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ABSTRACT

In this paper, we have characterized the principal n-ideals of relatively normal nearlattices
which are generalizations of several results on relatively normal nearlattices. We have also shown
that for a central element n, the set of principal n-ideals is relatively normal if and only if any two
incomparable prime n-ideals of S are co-maximal.

INTRODUCTION

n-Normal in lattices and n-Normal in nearlattices have been studied by many authors
including [1], [2] and [3]. Also [5] has used the annihilators in case of relative hormal
lattices. In this paper, we introduce the notion of principal n-ideals of relatively normal
nearlattices which are generalizations of several results on relatively normal nearlattices.

A distributive nearlattice S is called a relatively normal nearlattice if each closed
interval [x, y] with X <y (x, yeS) is a normal lattice. In [13, Chapter 2] discusses the
concept of normality in a bounded distributive lattice which is self dual. So the concept of
relative normality in a nearlattice is also self dual.

An element n in a nearlattice S is called sesquimedial if for all x, y, ze S,
XA viyANIAIyANvZAan]) v(XAY)v(YyAaz) existsinS.
An element n of a nearlattice S is called an upper element if x v n exists for all xeS.
Every upper element is of course a sesquimedial element.

An element n is called a central element of S if it is neutral, upper complemented in
each interval containing it.

An n-ideal generated by a single element a is called a principal n-ideal, denoted by <
a >,. The set of principal n-ideals is denoted by P,(S).

In this paper, we have characterized those P,(S) which are relatively normal in terms
of n-ideals and relative n-annihilators. These results are certainly generalizations of
several results on relatively normal nearlattices given by [9]. At the end, we have shown
that, for a central element n, P,(S) is relatively normal if and only if any two
incomparable prime n-ideals of S are co-maximal.

1. Some characterizations of those P,(S) which are Relatively Normal Nearlattices.

A distributive nearlattice S is relatively normal if each interval [x, y] in
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S (X, yeS) x <y, is normal.

When n is a sesquimedial element of a distributive nearlattice S, then P,(S) is also
a distributive nearlattice. Thus, P,(S) is a relatively normal nearlattice if each interval

[<a>,, <b>]in PyS) is normal.
The following result [11] will be needed for the further development of this section.

Theorem 1.1 Let S be a distributive nearlattice with an upper element n. Then the
following conditions hold.

(i) <<X> v <y><X>>=<<y> <X>, >

(i) <<X>p,)>=vyy<<X>, <y>;> the supremum of n-ideal< < x>,
<y >, > in the lattice of n-ideals of S, for any xeS and any n-ideal J. m|

Lemma 1.2[5, Lemma 3.6] Let L be a lattice. Then the following hold.
(@ <xvy,x>=<y, x>foranyxy €L,

() <(x],J>=vyc;<xy> the supremum of ideals < x, y > in the lattice of
ideals of L, for any x eL and any ideal J in L.

(c) {<x,a>v<y,a>}n[abl={<x,a>n[a b]}v{<y,a>n [a b]}
for any x,y €[a, b], a<b.

Theorem 1.3[5, Theorem 3.7] Let a, b and ¢ be arbitrary elements of a lattice L. Let
A, B and C be arbitrary ideals in L. Then the following are equivalent:

(@) L is relatively normal,

(b) <a,b>v<b,a>=1L,

() <c,avh>=<c,a>v<c,b>,

(d) <(c],AvB>=<(c],A>v<(c],B>,
(e) <anb,c>=<a,c>v<h,c>,

() <@n(b],.C>=<(@], C>v<(b],C>

Following lemma is dual of Lemma 1.2 and is very easy to prove. So we prefer to
omit the proof.

Lemma 1.4 Let L be distributive lattice. Then the following conditions hold.

() <XAY,X>4=<Y,X>q

(i) <[x),F>4=vycr<X Yy >y whereFisafilter of L.

(ii) {<x,a>gv<y a>}nfab]={<x,a>n[ab]}v{<y a>n[ab]}

where [a, b] represents any interval in L. m]
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Lemma 1.5 and Lemma 1.6, which are also due to [11], are essential for the proof of
our main result of this section.

Lemma 1.5 Let S be a distributive nearlattice with an upper element n. Suppose a, b,
ceS.

(i) Ifab,c>n,then <<m(a, n,b)>, <c>>=<<a>,<c>>v
<<b>,<c>;,>isequivalentto<anb,c>=<a c>v<hbc>

(i) Ifa,b,c<n,then<<m(a,n,b)>,<c>>=<<a>, <c>>v
<<b>, <c>;>isequivalentto<avh,c>=<a c> v <b,c>, O

Lemma 1.6 Let S be a distributive nearlattice with an upper element n. Suppose a, b,
ceS.

(i) Ifa,b,c=nandavbexists,then<<c>,<a>v<b>>=<<c>,
<a>;>v<<c>,<b>,> isequivalentto <c,avb>=<c,a>v<c,b>.
(iii) Ifa,b,c<n,then<<c>,<a>,v<b> >=<<c>,<a>>v
<<c>, <b>>isequivalentto<c,arnb>3=<c,a>;v<c, b>g o

The following result is due to [11], which is a generalization of above Lemma-1.2,
which plays an important role in proving our main result in this paper.

Theorem 1.7 Let S be a distributive nearlattice. Then the following conditions hold.
(i) <<X>v<Yy>, <X>>=<<y>, <X>>,
(i) <<xX>p,J>=vyy<<X>p, <y >,>, the supremum of n-ideals

<< x>, <y>,>in the lattice of n-ideals of L, for any xeL and any n-ideal J.

Recall that a distributive lattice L with 1 is a dual normal lattice if L is a normal
lattice. In other words, a distributive lattice L with 1 is called dual normal if every prime
filter of L is contained in a unique ultra filter (maximal and proper) of L. As we
mentioned earlier that this condition in a lattice is self dual. Thus for a bounded
distributive lattice, the concept of normality and dual normality coincides.

Following the technique of the proof of [5, Theorem 2.4], we can prove the
following result, which gives some characterization of dual normal lattices. These results
are in fact, the dual result of [14, Theorem 1.3].

Theorem 1.8 Let L be a distributive lattice with 1. Then the following conditions are
equivalent.

() L isdual normal.

(i) Each prime filter of L is contained in a unique ultra-filter (maximal and
proper).



202 RAIHAN

(iii) Foreachx, yeL, [xvy)®=[x)"v [y)™
(iv) Ifxvy=1,x yelL, then [x)v [y)“=L. -

Corollary 1.9 Let L be a bounded distributive lattice. Then the following conditions
are equivalent.

(i) Lisnormal.

(i) Foreachx, yeL, (xAy] =] v (]

(iii) fxAy=0,then(x]"v (y] = L.

(iv) Foreachx, yel, [xvy)=[x)"v[y)™

(v) Ifxvy=1then [xX)“vI[y)“=L. o

Ali in [4, Theorem 3.2.7.] has given a nice characterization of relatively normal
lattices in terms of dual relative annihilators, which is in fact, the dual of Theorem 1.3. As
we have mentioned earlier that in nearlattices the idea of dual relative annihilators is not
always possible. But when n is an upper element in S then x v n exists for all xeS. Thus
for any a € (n], x v a exists for xeS. Hence we can define

<a,b>;forallae(n] and beS.
When n is a central element in S, then by [13, Theorem 1.5.2], P, (S) = (n]*x [n).
Thus we have the following result.

Proposition 1.10 For a distributive nearlattice S with a central n, P,(S) is relatively
normal if and only if (n] and [n) are relatively normal. m]

Now we prove the following important result for distributive nearlattice in terms of
relatively normal nearlattice.

Theorem 1.11 Let n be a central element of a distributive nearlattice S such that (n]
is relatively normal. Let a, b, ce(n] be arbitrary elements and A, B be arbitrary filters
on (n]. Then the following conditions are equivalent.

(i)  (n]is relatively normal.

(i) <a,b>3v<b,a>=(n].

(iii) <c,anb>3=<c,a>3v<c,b>g

(iv) <[c),AvB>;=<][c), A>sv<]c), B>
(V) <avb,c>3=<ac>v<b,c>

Proof. (i)=(ii). Suppose (i) holds. Let ze(n] be arbitrary. Consider the interval
I=[z,avbvz]. Thenav b v zis the largest element of I. Since by (i), | is normal, then
by Theorem [5, Theorem 2.4], there exists r, sel such thatavs=avbvz=bvz
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vrandz=sAr.Now,avs>bimpliesse<a, b>jand
bvr=bvzvr=avbvz>a impliesre<b, a>y Hence (ii) holds.
(it)=(iii). Suppose (ii) holds. In (iii), R.H.S. < L.H.S. is obvious.
Let ze<c,aAnb>g thenz v c>aAb. Since (ii) holds, so z=x A y where
xe<a,b>jandye<b,a>; Thenxva>bandyvb>a
Thus,Xxvc=xvzvec

>Xv(anh)

= (X v a) A (xvb)>Db, which implies xe<c, b >.
Similarly, ye<c¢,a>g Hence z=xAy e <c,a>;v<c,b>;and
so<c,anb>jc<c,a>yv<c,b>y Thus (iii) holds.
(iif)=(iv) follows from Lemma 1.4 (ii).
(iv)=(iii) is trivial.
(iii)=(ii) follows from Lemma 1.4 (i) by puttingc=a A b.
(i)=(v). Suppose (ii) holds. Let ze< a v b, ¢ >4. Then by (ii), z = x Ay,
wherexva>bh and yvb>a Alsoxva=xvavb>zvavb>c.
This implies xe< a, ¢ >4. Similarly, ye<b, ¢ >q.
Hence z=Xx Aye<a, ¢ >4 v <b,c >;and
so<avbh,c>c<ac>3v<b c>g
Since the reverse inequality is obvious, so (v) holds.
(V)=(i). Consider an interval [a, b] in (n]. For x €[a, b], a<b,
let [x)* = {ye[a, b]: y v x = b}. Clearly [x)* = < x, a >4 " [a, b].
Then Lemma 1.4. for any X,y € [a, b], we have,
[<x,a>gv<y,a>]n[ab]l=(<x,a>n][ab]) v(<y,a>;N[a, b]).
Then by (v), <x vy, a>gn [a b] = [x)® v [y)®, which implies
[x v ¥)° = [x)* v [y)°. Therefore, by Corollary 1.9, [a, b] is normal.
Therefore (n] is relatively normal. O

Now we prove our main results of this paper, which are generalizations of Theorem
1.3, [7, Theorem 5] and a result of [6], also see [8]. These give characterizations of those
P, (S) which are relatively normal.
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Theorem 1.12 Let n be a central element of a distributive nearlattice. Suppose A, B
are two n-ideals of S. Then for all a, b, ceS the following conditions are equivalent.

(i) Pn(S) is relatively normal.
(i) <<a>,<b>>v<<b>,<a>>=S.

(iif) <<c>;,<a>v<b>>=<<c> <a>>v<<c>,<b>>,
whenever a v b exists.

(iv) <<c>,AvB>=<<c>,A>v<<c>,B>
(V) <<m(a,nb)>,<c>>=<<a>,<c>>v<<b>,<c>>.

Proof. (i)=(ii). Let zeS. Consider the interval | = [<a> N <b> N<z>,<z>]
in P,(S). Then <a >, N <b >, N <z>, isthe smallest element of the interval I. By (i), |
is normal. Then by [13,Theorem 5.2.5], there exist principal n-ideals < p>,,

<g>,elsuchthat, <a>N<z>nNn<p>=<a>nN<b>nNn<z>=<b>nN
<z>N<g>and<z>=<p>v<(>,.

Now, <a> Nn<p>=<a>N<p>N<z>,
=<a>nN<b>nNn<z>c<b>,
impliess<p>,c<<a>,<b>,>,

Also,<b> n<g>=<b>nN<z>nN<qg>,
=<a>Nn<b>nNn<z>c<a>,
implies<g>,c<<b>, <a>>

Thus<z>,c <<a>,<b>>v<<b>,<a>> and

soze<<a>,<b>>v<<b>,<a>>

Hence<<a>, <b>,>v<<b>,<a>>=S.

(if)=(iii). Suppose (ii) holds and a v b exists. For (iii), R.H.S. < L.H.S. is obvious.
Now, let ze<<c>,<a>;v<b>,>

Thenzvne<<c>,<a>v<b>> andm(zvnncle<a>v<h>,.
Thatis, m(zvn,n,c)ef[anban,avbvn].

This implies(zvn)A(cvn)<avbwvn.

Now, by (ii), zvne<<a>, <b>>v<<b>,<a>>.

So zvn<(pvn)v(gvn)forsome pvne<<a>,<b>;>and

gvne<<b>,<a>>.
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Hence,zvn=(zvn)Aa(pvn))v(zvnA(@vn)=rvt (say).
Now, m(pvn,na)=(pvn)a(@vn)<(bvn).
Soban<ra(@avn)<bwvn.Hence,ra(cvn)=ra(zvn)a(cvn)
<rafavbvn)
=(ra@vn)v(ra(bvn))
<(bvn).
This impliesre< < ¢ >,, <b >, >. Similarly,t e<<c>, <a>,>.
Hence zvne<<c>,<a>>v<<c>,<b>>

Again,z e <<c>;,<a> v<b>> impliesszAane<<c>,<a>v<h> >
Then a dual calculation of above shows that z A ne<<c >, <a>,>v<<c>,

<b >, >. Thus by convexity,ze<<c >, <a>>v<<c>,<b>>and

so L.H.S. < R.H.S. Hence (iii) holds.

(iil)=(iv). Suppose (iii) holds. In (iv), R.H.S. < L.H.S. is obvious.

Now let xe<<c>,, AvB> Thenxvne<<c>, AvB>

Thus m(x v n,n,c)eAv B. Nowm(xvn,n,c)=(Xvn)A(nvc)=nimplies

m(x v n, n, c)e(A v B) n [n). Hence by Theorem 1.1(ii),

Xvne<<c>, (An[n)v (B nI[n))>

SVic@anm)vBnm < <C> <r>> Butby[12, Theorem 1.4],

re(An[n)) v (BN[n))impliesr=svt for some seA,teB and

s, t>n. Then by (iii), <<c >, <r>>=<<c>, <svt>>
=<<Cc>,<s>v<t>>
=<<C>,<S>>v<<Cc>, <t>>
c<<c>,A>v<<c>,B>

Hence X vhe<<c>, A>v<<c>, B> Alsoxe<<c>, AvB>implies

XAne<<c>,AvB>.

Sincem(x Aan,n,c)=(XAn)v(Xxac)<n,

SOXAne<<c>, (AvB)n(n]>

Then, by Theorem 1.1(ii), x Ane<<c >, (An(n]) v(Bn (n]) >

SVie@AnmvBnm <<C>p <>,
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Again, using [12,Theorem 1.4], we see that | = p A q where peA, geB and

p, g <n. Then by (iii), <<c >, <I>>=<<c>,<pAaq>>
=<<C>, <p>v<(q>>
=<<C>, <p>>v<<C>,<q>,>
c<<c>,A>v<<c>,B>

Hence X Ane< <c >, A>v <<c>, B> Therefore, by convexity,

Xxe<<c>, A>v<<c>,B>andsoL.H.S. cR.H.S. Thus (iv) holds.

(iv)=(iii) is trivial.

(il)=(v). Suppose (ii) holds. In (v), R.H.S. < L.H.S. is obvious.

Now let ze< <m(a, n, b) >,, <c>,> which implies

Zvhne<<m(a n,b)>, <c>;>.

By (ii), zvne<<a>, <b>>v<<b>, <a>,> Thenby

[12,Theorem 1.4], zv n=xv Yy for some xe<<a>, <b>,> and

ye<<b>,<a>;>andx,y>n.Thus, <x>n<a>c<b>, and

SO<X>N<a>=<x>nNn<a>nN<b>c<zvn>n<a>n<b>,
=<zvn>n<m(anb)>c<c>,.

This implies xe< <a>,, <c¢ >, >. Similarly, ye< <b >, <c¢>,>and so

zvne<<a>, <c>>v<<b>,<c>;,> Similarly, a dual calculation above

shows that z Ane<<a>, <c>,>v<<bh>, <c>,> Thus by convexity,

Ze <<a>;,<c>>v<<b>,<c> >andsoL.H.S. c R.H.S. Hence (v) holds.
(V)=(i). Suppose (v) holds. Let a, b, c > n.

By (v), <<m(a, n,b)>,<c>>=<<a>,<c>>v<<b>,<c>> Buthy

Lemma 1.5(i), this is equivalentto <a A b, ¢ > =<4, ¢ > v <b,c>. Then by

[10, Theorem 3.3.5], this shows that [n) is relatively normal. Similarly, for a, b, ¢ <

n, using Lemma 1.5(ii) and Theorem 1.11, we find that (n] is relatively normal. Therefore
by [13,Theorem 1.5.2], P,(S) is relatively normal.

Finally we need to prove that (iii)=(i).
Suppose (iii) holds. Let a, b, ceS N [n).
By (iii), <<c>,<a>;v<b>>=<<c>,<a>v<<c>,<b>,

when ever a v b exists.
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But by Lemma 1.6(i), this is equivalent to

<c,avb>=<ca>v<cb>
Then by Lemma 1.5, this shows that [n) is relatively normal.

Similarly, for a, b,c < n, using the Lemma 1.6(ii) and Theorem 1.11, we find that (n]
is relatively normal. Therefore by [13, Theorem 1.5.2], P,(S) is relatively normal. O

By [5], [7], and [6] we know that a lattice is relatively normal if and only if any two
incomparable prime ideals are co-maximal. [9] extended this result for nearlattices. We
conclude this paper by proving the following result, which is a generalization of [10,
Theorem 3.3.10].

Theorem 1.13 Let S be a distributive nearlattice. If n is central in S, then the
following conditions are equivalent.

(i) Pa(S) is relatively normal.

(i) Any two incomparable prime n-ideals P and Q are co-maximal, i.e. P v Q =S.
Proof. (i)=(ii). Suppose (i) holds. Let P and Q be two incomparable prime
n-ideals of S. Then there exist a, beS such that acP-Q and beQ-P.

Then <a >, c P-Q and < b >, c Q-P. Since by (i), P,(S) is relatively normal, so by
[13,Theorem 5.2.8], <<a>;, <b>>v<<b>;, <a>,>=S.

But as P, Q are prime, so it is easy to see that< <a>,, <b>;>c Q and
<<b>, <a>;>cP. Therefore, ScPv QandsoPvQ=S.Thus (ii) holds.

(i)=(i). Suppose (ii) holds. Let P, and Q1 be two incomparable prime ideals of [n).
Then by [13, Lemma 1.5.5], there exist two incomparable prime ideals P and Q of S such
that P, = P n [n) and Q1 = Q m [n). Since neP; and neQq, so by

[12, Lemma 1.7], P and Q are in fact two incomparable prime n-ideals of S. Then by
(ii),PvQ=S.
Therefore, P; v Q1= (P v Q) n [n)
=Sn[n)
=[n).
Thus by [10, Theorem 3.3.10], [n) is relatively normal.
Similarly, considering two prime filters of (n] and proceeding as above and using the

dual result of [10, Theorem 3.3.10] we find that (n] is relatively normal. Therefore, by
[13, Theorem 1.5.2], Pn(S) is relatively normal.
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