
B, will not be significantly different from their values at the disk surface. This is linked to
the idea that the viscous boundary layer is usually much thinner than the magnetic
boundary layer. Then, the current density J = (oBov, oBou, 0). In order to non-
dimensionalize the Navier-Stokes equations, we introduce non-dimensional quantities r
¢, 7, ¢, u v, w,Band P : r=Lr,z=Lz, 0 =, t=t"y, P= pU% P u=Uu", v
= Uy, w = Uw’, B* = ByB, where L is a given length scale and U, = LQ is a given
velocity scale. For convenience of writing, we shall suppress the * over the non-
dimensional variables. The full time-dependent, unsteady Navier-Stokes equations
governing the viscous fluid flow are the usual momentum and the continuity equations
given as follows:
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where the velocity field with radial, tangential and vertical components are as u, v, and
w, respectively. P is the pressure. The quantities p, v, g, and o which represent mass
density, kinematic viscosity, magnetic permeability, and electrical conductivity of the
fluid, respectively, are all assumed to be constant throughout the flow field. Here, we
have a global Reynolds number R, = U,L/v = R? where R is the Reynolds number based
on the displacement thickness & = (v /Q)"2. The Laplacian operator in cylindrical
coordinates is

) o° 10 o 190
V = —2+—2—2+—2+—— .
o r°o06° oz° ror
Throughout this analysis, the fluid is assumed to lie in the semi-infinite space z > 0.

The basic velocity field (Ug, Vs, Ws, Ps) = [FF(Z), rG(Z), 1/R H(Z), 1/R* P(2)]. The
basic magnetic field (B, Ba, Ba) = [0, 0, Bo]. The boundary layer coordinate Z, which is
of order O(1), is defined as Z = zR.

The self-similar equations take the form

F? - (G+1’ + FH-F”+mF =0, 5)
2F(G+1) + GH -G+ m(G+1) =0, (6)
P+ HH-H"=0, @
2F+H’=0, 8)

where m = o B% / pQ is the magnetic interaction parameter assumed to be a constant.
Here, primes denote derivatives with respect to Z. The appropriate boundary conditions
areF=G=H=0atZz=0,F=0,G=-1,H=h,asZ—> 9)

The value of h, is a constant vertical velocity of the rotating fluid in the far-field
above the disk. For large m, the equations (5 - 8) can be solved analytically. We expand
the basic velocity components as

F=m'F,@)+, G=G,@)+-, H=m2H,@)+, 10)

where Z = m'? Z. Substituing the above expansions into the equations (5 - 8) and
equating terms of order one, we obtain

(Go+1)-G%=0,Fo—(Go+ 1)’ ~F=0,2Fp+H =0,
The solution of this system is

F,=1/3(e” —e?), G,=(e" -1), H,=2/3(e” +1/2e%)-1/3 11)
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Substituting for Fo, Go, and Hy into equation (10) yields

F= m‘l[%(e'f )]+, (12)

G=("-1)+ -, (13)
12t ey L4

H=m [g(e e?) 3]+ , (14)

We must solve equations (1 - 4) subject to the no-slip condition at the wall, whereas
sufficiently far away from the wall we insist that the disturbances decays to zero. We are
going to consider the lower-branch disturbances, which have a triple-deck structure for R
>> 1.

The Inviscid Zone

Following Hall (1986), we consider zero frequency inviscid modes. We assume that
the disturbances for the upper branch take the form

%){J"a(r,g)dmgﬁ(g)} L
e &

[UV,W,P] =[ u@),v(2),w(@), p)] e (15)

where ¢ = R®. The scaling chosen for the frequency is consistent with the asymptotic
analysis of Bassom and Gajjar (1988). We shall also consider only neutral disturbances at
the position r. On the upper branch, we expand the wavenumbers and frequency as («, 5,
C) = (e, o, Co) + €(au, i, C1) +..., assuming the existence of an inviscid zone depth O(&
% as elucidated by Hall (1986). To satisfy the no-slip condition on the velocity at the
disk wall, a viscous layer must exist.

In this region we expand u, v, w, and p in the form u = uy(g) + sus(g) +..., v = ve(g)
+evi(Q) +.., W = Wo() + eWi(Q) +..., p = Po(Q) + &p1(Q) + ..., where ¢ = m¥2£3 2. Here
m = oB%/p£2 denotes the magnetic field parameter which is initially taken to be of O(1),
so that the above expansions in power of ¢ hold. Later we consider the limit m large
for zeroth order problem. The above expansions are then substituted into linearized N-S

equations (1 - 4) with % replaced by %+ (i1 {ap + €an+...} and with % replaced by
o o
(i1 { + ¢ B+ ...}. Equating terms of order &, we obtain

i,

iUg Ug + m"?r wo F'=—iag po, iUg Vo + m"?r wo G’ = -2 p, (16)
r

iUgwWo =—m" P/, iaguy + (iB/r)vo + m*?w', =0, 17)

Us = ao IF + 3 G. (18)

If uo, Vo and the pressure p, from the above equations are eliminated, we find that wy
satisfies Ug (G — 72 Wo) — U wo =0. (19)
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Here, 72 =m™yZ , where yZ=af + f2/r* is the effective wavenumber and Ug =
afF + B G is the effective velocity profile. Primes denote derivative with respect to ¢.
The boundary conditions are wy = 0 at ¢ = 0, c. For large m, F = m™[Y5(e — )] + ...
and G = (¢ - 1) + ... Equation (18) yields Ug ~ aorm™Fy + /% Go, U} = aorm™ F) + 3
G, , where Fy = '/5(e° — e*)] and G, = (¢° — 1). For stationary modes of Rayleigh
equation (19), the solution is restricted such that Ugand U] vanish at the same non-zero
value of ¢ =c. This eigenvalue problem for the non-magnetic case was solved by Hall
[2]. For the magnetic case, from the condition Ug=0and U"s =0at ¢=¢ , we obtain,
for large m

1
Lo L g g (20)
re, 9m
Here, 7 is O(1) constant, as follows from the solution of (19). The predictions (20)
are tested against the full numerical solution given by Jasmine and Gajjar [5] for large m
at a fixed Reynolds number. Fig. 1b shows that the results are consistent with those in
equation (20).

The wall modes

Hall (1986) has shown that lower branch disturbances having a triple-deck structure
of the type discussed by Smith (1979) for Blasius flow can also exist. In this section, we
will extend his formulation in the presence of a large magnetic field strength M. Firstly,
we define the appropriate triple-deck structure based on the small parameter & = R**®
where the thicknesses of the lower, main, and upper deck are S, & and & repectively.
The disturbances structure in the main and upper decks is essentially the same for the
lower branch as determined by Smith (1979). On the lower branch, we assume that the
disturbance structure takes the form

[UV,W,P] = [UQ)V@).WQ), PG e fatcersroncen 1)

On the lower branch, we also expand the wavenumbers (a, ) = (a, ) + & (cu, B) + ...
Here, we have anticipated that the order ¢ terms are zero, and we again seek a;, S (i= 0,
1, 2, ...), such that the flow is neutrally stable at the location r. We define & {and Z by
E= 2&°, ¢= 268 2 =25

The upper deck

In the upper deck F = 0, G = -1 and Z = z&*. The perturbation quantities then take
the form (U, V, W, P) = £( Ug(2), Vo(2), Wo(Z), Po(2))+ £(U1(2), V1(2), W1(2), P1(2))+
... . Substitution in the Navier-Stokes equations (1 - 4), the zero-order equations imply
dWO —

0

ﬁ)Uo = aopo, ﬂOVO = ﬂopolr, iﬂOWO = % , iaOUO + iﬂOVO /r+
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When z — o , the solution of this system that decays to zero is
Uy = (0!0/ ﬂ))c e_yoz, Vo = (C/r) e_ycz, Wy = (l’Yo/ ﬂo)c e'7oZ, Po=C e'7oz, (22)

where »? = (ot Fo/ 1) and C is an unknown function of r.

The main deck

In the main deck, we define ¢'= z&*. The disturbance then expands as U = (1/)uo(¢)
+U (D) + ..., V= UeWVo(O) +Va(D) + ..., W= EWp(O) + EWi() + ..., P = £C+ &Py () +
..., where we have anticipated that P is independent of ¢'to the order & and therefore
equal to C. Substituting into equations (1 - 4), we find that ug, vo, Wy satisfy iagrFug +
i%Gug + rF'wg =0,

iagr F v +i4G vo + rG' wy =0,
. i dw,
iU, +(ﬂ)vo +—2=0,

r dg

where F = m™ [1/3(e* - e®)] + ... and G = (¢ - 1) + ... are mean velocity profiles.
Primes denote derivative with respect to £ Solution of this system that matches with the
upper deck solution is

U=Cr o F'/ Fovo=Cr 5G| o, Wo==(iC o/ o) T F + & G), (23)

where F and G are mean velocity profiles. We note from (23) that wy in fact satisfies the
no-slip condition when ¢~ 0; however, unless F' and G' both vanish at £ = 0, the other
velocity components are non-zero there. If we choose o and B, such that

(a, F <0)+%G'(0)):o, (24)

By

which gives for large m, _1 , then (U, + ﬂoVo) — 0 when (0.
re, 3m r

The lower deck

In the lower deck, we expand F, G for small {and write &= (/¢ we have

F= eRl+E@FRE+EF 8+ ...,6= G+ &G E+8G, 8+ ... . (25)
where Fy; = Fifjl, Gj; = GYj!; for j = 1, 2,...To match with the solution (23), written in

terms of &, and using (25), we expand therefore the lower-deck disturbances in the
form

ry,C
2
0

U:

[F+2eFR&+..] JrLJ;(é:)+U0(§)+eU1 +
&

ry,C
2
0

V= 216, +256,¢ 4.1+ 1 v @) s v ).
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ry,e°C
- 2
0

P=£°P(&)+....

W = [(a,Fr+p,G)E +..]+eW,eE+...,

We must now substitute the above expansions into the disturbance equations and
solve for (U_1, V1), (U, Vo), (Uy, Vi, Wy, Py) etc. From the continuity equation, we obtain
immediately that

a,r a,r
V,=- [700}] WV, =— (?)OJU 0 (26)
The radial momentum equation then yields
2
—i[rea, Fl""ﬂOGl]éZZUl'*'ddl;zl:Ov (27)
. ) dZU0 3
—i[reF +5,G1<°U, +d_§2 =—rF,W, +[re, F,+5,G,1&°U,  (28)

which must be solved subjectto U; =—rvy, C Folﬂzo U= 0,£&=0,Uy, Ug—>0,&
ry,CF, U(0,2"2A"%&)
I
A=i(rayF + B,G;) and U(0,2Y2AY*¢) is a parabolic cylinder function. The next
order approximation to the radial and azimuthal momentum equations gives
i(ra,F + B,G,)EU, + 2rE FW, + r;—ozc[ralFo +BG,RE°F -2V,

0

—oc.  The function U, is given byU, = , Where

(29)
d?U
=—a,P + ac -muU
i(ra,F, + B,G,)EN, + 2réGW, + rg;c [ra,F, + BG, 2E°G, +2U ,
0
(30)
2,
=—&Pl + (cjl.; -mV_,.

If we multiply these equations by icg and iB/r, respectively and add them, we obtain

2) .
[ aod U21+&d_2\/21 +}/02P1+2iaovfl—%:
d& r dé r

iM (re,F + ﬂOGl)[iaoul + iﬂ%vljfz +2i&(ra,F + ,G)W, (31)

. C
- 2I(I’OC1F0 + ﬂ1G0) 7/,‘22 (raOFl + IBOGl)‘::ZZ-

0
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The z-momentum and continuity equations furnish

ﬁ =0,—» PR =C, (32)
dg
. 5 dw, iy,C . iBV._
|(010U1+T°V1)+d—§1:ﬂLOZ(rocll:0 +ﬁlGO)—|a1U71—% (33)
We can eliminate U;, V; from equations (31), (32) and (33) to get
H 2
I, ing W ginan, = ic 4 ABg? 4 26C 1, G | VOS] ),
dg dg Py Fo U (0,0)

C . .

where A= (ray F1 + /3 G1), B = yﬂ‘)—z(rqu0 +BG,),S= A"?&. We write the solution
0

of equation (34) in the form

. C
W, = —I(I’OtlFo + ﬂlGo)%ﬂ—Zé: +

0

3 R 2 (39)
AAI:%ZCQl(S) + 2'7/0C (1+%j Fon(s):|+ Kégz’

Py U(0,0)

where K is a constant and Q; and Q, satisfy Q"; = S*Q'; +25Q; =1, Q4(0) = Qy() =0,
Q" -5 QL +25Q, = U(0,2Y25), Q(0) = Qu(e) = 0. In fact, it is possible to express
Qs, Q. in terms of integrals involving parabolic cylinder functions. It remains for us to
satisfy U;= V; = 0 at £ = 0. With equations (32), (33) and (35) as in Hall (1986), this
condition leads to the eigenrelation:

iy, F G? .-
y§I3+I7;—°(l+F—°2JI4 :IAZ(ralFOJrﬂlGO)}/—OZ. (36)
0 0 0
! 0.3
bt oaef 7T ) et
0.26 j;
{
2 om
E
= 0.22
0.2/
: [ ] 10 r‘: 20 25 30
(b)

Fig. 1. Magnetic field m versus (a) em 2 and (b) gm"? for fixed Reynolds number R = 1000. The
long curves show numerical results and doted lines show asymptotic ones.
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To separate real and imaginary parts, we express equation (36) in the form

2
§|3+ |]/OF [l+G_2JI4 J/OCI;OZ r)l/Z( 1 aoﬂl)
h LR B2 2 an
CF a
e N
0
Equating real and imaglnary parts, we obtain
a
7/02 3 ﬂ 21/2 (a )1/2( 1 Oﬂl) (38)
0
2
o (1+ ﬁ—jl = e - (@)
0 0 0 0
The integrals I3, 14 are given by
IQU(O,H)dH JE (o jeuz(o,e)de
I,=F/'(0)=%————=0599, I,= 2 ( ):0 5 =0.457,
2U(0,0) U (0,0) U<(0,0)
2
Equations (38) and (39) yield y, = %(1+ G—OZJ:—“ . For the magnetic field case,
0 0 3
By _ 1
re, ~ 3m
| 1/2
Hence o =~ 3m®*r l’z(l J ~2.62m*r'?, B ~0.78m"*r"? (40)
3
| 1/2
~3m**r ‘“z(l J z2.62m5"‘r‘“2,¢=tan§=£=0.298m‘1r (41)
3 a

The predictions (40) and (41) are tested against the full numerical solution given by
Jasmine and Gajjar (2005) for large m at a fixed Reynolds number. Fig. 2 shows that the
results are consistent with equations (40) and (41).

Y S 7|
i g / g o
= 25 4
245 2
24 z
3 ] - C] 3 100 ° o6 -
(a) (b)

Fig. 2. Magnetic field m versus (a) om™", and (b) #m for fixed Reynolds number R = 1000. The long
curves show numerical results and doted lines show asymptotic ones.
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CONCLUSIONS

Asymptotic solutions for the upper branch neutral stability of the three dimensional
disturbances imposed on Von-Ka'rma'n’s boundary layer assuming large scale magnetic
fields for non-zero frequency waves have been investigated. The asymptotic analysis of
TG for non-zero frequency waves for the upper branch instability modes has been
extended by imposing on the flow a magnetic field normal to the rotating disk. We have
also extended investigations by Hall (1986) for stationary modes for the lower branch
disturbances assuming large scale magnetic fields. A triple deck structure which governs
the lower branch modes for a large scale magnetic field is displayed. Asympotic solution
against the full numerical solution of the Navier-Stokes equations for large m at a fixed
Reynolds number has been tested. The behaviour of the wavenumbers and waveangle
calculated from the eigenrelations is found to be consistent with the numerical results for
large scale magnetic fields.
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