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ABSTRACT

The homogeneous and isotropic Brans-Dicke cosmological solutions satisfying Whitrow-
Randall’s relation which have been discussed by Bermann and Som were examined. After
correcting an error in their work, we extended and examined their results obtaining the radiation

and matter dominant universe applying the power law.

INTRODUCTION

In 1961 Brans and Dicke [4] provided an interesting alternative to general relativity
that was based on Mach’s [5] principle. Over the years there has been a great deal of
interest in Mach’s principle, viz, that the inertia of a body and hence its gravitational
properties ought to arise from the rest of the matter in the universe. To understand the
reasons leading to their field equations, we first note that the concept of a variable inertial
mass arrived here itself leads to a problem of interpretation. For how do we compare
masses at two different points in space-time? Masses are measured in certain units, such
as, masses of elementary particles which are themselves subject to change. We need an
independent unit of mass against which an increase or decrease in mass of a particle can
be measured. Such a unit is provided by gravity, by the so-called Plank mass encountered
earlier:
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Thus the dimensionless quantity,
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measured at different points in space-time can tell us whether masses m are changing. Or
alternately if we insist on using mass units that are the same everywhere, a change of
would tell us that the gravitational constant G is changing. This is the conclusion Brans
and Dicke drew from the approach to Mach’s principle. They looked for a frame work in
which the gravitational constant G arises from the structure of the universe, so that a
changing G could be looked upon as the Machian consequence of a changing universe.
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We have already come across one example of such a relation in the Friedmann [6]

cosmologies:
3H.q
Po=—"0" A3)
4nG
, C o , 47GR;
If we write R, = — as a characteristic length of the universe and M, =
3

0
as the characteristic mass of the universe and q, is the deceleration parameter, then the
above relation becomes,
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Given a dynamical coupling between the inertia and gravity, a relation of the above
type is expected to hold. Brans-Dicke took this relation as one that determines G™' from a

m

linear super position of inertial contributions o the typical one being from a mass m at a

distance r from the point, where G is measured. Since T isa solution of a scalar wave

equation with a point source of strength m, Brans-Dicke postulated that G behaves as the
reciprocal of a scalar field ¢

ie, G~ (0_1 (5)

where @ is expected to satisfy a scalar wave equation, where source is all the matter in
the universe.

There are many different formulations of Mach’s principle and one of these is the
Whitrow-Randall relation (WRR) given by Bermann and Som [3] as,

GM
—~1 (6)
R

Here M and R stand for the mass and radius respectively of the visible universe. The

M
relation (6) suggests, either that — is constant, or that the gravitational constant G should
R

vary.

In this paper we try to correct an error in [1]. We then calculate the final results for
radiation and matter dominant universe appropriately by applying the power law inflation
calculated by [1] .

Solutions of Berman and Som

The Robertson-Walker model can be written as follows:
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2

d
ds” = dt’ —Rz(t){ !

+1°(d0° +sin’0d0”) (7)
1-kr

where R(t) is an unknown function of time t and k is a constant, which by a suitable
choice of units for r can be chosen to have the value +1, 0 or -1.

The Brans-Dicke formula reads as follows:

o = TM,H (3)
where, @ is a convenient dimensionless constant and we also have,

1 8n ® 1 o) 1 )
R,-28.R= __TMpv T Puly T BB | T (0, -8, 00 ©)
2 @ @ 2 @
The field equation in BDT for the Robertson-Walker Metric for a perfect fluid are
[7] in suitable units,

p (10)

Due to the conservation vaw = 0 gives the following relation:

E
p+3—(p+p)=0 (11)
R

Also, the other equation is given by,

2 2
R R® 3p @R 6\¢

20w+ 4 A
G=——"-—=— (13)
20+3 ¢ @
20+ 4
where A=
20 +3
So, the WRR relation ——~ 1, may also be written in the form [3]
6

Gp=— (14)
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Here, the deceleration parameter ( is defined by
qQ=—— (15)

Berman and Som [3] assumed that q is constant. This leads to the solution

1

R =(mDt)™
where m and D are constants.

R
Now, from (16), &=— (17)
mt

So, the equation (12) becomes,

E(E‘j _L(f‘j{za_%jézo (1s)
6\ ¢ mt\ ¢ m )t

Now, Berman and Som state that
@=Bt, B = Constant
is a solution of equation (15).
Now, using (10), (11) and (14)-(19), the equation for m is given by,
m*-8m*-2m’+54m’>-24m-24=0

and then listed the following five different solutions in terms of m and the coupling
constant w:

o, ~-183, @,~-034, @, ~1.12, @, ~1.69, @; ~-26.5
m~-2.5, m~045 my~106, my~2.57, ms~7.34 1)
THE WRR AND THE EUCLIDEAN CASE

Here Berman and Som [3] derive their solutions by assuming a constant deceleration
parameter as[3] well as WRR. In this section, we consider the Euclidean case k=0. We
must show that by assuming only the WRR, we obtain solutions in which the deceleration
parameter is automatically constant.

Now equation (11) can be written as [8]

(22)

where J= Constant.
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The equation of state p :(y - l)p, for y=1,p = 0; the dust like universe, the
equation (11) becomes, p o« R (23)

Which is matter dominant universe.

4 1
The equation of state p = (y - l)p ,for y= g, p= Ep ; the dust like universe, the

equation (11) becomes, p oC R (24)

which is radiation dominant universe. Similarly, the equation (22) is a general
solution for both matter and radiation dominant universe.

Now substituting equation (13) & equation (22) into equation (14) we have,

AN
~ 6RY

@ (25)

Now substituting equation (22) & equation (25) with the derivatives into equation
(12) with k = 0, we have

) 3}/260 H 21 o
H 1-3y- )+ —2+2y0)——(—+—)=0 (26)
t t© A 3
: . atp 1
Equation (26) may be solved for H to yield, H = — 27)
. o t
R. :
where H=— is the Hubble parameter and also we consider,
a=-2-2m
2 8w 1 )
P =4+—+—8-24y-12y"w) (28)
3 A
3}/2W
o=2(1-3y- )
. atp
Now let us consider, & = . (29)
o

So, the equation (27) can be written as,
R=t’ (30)
where ¢ = constant

We thus obtain a power-law solution (30). From definition of the deceleration
parameter, it then follows that the deceleration parameter is constant. Such power-law
solutions appear to have been first found by Nariai [9].
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EXTENDED CALCULATIONS FOR NEW RESULTS

4.1 Verification of Radiation Dominant Universe by putting different values of ¥ & @ in
our calculations as follows:

when ¥ =4/3, =—1.41 then from (28),

a=1.76
p=1.167 .. B=+1.08 (31)
o=152

So from (29) we have, & = 0.45, then also equation (30) becomes,
Roo™® | which is not the exact result for radiation dominant universe.
Again,

when y = 4/3,6() =—1.45 then from (28)

a =187
B =0.76 5 =20.87 (32)
o=1.74

So from (29) we have, & = 0.57, then also equation (30) becomes,

Roo™7 | which is not the exact result for radiation dominant universe.
Again,
when y =4/3,0 = —1.43 then from (28)

a=1381
B =0989 .. B=+087 (33)
o =163

So from (29) we have, & = 0.5, then also equation (30) becomes,
1

Roo® i.e Roo® which is the appropriate result for radiation dominant universe.

This means that numerical calculating values of equation (33) are an appropriate
relation for radiation dominant universe.

4.2 Verification of Matter Dominant Universe by putting different values of ¥ & @in
our calculations:

wheny =1, ® =-1.32 then from (28)
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a=1.64
B =04377 . f=%0.66 (34)
o=1.04

So from (29) we have, & = 0.50, then also equation (30) becomes, Roo®*, which is
not the exact result for Matter Dominant Universe.

Again,
when y=1 - 1.30 then, from (28),

a=1.60
B =0416 .. f=%0.645 (35)
o=0.1

So from (29) we have, & = 0.45, then also equation (30) becomes,

0.45

Rat™ , which is not the exact result for Matter Dominant Universe.
Again,

when, ¥ =1, @ =-1.31 then from (28),

a=1.62
B =0433 . B=+0.658 (36)
o =1.070

So from (29) we have, & = 0.57, then also equation (30) becomes,

2
Roo™ i.eReo®, which is the appropriate result for matter dominant universe.

This means that numerical calculating values of equation (36) is an appropriate
relation for matter dominant universe.

CONCLUSION

We have re-examined the Robertson-Walker cosmological models in Brans-Dicke
theory that satisfies Mach’s principle in the form of the Whitrow-Randall Relation
(WRR). The error in the paper of Bermann and Som has been corrected and we have
extended their results by solving the power law into the radiation and matter dominant
universe by applying the numerical values of ¥, @ in equation (25), which is the power
law expansion of the universe, sometimes it is regarded as the power law inflation. As a
result the cosmic scale factor grows as a large power of time rather than exponentially
(De-Sitter model).
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