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ABSTRACT

Intuitionistic fuzzy T1 spaces are defined and studied in this paper. Eight new notions of intuitionistic
fuzzy Ti spaces are defined and some relationship among them has been investigated. Some relations
between the defined notions and other given notions of intuitionistic fuzzy T: spaces has also been
investigated. Under some conditions it is observed that image and preimage preserve intuitionistic fuzzy

Ti spaces. Hereditary and productive property of such spaces has been also investigated.
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INTRODUCTION

After introducing fuzzy set by Zadeh (Zadeh
1965), the concept of fuzzy topological
spaces was introduced by Chang (Chang,
1968). Later, the notion of an intuitionistic
fuzzy set which is a generalization of
fuzzy sets and take into account both the
degrees of membership and nonmembership
subject to the condition that their sum does
not exceed 1 was introduced by Atanassov
(Atanassov 1986). Coker and coworker
(Coker 1996,1997, Bayhan and Coker 1996)
introduced the idea of the topology of
intuitionistic  fuzzy sets. Since then, D.
Coker and S. Bayhan (Coker and Bayhan
2003), A. K. Singh and R. Srivastava (Singh
and Srivastava 2012), S. J. Lee and E. P.
Lee. (Lee and Lee 2000), R. Saadati and J.
H. Park (Saadati and Park 2006), Estiaq
Ahmed et al. (Ahmed et al. 2014, 2014,
2015, 2015, 2015) subsequently initiated a
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study of intuitionistic fuzzy topological
spaces by using intuitionistic fuzzy sets. In
this paper, we investigate the properties and
features of intuitionistic fuzzy T, Space.

NOTATIONS AND PRELIMINARIES

Through this paper, X be a nonempty set. «,
r and s are constants in (0,1). Tis a
topology, tis a fuzzy topology, T is an

intuitionistic  topology and T is an
intuitionistic fuzzy topology. A and u are
fuzzy sets, A= (uy,vy) is

intuitionistic fuzzy set. By 0 and 1, we
denote constant fuzzy sets taking values 0
and 1 respectively.

Definition (Coker 1996): Let X be a non
empty set. A family t of fuzzy sets in X is
called a fuzzy topology (FT in short) on X
if the following conditions hold.
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1. 0,1€t,

2. Anuet,foralld,u€t,

3. UJ; €t for any arbitrary family {4; €
t,Jj€J}

The above definition is in the sense of C. L.
Chang (Chang 1968). The pair (X,t) is
called a fuzzy topological space (FTS in
short), members of t are called fuzzy open
(FOSin short) in X and their
complements are called fuzzy closed sets
(FCS in short) in X.

sets

Definition (Coker 1996): Suppose X is a non
empty set. An intuitionistic set A on Xis an
object having the form A = (X, A;, A,)where
A, and A, are subsets of X satisfying A; N
A, = ¢ . The set A; is called the set of
member of A while A, is called the set of
non-member of A. In this paper, we use the
simpler notation A = (44, 4,) instead of A =
(X, A4, A,) for an intuitionistic set.

Remark (Coker 1996): Every subset A of a
nonempty set X may obviously be regarded
as an intuitionistic set having the form A =
(4, A°) where A° = X — A.

Definition  (Coker 1996): Let the
intuitionistic sets A and B in X be of the
A=(A;,4;) and B = (By,B,)

respectively. Furthermore, let {4;,j € J} be

forms

an arbitrary family of intuitionistic sets in X,
where A; = (A(I),A](.z)). Then

1. AcBifandonlyif Ay € B, and A, 2
By,

2. A=Bifandonlyif AC BandB C A,

3. A= (A,4,), denotes the complement
of A,

— (M AD U 4@
4. n4 = (AP UA),
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5. U4 =UAMNAD),
6. ¢.=(¢$X)and X. = (X, ).

Definition (Coker and Bayhan 2001): Let X
A family T of
in X is

be a non empty set.

intuitionistic ~ sets called an
intuitionistic topology (IT in short) on X if

the following conditions hold.

1. ¢.,X_ €T,
2. AnNBeT forallA,LBET,

3. UA; €T for any arbitrary family {4; €
T;j E]}‘

The pair (X,T) is called an intuitionistic
topological space (ITS in short), members of
T are called intuitionistic open sets (IOS in
short) in X and their complements are called
intuitionistic closed sets (ICS in short) in X.

Definition (Atanassov 1986): Let X be a non
empty set. An intuitionistic fuzzy set A (IFS,
in short) in X is an object having the form
A= {(x,yA(x),vA(x)): X € X} , where p,
and v, are fuzzy sets in X denote the degree
of membership and the degree of non-
membership respectively with p,(x) +
v(x) < 1.

Throughout this paper, we use the simpler
notation A = (uy,v4) of A=
{(x, ,uA(x),vA(x)):x € X} for intuitionistic
fuzzy sets.

instead

Remark: Obviously every fuzzy set A in X is
an intuitionistic fuzzy set of the form
(4,1 —=2) = (4,A°) and every intuitionistic
set A= (A4,,4,) in X is an intuitionistic
fuzzy set of the form (1A1, 1A2).

Definition (Atanassov 1986): Let X be a
nonempty set and A,B are intuitionistic
fuzzy sets on X be given by (uy,v,) and
(ug, vg) respectively, then
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1. ACB if py(x) < pg(x) and vu(x) =
vg(x) forall x € X,

2. A=BifAcCBandB C 4,
3. A= (vaua)

4. ANB = (uy Ny, vaYvp),
5. AUB

(a U pip, Vo NVR).

(Coker 1997): Let {4;=
(HA]-'VAJ-) ,j €]} be an arbitrary family of
IFSs in X. Then

Definition

1. ﬂAjZ(ﬂMAj, UVAj):
2. UA]'=(U/.1AJ., nVAj)s
3. ON = (9)1)7 1~ = (1’9)

Definition (Coker 1997): An intuitionistic
fuzzy topology (IFT in short) on a nonempty
set X is a family 7 of IFSs in X, satisfying the
following conditions:

1. 0.,1.€rm,
2. AnBert,forallA,BET,

3. UA; €t for any arbitrary family {4; €
T! ] E ]}'

The pair (X,7) is called an intuitionistic
fuzzy topological space (IFTS in short),
members of T are called intuitionistic fuzzy
open sets (IFOS in short) in X, and their
complements are called intuitionistic fuzzy
closed sets (IFCS in short) in X.

Remark (Ying-Ming and Mao-Kang 1997):
Let X be a non empty set and A S X, then
the set A may be regarded as a fuzzy set in X
by its characteristic function 1,: X — {0,1} c
[0,1] defined by
1 ifxed
1) = { iy ¢ 4 1eifr ¢ A
Again, we know that a fuzzy set 4 in X may
be regarded as an intuitionistic fuzzy set by

(14,1 —-2) = (4, 4°). So every subset A of X
may be regarded as intuitionistic fuzzy set by
(14,1 -14) = (14 1,0).
Theorem: Let (X, T) be a topological space.
Then (X, ) is an IFTS where

t={(1a, 11D j € A €T},

Note: Above 7 1is the
intuitionistic fuzzy topology of T.

corresponding

Theorem: Let (X,t)be a fuzzy topological
space. Then (X, t) is an IFTS where

T= {(/1], /1]C),] E]/ll € t}

Note: Above 1 is the
intuitionistic fuzzy topology of t.

corresponding

Theorem: Let (X,7) be an intuitionistic
topological space. Then (X,7) is an
intuitionistic fuzzy topological space where

t ={(1a, 1a,). S €J+ A = (412, 45) €T},

Note: Above 7 is the
intuitionistic fuzzy topology of 7.

corresponding

Definition (Coker and Bayhan 2001): An
intuitionistic topological space (X,T) is
called T, if for all x,y € X with x # y,
there exists intuitionistic sets A = (4;,4,),
B = (By,B;) €T such that x € A;, y € A;
andy € B;, x € B;.

Definition (Atanassov 1987): Let X and Y be
two nonempty sets and f:X -V be a
function. If A = {(x, ua(x), vA(x)): x € X}

and B ={(v,us(y), vg(3)):y €Y} are
IFSs in X and Y respectively, then the
preimage of B under f, denotedby f~1(B) is
the IFS in X defined by

7@ = {(x (F ),
(Fo)@):xex} =
e (f (x)), vp(f (x))): x € X}

{(x,
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and the image of A under f, denoted by f(4)
is the IFS in Y defined by

A ={y, Fu)O), FE):y e},

where foreachy € Y

F )
_ {xefi‘;‘;y) uaQ I fTI ) # ¢
0 otherwise

FuNG) = {fo% VaGIES0) * ¢

1 otherwise
Definition(Bayhan and Coker 1996): Let
A = (x,uu,v4) and B = (y, ug,vg) be IFSs
in X and Y respectively. Then the product of
IFSs A and B denoted by A X B is defined by
AX B ={(x,y), ta X Up, V4 X Vp)}
(a X pp)(x, y) = min{p, (x), up (v}
(va x vp)(x,y) = max{v,(x),vg(y)} for all
(x,y)eXxY.

where
and

Obviously 0 < (uy X ug) + (vy xvg) < 1.
This definition can be extended to an
arbitrary family of IFSs.

Definition (Bayhan and Coker 1996): Let
(X;,7j),j = 1,2 be two IFTSs. The product
topology 7, X1, on X; XX, is the IFT
generated by {pj_l(Uj): Ujer,j= 1,2} ,
where p;: Xy XX, - X;, j=12 are the
projection maps. IFTS {X; X X,,T; X T,} is
called the product IFTS of (X;,7;),j = 1,2.
In this case § = {p;*(U;),j € J:U; € 7j}is a
sub base and B = {U, x U,:U; € 7;,j = 1,2}
is a base for 7; X T,0n X; X X,.

Definition (Coker 1997): Let (X,7) and
(Y,6) be IFTSs. A function f:X - Y is
called continuous if f~1(B) € t forall B € §
and f is called open if f(A) € § for all
A€

Definition (Lipschutz 1965): A topological
space (X,T) is called T; if for all x,y €

ISLAM et al.

X with x # y, there exists U,V € T such that
xeUyg&Uandy€eV,x&V.

Definition (Srivastava et al. 1988): A fuzzy
topological space (X, t) is called T; if for all
x,y € X with x #y, there exists u,v €t
such that u(x) = 1, u(y) =0 and v(y) =
1,v(x) =0.

Definition (Singh and Srivastava 2012): Let
A = (uu,vy) be a IFS in X and U be a non
empty subset of X. The restriction of A to U
is a IFS in U, denoted by A|U and defined by
AU = (ualU, v,4|U).

Definition: Let (X,7) be an intuitionistic
fuzzy topological space and U is a non empty
sub set of X then v, = {A|U: A € T} is an
intuitionistic fuzzy topology on U and
(U, ty) is called sub space of (X, 7).

INTUITIONISTIC FUZZY T1 SPACES

Definition: Let r € (0,1). An intuitionistic
fuzzy topological space (X, 7)is called.

1. IF-Ti(r-i) if for all x,y € X withx # v,

there exists A= (uy,va),B =

(ug, vg) € T such that

pa(x) > 1,v, ()5 pay) <rva(y) >r
and up(y) >1,vp(y) <r ; pp(x) <
rvg(x) >r.

2. IF-Ti(r-ii) if for all x,y € X withx # y,
there exists A = (14,v4), B = (p,vp) €
7 such that

pa(x) > 1,v,(x) <75 u0(y)
<1,v4(y) > 0and pp(y) >7,vp(y)
<r;uglx) <rvglx)>0.

3. IF-Ty(riii) if for all x,y € X with x #

y, there exists A= (uy,vy),B =

(ug,vg) € T such that
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pa(x) > 0,v,4(x) <75 pa(y) <
7,v4(y) > rand pp(y) > 0,vp(y) <r;
e (x) < 1,vp(x) > .

4. IF-Ti(r-iv) if for all x,y € X with x #

y, there exists A= (uyV4),B=

(pg, vg) € T such that

ta(x) > 0,v,(x) <75 pa(y) <
r,v4(y) > 0and ug(y) > 0,vg(y) <r;
pp(x) <rvg(x) > 0.

5. IF-Ti(r-v) if for allx,y € X with x # y,
there exists A = (u4,v4), B = (up,vp) €
T such that

pua(x) >1,v,(0) < 1; pa(y) <,
va(y) >rand up(y) > r,vp(y) < 1;
e (x) <1, vp(x) >r.

6. IF-Ti(r-vi) if for all x,y € X with x #

y, there exists A= (uy,vy),B =

(ug, vg) € T such that

ta(x) > 1,v,(0) <7 pa(y) < 1,
va(y) >rand up(y) > r,vp(y) <r;
up(x) < Lvg(x) >r.

7. IF-Ti(r-vii) if for all x,y € X with x #

Yo A= (ug,va), B =
(pg, vg) € T such that

there exists

uaCe) >rv(x) < Lpy,(y) <1,
va(y) >7r and pg(y) >7,vp(y) <1;
pp(x) < Lvg(x) >r.

8. IF-Ti(viii) if for all x,y € X with x #
y A= (uy,va), B =
(ug, vg) € T such that

there exists

pua(x) > 0,v,(x) < Lpa(y) <1,
va(y) >0 and pp(y) >0,vp(y) <1;
pp(x) < 1,vp(x) > 0.

Theorem: Let (X,T) be a topological space
and (X, 1) be its corresponding IFTS where
7 ={(14,145),j €] : A; €T} Then (X,T)

is Tie (X,t) is IF- Ti(r-k) for any k €
{i,ii,iii, iv,v,vi,vii} and (X,T) is T; &
(X, 1) is IF- Ty(viii).

Proof: Suppose (X,T) is T; space. Let
x,y € X with x # y.Since (X,T)is Ty, then
there exists A,B € T such thatx E A,y € A
and y € B,x € B. By the definition of 7, we
get (14, 14¢),(1g,1gc) ETas A, BET.

Now, 1L,x)=1,1,(») =0,1;(y) =1,
1p(x) =0asx €A,y ¢ A andy € B; x¢B.

And clearly 14c(x) =0, 14c(y) =1,
1Bc(y) =0 s 1Bc(x) =1.

That is, 14(x) = 1,14¢(x) = 0; 1,(y) =0,
1ue(@) =1 and 15(y) =1,15(y) = 0;
15(x) =0, 15c(x) = 1.

This implies

L) >r 1) <r; 1,(0) <r,
Tye(y) >rand 15(y) > 71, 1pe(y) <3
1g(x) <7, 1gc(x) > 7.

So (X, t) is IF-T(r-1).

Conversely suppose (X, 1) is IF-Ti(r-i). Let
x,y € X with x # y. Since (X, ) is IF-T:(r-
i), then there exists (1,4, 14¢c), (15, 1gc) €T
such that 1,(x) > r, 1,c(x) <7; 1,(y) <,
Tye() >7r and 15(y) >7,1pc(y) <7 ;
1p(x) <7, 1gc(x) >r.

Since r € (0,1); we can write 1,(x) =1,
Tye(x) = 0;1,(y) = 0, 14e(y) =1 and
1p(y) = 1,13c(y) = 0; 15(x)

=0, 1BC(X) =1
This impliesx € A,y € Aand y € B,x € B.

Clearly A,B € Tas (1,4,14¢),(1p,15c) ET.
Therefore (X, T) is Ti. Space.

Similarly we can show the other

implications.
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Theorem: Let (X,7) be an intuitionistic
space and (X,7) be its
corresponding IFTS where

v = {(ta 1a,) €T A= (44z) €
7). Then(X,7) is Tie> (X,7) is IF-Ti(r-k)

for any k € {i, ii, iii, iv, v, vi, vii} and (X,T")
is Tie (X, 1) is IF-T) (viii).

topological

Proof: The proof of all implications are
similar. As an example we prove (X,T) is
T (X, 1) is IF-T; (r-iv).

Suppose (X,T) is Ti.Let x,y € X with x #
y. Since (X,T) is T, then there exists
A= (A,A;), B=(By,B,) €T such that
xX€A;, y€ A, and y € B, x € B; By the
definition of 7, it is clear that (lAl,
1a,),(1g,, 1g,) €7. Clearly 1, (x) =1,
1A1(3’) =0; 131(3’) =1, 131(35) =0.

Since A NA,=B;NB,=¢ and xE€
ALy €Ay, YEBL,x€B; So 1,,(x) =
0,1,,(=1; 15,() =0, 15x) =1.
That is, 1,,(x) =1, 14,(x) = 0; 1, (y) =
0,15,(») =1and 15, (y) =1, 15,(y) = 0;
1p,(x) =0, 15,(x) = 1.

Therefore we can write, 1,, (x) >0,
1,,(x) <731, (y) <7,14,(y) > 0and
131()’) > 03 132()’) < r, 1Bl(x) < r,
1p,(x) > 0asr € (0,1).

So (X, 7) is IF-T;(r-iv).

Conversely suppose (X, 7) is IF-T(r-iv). Let
x,y € X with x # y. Since (X, 1) is IF-T (r-
iv), then there exists (1A1, 1A2), (131,
132) € T such that 1, (x) > 0, 14,(x) <7;
14, () <7, 1,,(y) >0 and 15 (y) >0,
1g,(y) <7515, (x) <7, 15,(x) > 0.

This implies 15, (x) = 1, 15, (¥) = 0;
1B1(y) = 1, 1Bz(x) =0.
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This implies x € A;,y € Ayand y € By, x €
B;. By definition of 7, A = (4,,4,) € T.

So (X,T) is T space.

Theorem: Let (X, t) be a fuzzy topological
space and (X, ) be its corresponding IFTS
where T ={(},A°),j€J:1€t}. (X, t) is
T, > X 1) is IF-Ti(r-k) for k=
i,ii,iii, iv,v,vi,vii and (X,t) is T1 = (X, 1)
is IF-T(viii) where r € (0,1).

Proof: The proofs of all implications are
similar. As an example we prove that (X, t)
is Ti= (X, 1) is IF-Ti(r-1).

Suppose (X,t)is T;. Letx,y € X withx #
y. then there exists u, v € t such that u(x) =
1, u@y)=0 and v(y) =1,
v(x) = 0.

Now by the definition of 7, (u, u¢), (v, v°) €
Tasu,v Et.

Clearly u¢(x) =0,u(y) =1 and v°(y) =
0,v(x) =1

That is, we get u(x) = 1, u°(x) = 0;

u(y) =0,u’(y) =landv(y) =1,
v°(y) =0;v(x) =0, v°(x) = 1.

So for r € (0,1), we can write

ux)>r,ux) <r; u@y) <r, u@y) >r
andv(y) >r,v°(y) <r;v(x) <r,
ve(x) >r.

Therefore (X, 7) is IF-T,(r-1).

Theorem: Let (X,7) be a IFTS. Then we
have the following implications.

Proof: Suppose (X,7) is IF-Ti(r-i). Let
x,y € X with x # y. Since (X, 1) is IF-T:(r-
i), then exists A = (uy,vy),B =
(ug,vg) € T such that

there
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pa(x) > 1,v,(x) <75 pa(y) <1 vu(y) >
and pg(y) > 1,vp(y) <7;up(x) <
r,vg(x) >r.....(1)

/ IF-T, (r-ii)

IF-T (r-iii)
IF-T, (t-i

[ i '<"‘( IF-T (r-v)

\‘{ IF-T,(r-vi)

Now, from (1) we can write,

pa(x) > 1,v,(x0) <75 p(y) <1va(y) >0
and pp(y) >1,vp(y) <r;pp(x) <
r,vg(x) >0, .......... )

Again from (2) we get,

pa(x) > 0,v4(x) <715 p4(y) <7,v,(y) >0
and up(y) > 0,vp(y) <rup(x) <
r,vg(x) >0.......3)

And finally from (3),

pa(x) > 0,v4(x) < 1; pa(v) < Lvu(y) >
0and pp(y) > 0,vp(y) < 1; pp(x) <
1,vg(x) > 0.

Therefore TF-T(r-i) = IF-T,(r-ii) = IF-T(r-
iv) =IF-T,(viii).

Again from (1) we get

ta(x) > 1,v4(0) <75 pa(v) < Lva(y) >7

and ug(y) >1r,vp(y) <r;up(x) <
1,vg(x) >r.

This implies

pa(x) >71,v,(x) < L pa(y) < Lva(y) >
and ) >1r,vp(y) <1 5 wpp(x) <
1Lvg(x) >r.

This implies

Ua(x) > 0,v4(x) <15 ps(y) <Lva(y) >
0 and pp(y) >0,v(y) <1 ; pplx) <
1,vg(x) > 0.

Therefore IF-T(r-1) = IF-Ti(r-vi) = IF-Ti(r-
vii) = IF-T(viii).

Similarly other implications may be proved.

IF-T (r-iv) ]\

[ IF-Ty(vii) |

IF-T (r-vii)

The reverse implications are not true in
general as can be seen from the following
examples:

Example: Let X ={x,y} and 7 be an
intuitionistic fuzzy topology on X generated
by A=1{(x,07,0.1),(y,0.2,0.3)},B =
{(x,0.4,0.1), (y,0.6,0.3)} .If r = 0.5, then

clearly (X, ) is IF-T (r-ii) but not IF-T(r-1).

Example: Let X ={x,y} and t be an
intuitionistic fuzzy topology on X generated
by A={(x02,0.1),(y,0.2,0.3)},B =
{(x,0.2,0.3),(y,0.3,0.4)}. If r = 0.5, then
clearly (X,7)is IF-T (r-iv) but not IF-T(r-

i), IF-T (r-ii) and IF-T (r-iii)

Example: Let X ={x,y} and 7 be an
intuitionistic fuzzy topology on X generated
by A={(x, 06, 0.1),(y, 0.2, 0.6)},
B ={(x,0.2,0.6),(y,0.2,0.3)}. If r =0.5,
then clearly (X,t) is IF-Ti(r-iii) but not
IF-T(r-i).

Example: Let X ={x,y} and 7 be an
intuitionistic fuzzy topology on X generated
by A={(x,03,0.6),(y01,06)} , B=
{(x,0.1,0.3),(y,0.4,0.5)}. If r = 0.2, then

clearly (X,7) is IF-Ti(r-v) but not IF-T(r-i).

Example: Let X ={x,y} and 7 be an
intuitionistic fuzzy topology on X generated
by A ={(x, 0.3, 0.1),(y, 0.4, 0.5)}
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B ={(x,0.3,0.6), (y,0.4,0.1)}. If r =0.2,
then clearly (X, ) is IF-T;(r-vi) but not IF-
T](I‘-i).

Let X ={x,y} and 7 be an
intuitionistic fuzzy topology on X generated
by A ={(x,03,0.6), (y,0.5,0.3)},
B ={(x,0.4,0.5),(y,0.4,0.3)}. If r=0.2,
then clearly (X, ) is IF-T;(r-vii) but not IF-
T (r-i), IF-T (r-v) and IF-T (r-vi)

Example:

Example: Let X ={x,y} and 7 be an
intuitionistic fuzzy topology on X generated
by A ={(x,03,0.5),(y,0.2,0.6)},
B ={(x,0.3,0.2),(y,0.7,0.3)}. If r = 0.5,
then clearly (X,t) is IF-T)(viii) but not IF-

Ti(r-iv) and IF-T(r-vii)

Theorem: Let (X,7) be a IFTS andr,s €
(0,D)with r <s, then(X, 1) isIF-T)(r-iv) =
(X,7t) is IF-Ti(s-iv) and (X, 7) is IF-T(s-vii)
= (X, 1) is IF-T (r-vii).

Proof: IF-Ti(r-iv) = IF-Ti(s-iv): Suppose
(X, 7) is IF-Ti(r-iv). Let x,y € X with x # y.
Since (X, 1) is IF-Ti(r-iv), then there exists

intuitionistic fuzzy sets A = (uy,v4), B =
(¢g, vg) € T such that

pa(x) > 0,v,4(x) <15 us(y) <7,v4(y) >0
and pg(y) > 0,vp(y) <7;up(x) <7,
vg(x) > 0.

Since r < s, we can write

Ba(x) > 0,v4(x) < 55p4(y) <5,v4(y) >0
and pp(y) > 0,vp(y) <s;pup(x) <s,
vg(x) > 0.

Therefore (X, 7) is IF-T (s-iv).

IF-T)(s-vii) =IF-T)(r-vii): Suppose (X, 1) is
IF-T(s-vii).

Let x,y € X with x # y. Since (X,7) is IF-
T\ (s-vii), then there exists intuitionistic fuzzy
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set A = (uu,v4), B = (U, vg) € T such that

Ua(x) > s,v,(x0) < L; pua(y) < L,v,(y) > s
and up(y) > 5,vp(y) < 1; pp(x) < 1,
vgp(x) > s.

Since r < s, we can write

pa(x) >r, v, () < L ua(y) < Lvy(y) >r
and pg(y) > 1,vp(y) < L pp(x) <1,
vp(x) >r.

So (X, T) is IF-T(r-vii).

The reverse implications are not true in
general as can be seen from the following
examples:

Example: Let X ={x,y} and t be an
intuitionistic fuzzy topology on X generated
by A={(x0204),(y,04,03)} , B=
{(x,0.1,0.4),(y,0.2,0.4)}. If r =0.3 and
s = 0.5 then clearly (X, 7) is I[F-Ti(s-iv) but
not IF-Ti(r-iv).

Example: Let X ={x,y} and t be an
intuitionistic fuzzy topology on X generated
by A=1{(x,04,04),(y,0204)},B =
{(x,0.1,0.4),(y,0.5,0.4)}. If r =0.3 and
s = 0.5 then clearly (X, ) is IF-T (r-vii) but
not IF-T(s-vii).

Theorem: Let (X,7) and (Y,8) be IFTSs
and f:X - Yis one-one and continuous.
Then

(Y, 6)is IF-Ti(r-k)= (X, 1) is IF-Ti(r-k) for
any k € {i, ii, iii, iv, v, vi, vii} and

(Y, 8)is IF-Ty(viii)= (X, 1) is IF-T(viii).
Proof: Suppose (V,8) is IF-Ti(r-i).
Letx,y € X with x # y. Since f is one-one,

then f(x),f(y) €Y with f(x)# f(y) .
Again, since (Y, §) is IF-T(r-i), there exists
A= (ua,v4), B= (up,vg) €6 such that
ta(f () >rva(f () <7 5 pa(f(¥)) <
r,v4(f(¥)) > r and
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us(F()) > r,vp(f(¥)) <rmipp(f(x)) <
r,vg(f(x)) >r.

Since f is continuous,
fHA=(f " (ua), f 1 (va)) € Tand
fAB)=(f " (up), 1 (vp)) E 7.

Now we have /(4 () = ua(f () > 7,
FUD® = v(F@) <73 ) 0) =
ma(F ) <7 f A = v (o)) > .

and f~ (up) () = up(f)) >,
)W) =ve(f) <13

F ) ) = ps(f(X)) <,
f1vp)(x) = vp(f(x)) > .

Therefore (X, 7) is IF-T(r-1).

Similarly we can show the other

implications.
Theorem: Let (X,7) and (Y,8) be IFTSs

and f:X -V
Then

is one-one, onto and open.

(X,t)is IF-Ti(r-k)= (Y, 6)is IF-Ti(r-k) for
any k € {i, ii, iii, iv, v, vi, vii} and

(X, t)is IF-Ty(viii) = (Y, &) is IF-T(viii).
Proof: Suppose (X, t) is IF-T(r-i).

Let x,y €Y with x # y. Since fis onto,
then there exists some p,q € X such that
f(p) = x and f(q) = y. Since f is one-one,
these p and g are unique and p # q. ie.,

f7'(x) ={p}and f7*(y) = {q}.

Now since (X,7) is IF-Ti(r-i), there exists
A= (g va), B = (upvp) €T that
ra(®) > 1,v,(p) <75 pa(q) <7, v4(q) >7
and  pp(q) >rve(q) <r ; wug(p) <
r,vg(p) >r.

such

Further since f is open, sof (4) =

(f(.uA)'f(VA)) € 65 f(B) =
(f(up), f(vp)) €6

Now we have

fFud @) =, = 1a(@) = pa) > 1,
FOUDE) = oo 2 val@) = va(p) <7

FunD®) = o5, ma(@ = ma(@) <,
f)) = aef—irllgy)VA(a) =v,(q) > .

And f(up)(y) =
werb 5@ = pp(@) > 7, fFve) () =
aef—"f{y)vs (a) =vp(q) <T;

flug)(@) = oo p(@) = up() <.,
flp)(x) = aef—irilgx)VB(a) =vg(p) >r.
Therefore (Y, §) is IF-T (r-1).

Similarly we can show the other

implications.

From above two theorems we have the
following corollary:

Corollary: If (X, ) and (Y, §) are IFTSs and
f:X —>Y is a homeomorphism then (X, 1)
is IF-T (r-k) if and only if (V,8) is IF-T(r-
k) for any k € {i,ii,iii,iv,v,vi,vii} and
(X,7) is IF-Ty(viii) if and only if (Y,8) is
IF-T(viii).

Remarks: IF-T,(r-k) for k=1, ii, iii, iv, v, vi,
vii and IF-T(viii) are topological properties.

Theorem: Let (X,7) be an intuitionistic
fuzzy topological space and U is a non-
empty sub set of X. Then (X, T) is IF-T(r-k)

= (U, ty) is IF-T (r-k) for any

k € {i,ii,iii, iv,v,vi,vii} and (X,7) is IF-
T\(viii) = (U, 7y) is IF-T)(viii).

Proof: Suppose (X,7) is IF-Ti(r-i). Let

x,y EUwithx #y.=2x,y € Xwithx #y
as U € X.

Since (X,t) is IF-Ti(r-i), then there exists
A = (uy,v4), B = (ug,vg) € 7 such that
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pa(x) >1,v () <7 pa () <rva(y) >r
and pg(y) > r,vp(y) <1 up(x) <,
vg(x) >r.

Clearly A|U = (u4|U, v4|U) € 1y.

Now we havep, |U(x) = p (x) >,
ValUx) = va(x) <75ualU) = pa(y) <
T valU(y) =va(y) > 1.

And pp|U(y) = up(y) > 1, vp|U(y) =
vp(y) <7 uplU(x) = pup(x) <,
ve|U(x) = vu(x) > 7.

Therefore (U, Ty) is IF-T(r-i).

Similarly, we can show the other

implications.

Remarks: The properties IF-T (r-k) for k=i,
ii, iii, iv, v, vi, vii and IF-T;(viii) are
hereditary.

Definition (Ahmed et al. 2014): An
intuitionistic fuzzy topological space (X, 1)
is called

1. IF-Tu(i) if for all x,y € X withx # y,
exists A= (uyvy), B=

(ug,vg) € T such that

there

pa(x) = L,vy(x) = 0; pa(y) =
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0,v4(y) > 0and pup(y) = 1,v5(y) = 0;
ug(x) = 0,v5(x) > 0.

3. IF-Ti(iii) if forallx,y € X withx # y,

there exists A= (uy,vy), B=

(ug,vg) € 7 such that

Ua(x) > 0,v4(x) = 0; us(y) =
0,v4(y) = 1and up(y) > 0,v(y) = 0;
AuB(x) = OIVB(x) =1

4. IF-Ti(iv) if for all x,y € X withx # y,

there exists A= (uyvy), B=

(ug,vg) € 7 such that

pa(x) > 0,v4(x) = 0; us(y) =
0,v4(y) > 0 and pup(y) > 0,v(y) = 0;
pp(x) = 0,vp(x) > 0.

Theorem (Ahmed et al. 2014): Let (X, 1) be
a IFTS. Then the following implications

hold.

(@ ) [ ETGy)

If (X,7) bea IFTS, then the
following implications hold.

IF-T(r-ii)
IF-T(r-iv)

Theorem:

([ FT6) ) [ IETv) P IE-Tya-)

E T IF-T, (viii)
-1

0,v4(y) = Land up(y) = L, vp(y) = 0;
pp(x) =0,vp(x) = 1.
2. IF-Ti(ii) if for allx,y € X withx # y,
exists A= (uy,v,), B =

(pg,vg) € T such that

there

pa(x) = L,v () = 0; pa(y) =

IF-T(r-v)
IF-T(r-vii)

IF-T(r-vi)

Proof: To prove this theorem we only have
to prove that(X,7) is IF-Ti(iv) = (X,7) is
IF-T (r-1).

Let (X,7) be IF-Ti(iv) and x,y € X with
x #y. Then there exists A = (uy,v,), B =
(ug,vg) € T such that
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pa () > 0,v4(x) =0 ; ps(y) = 0,v,(y) >
0 and pp(y) >0,v5(y) =0; pp(x) =0,
vg(x) >0. So for r € (0,1), py(x) >r,
Vo) <1ua(y) <7,v(y) >and pp(y) >
r,vp(y) <75 pp(x) <7, vp(x) > 7.
Therefore(X, T) is IF-Ty(r-1).

The reverse implication is not necessarily
true. For this we only have to show that
X,t) is IF-Ti(r-i) # (X,7) is IF-T(iv),
which is shown by the following example.

Example: Let X ={x,y} and t be an
intuitionistic fuzzy topology on X generated
by A={(x,06,04),(y0206)} , B=
{(x,0.2,0.8),(y,0.7,0.1)}. If r = 0.5 then

clearly (X,7) is IF-T(r-i) but not IF-T;(iv).

Definition (Ahmed et al. 2014): Let € (0,1)
. An intuitionistic fuzzy topological space
(X,7) iscalled

1. o IF-Ti()if forall x,y € X withx # y,
there exists A = (Uy,v4), B =
(ug, vg) € T such that

pa(x) = Lvy(x) = 0; pus(y) =
0,v4(y) = aand up(y) = 1, vp(y) = 0;
pp(x) = 0,vp(x) = a.

2. o-IF-T,(i)if for all x,y € X with x #

v A= (HA'VA)JB =
(4p,vg) € T such that

there exists

pa(x) = a,va(x) = 0; pu(y) =
0,v4(y) = aand up(y) = a,vp(y) =
0; ug(x) = 0,vp(x) = a.

3. o-IF-Ti(iib)if for all x,y € X with x #

YV A= (g, va), B =
(ug, vg) € T such that

there exists

pa(x) > 0,v,(x) = 0; us(y) =
0,v4(y) = aand pug(y) > 0,v5(y) = 0;
pp(x) = 0,vp(x) = a.

Theorem (Ahmed et al. 2014): Let a €
(0,1) and (X,7) be an intuitionistic fuzzy
topological Then the

space. following

implications hold.
[ oIF-TiG) P o-TF-Ti(i) || a-TF-Ty(iii) |

Theorem: Let a € (0,1) and (X,7) be an
intuitionistic fuzzy topological space. Then
(X,7) is a-IF-Ty (k) = (X,7) is IF-T (viii)
for k=i, ii, iii. i.e., the following implications
hold.

[a-IF-Tl(i)]—)[a-lF-T1(ii)]—)[a-IF-T1(iii)]—)[IF-T1(viii)]

Proof: We only have to prove that (X, 1) is
o-IF-T;(iii) = (X,t) is IF-T,(viii). Suppose
(X,7) is o-IF-T(iii). Let x,y € X with x #
y. Since (X, 1) is is a-IF-T(iii), then there
exists A = (fy,v4), B = (up,vg) € T such
that  p (%) >0,v4(x)=0; wu(y) =
0,v4() 2a and pg(y) >0,v5(y) =0 ;
pp(x) = 0,vp(x) = a.

Since a € (0,1), we can write py(x) >
0,va(x) <1 ;5 pa(¥) <Lvy(y) >0 and
() > 0,vp(¥) <1; pp(x) <1,vp(x) >
0. Therefore (X, t) is IF-T(viii).

The reverse implications are not necessarily
true. For this we only have to show that
(X, t) is IF-T(viii) # a-IF-T,(iii) which is
shown as the following example.

Example: Let X ={x,y} and 7 be an
intuitionistic fuzzy topology on X generated
by A ={(x,06,0.4),(y,0.2,0.6)},
B ={(x,0.2,0.7),(y,0.3,0.5)}. Ifa=05
then clearly (X,7) is IF-Ti(viii) but not
o-IF-T(iii).

Theorem: Let (Xj, 1), j = 1,2 be two IFTSs
and (X,7) = (X; X X,,7; X7,). If each
(X, 1), j = 1,2 is TF-Ti(r-k), then (X, 1) is
IF-T(r-k) for any k € {i, ii, iii, iv, v, vi, vii};
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where r € (0,1) and If each (Xj,7;),j = 1,2
are IF-T(viii), then (X, 7) is IF-T(viii).
Proof: The proofs of all implications are
similar. As an example, we prove that if each
X,7j),j = 1,2 are IF-T (r-1), then (X, t)
is IF-T (r-1).

Let each (X, 7;), j = 1,2 are IF-T,(r-i).

Suppose x,y € X with x #y where x =

(x1,x2) and y = (y4,¥,). Then at leastx;, #
Y1 0r Xz # Ya.

Considerx; # y;. Clearly x;,y; € X;. Since
(X4, tq) is IF-Ti(r-i), then there exists A, =
(MAl'VAl)’ B, = (,uBl,vBl) € 7; such that
Ba, (X)) >1va, () <7 5w, () <7,
Va,(y1) > rand

MU, ) >, VB, ) <r; KB, (x)) <,
vp, (1) > 7.

Choose A, = B, =1.=(1,0) and Clearly
A, B, €T,

Let A=A xA;=(ua, XLy X0)=
(4, v4) (say) and
B =B, x B, = (up, X 1,v5, X0)
= (ug, vp) (say)
By the definition of product IFT; 4, B € .

Now we have
pa(x) = (llA1 X l)(xpxz) =

min(py, (1), 1(x)) = min(ug, (,),1) > 7
as fg, (x1) >1v,(x) = (VA1 X Q)(xpxz)
=max(vA1 (%), Q(xz))=max(vA1 (%), 0) <r
as vy, (x1) <73pa(y) = (HA1 X l)()ﬁd’z)

:min(ﬂAl(3’1);1(3’2)):min(ﬂ,«11 (1), 1) <r
as g, (1) <Tva(y) = (VA1 X 9)(}’1'3’2)

:maX(VAl()’1),9(}’2)):maX(VA1(J’1), 0) >r
as vy, (y1) >
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And pp(y) = (g, X 1)(r1,¥2)

:min(u31 (Y1):l(}’2)):min(ﬂsl(3’1), 1) >T
as pp, (1) > rvp(y) = (VB1 X 9)(3’1'3’2)

= max(vg, (1), 0(2)) = max(vs, (1), 0) <
rasvg (y1) <7;pp(x) = (#31 X l)(xpxz)

:min(ﬂBl (x1)'l(x2)):min(li31 (x1), 1) <r
as pg, (x1) <r,vp(x) = (V31 X Q)(xpxz)

:max(vBl (xl),g(xz)):max(v,g1 (x), 0) >r
as vg, (x1) > 1;

ie, for x,y € X with x #y, we get A =
(14, va), B = (up,vp) € 7 such that

pa(x) >1,v4(x) <13pa(y) <7V (¥) >
and pg(y) >7, vg(y) <r; pp(x) <r,
vg(xy) > r.

Therefore (X, T) is IF-T(r-i).

Remarks: The properties IF-T(r-k) for k=i,
i, iii, iv, v, vi, vii and IF-Ti(viii) are
productive.

CONCLUSION

In this paper we see that our eight definitions
are more general than those of Estiaq Ahmed
et al. (Ahmed et al. 2014). Also we see that
our definitions satisfy hereditary and

productive  properties.  Moreover  the
definitions are preserved under one-one and
open mapping. As far we know our
definition (viii) is the most general among all
given definitions of intuitionistic fuzzy T,

topological spaces.
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