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ABSTRACT

The aim of this paper is to study the fuzzy connectedness in Raja-Sethupathy-
Lakshmivarahan’s sense. Some characterizations and the properties of this type of fuzzy
connectedness on fuzzy topological spaces are studied. Interrelationships among fuzzy
connectedness are examined. We prove that fuzzy connectedness is preserved under fuzzy
continuous mapping.
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INTRODUCTION

Following the introduction of fuzzy setsby L. A. Zadeh (1965), C. L. Chang (1968)
defined fuzzy topological space which is a successful generalization of general
topological space. Since then extensive work on fuzzy topological spaces has been
carried out by authors like Wong (1974), Warren (1974), Hutton (1975), Lowen (1976),
Shahjahan and Amin (2017) and many others. The concepts of fuzzy connectedness have
been introduced earlier by Lowen and Srivastava (1992), Wuyts (1987), D.M.Ali (1992),
Tapi and Deole (2014), Fatteh and Bassan(1985), G. Jagor (1998) and others. Also there
are many articles on fuzzy connectedness by researchers like Raja-Sethupathy and
Lakshmivarahan (1977), Ali and Srivastava (1988), Zheng (1984), Amin and Hossain
(2017), and others.

The purpose of this paper is to further contribute to the development of fuzzy
topological spaces especially on fuzzy connectedness. In the present paper, we study the
fuzzy connectedness in Raja Sethupathy-Lakshmivarahan’s (1977) sense. Some
characterizations and the effects of this type of fuzzy connectedness on fuzzy topological
spaces are studied. Also we observe that some properties of connectedness on topological
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spaces hold as fuzzy connectedness on fuzzy topological spaces. Interrelationships
among fuzzy connectedness are examined. In addition, we discuss about image of fuzzy
connectedness space under a fuzzy continuous mapping.

BASIC NOTIONS AND RESULTS

In this section, we recall some concepts occurring in the cited which will be needed
in the sequel. In the present paper X amd Y always denote non-empty setsand | = [0, 1].

Definition: A function u from X into the unit interval | is called afuzzy set in X. For
every X e X, u(x) € | iscalled the grade of membership of x in u. Some authors say that u
is afuzzy subset of X instead of saying that u is afuzzy set in X . The class of all fuzzy
sets from X into the closed unit interval | will be denoted by I* (Zadeh 1965).

Definition: Suppose f e I* be a fuzzy set. Then the complement of f is the fuzzy set
f: X — 1, defined by f¢x) = 1 - f(x), Vx e X (Zadeh 1965).

Definition: Supposef, g e 1* are fuzzy sets. Then the union of f and g is the fuzzy
set in I* denoted by f U g and defined by

(fu g)(x) = max{f(x), g(x)} =f(X) v g(x), VX € X (Zadeh 1965).

Definition: Suppose f, g e X are fuzzy sets. Then the intersection of f and g is the
fuzzy set in I* denoted by f N g and defined by

(f  g)(¥) = max{f(x), g} = f(X) v g(x), Vx € X (Zadeh 1965).

Definition: Letf be amapping from a set X into a set Y and u be a fuzzy subset of
X. Then f and u induce a fuzzy subset v of Y defined by (Chang 1968)

v(y) sup{u(x)} if xe f(y)#0,xe X
Y 0, otherwise

Definition: Let f be amapping from aset X into aset Y and u be afuzzy subset of X.
Then the inverse of v written as f™(v) is the fuzzy subset of X defined by
(F(V))(X) = v(f(x)), for al x € X (Chang 1968).

Definition: Let X be a set and | be the unit interval. A fuzzy topology on X is a
subset t < 1% such that

(H0,1et
(i Vibhet=>punar et
(iii) V(u)ia ct=sup p e t

Then (X, t) is called a fuzzy topological space or in short fts' If p e t then u is said
to be fuzzy t-open set. A fuzzy set pist-closed if pis fuzzy open (Chang 1968).
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Definition: The closure of a fuzzy set 2, denoted by | and the interior of a fuzzy
set A, denoted by A° are defined respectively by

I =~{p:petadrcu}, A’=u{p:p et)and pc A} (Chang 1968).

Definition: A function f : (X, t) — (Y, s) is called fuzzy continuous iff for every v e
s, f(v) e t; f is called a fuzzy homeomorphism iff f is bijective and both f and f* are
fuzzy continuous (P. Ming and Y. Ming 1980).

Definition: A functionf: (X, t) — (Y, s) is called fuzzy open iff for every open fuzzy
st vet f(v) e sisopen fiscaled fuzzy closed iff for every closed v € t°, f(v) € &°
(Malghan and Benchalli 1984).

Definition: Let (X, t) be afuzzy topological space. A fuzzy set nin X iscaled fuzzy
clopen if it is both fuzzy open and fuzzy closed (Ali and Srivastava.1988).

Definition: A fuzzy set in X is called afuzzy point iff it takesthe value O for all y in
X except one, say x € X. If itsvalue at x isp(0 < p < 1), we denote this fuzzy point by X,
where x is called its support (Pu and Liu 1980).

Definition: A fuzzy point X, is said to be contained in afuzzy set p or to belong to
1, denoted by x; € p, iff p < p(x).

Evidently every fuzzy set can be expressed as the union of all the fuzzy points which
belong to p (Pu and Liu 1980).

Theorem: A bijective mapping from a fts (X, t) to afts (Y, s) preserves the value of a
fuzzy singleton (fuzzy point).

Note: Preimage of any fuzzy singleton (fuzzy point) under bijective mapping
preservesits value (Amin et al. 2014).

MAIN RESULTS

Definition: A fuzzy topological space X is said to be connected if and only if there does
not exists two non-empty open fuzzy setspand A in X suchthat pu A =Xandpn A =
& (Sethupathy and Lakshmivarahan 1977).

Theorem: If the fuzzy sets u and A form a separation of fts X and if Y is a connected
fuzzy subspace of X, then Y liesentirely either inp or in A.

Proof: Since the fuzzy sets 1 and A form a separation of fts X, then by definition,
and A are non-empty open fuzzy setssuchthat pu A =Xand puA=J. Thenpu Y=
Xand pu Yand are open fuzzy setin Y. Now

WAYVYYURAAY)=(puUuA)NnY=XNY=Y.
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Alo(unY)Nn(AnY)=(unA)NnY= NnY=0.

Now, if u » Y and A n Y are both non-empty, then un n Y and A n Y form a
separation of Y, which contradicts the fact that Y is fuzzy connected. Therefore, one of
NYoriAnYmustbeempty, say un'Y=4.

Sotha Y=(unYurnY) =Fu (unY) =LA Ywhichimpliesthat Y < A.
HenceY liesentirely in A. Similarly, if (A nY) =, then Y liesentirely in p.

Theorem: The union of a collection of fuzzy connected subspace of fts X that have
afuzzy point in common is fuzzy connected.

Proof: Let {u}be a collection of fuzzy connected subspace of fts X and let
Xp € N pi. Now, we have to prove that Y = Uy, is fuzzy connected. Suppose that Y is not
fuzzy connected. Then there exists two non-empty open fuzzy sets A, and A, in Y such
that A, U A, = Yand Ay N Ay = &. Since x, € Y, which gives that either X, € A, or X, € Ao
Consider x, € Aq. Since y; is fuzzy connected subspace of Y, then by previous theorem,
w; lies entirely either in A, or in A,, we get pj A1 Or pj < Ap. Since X, is not in A, and
Xp A i, SO that w; liesentirely inq, i.e., wc A, foreveryi e I. Thus

Upch=>Ych. ThenYc A, and Ay u A, =Yimpliesthat A, =& (asYisnotin
A2), which is a contradiction as A; and A, form a separation of Y. Therefore, Y is fuzzy
connected.

Theorem: A fuzzy topological space X is connected if and only if the only fuzzy
clopen subsets of X that are the empty and X itself.

Proof: Suppose X is connected and p be a non-empty proper fuzzy subset of X
which is both fuzzy open and fuzzy closed in X. Now, let A; = pand A, = X\ i Thus A,
and A, are complement of each other, so they are both open and closed. For A; and A, are
non-empty open fuzzy setsin X, we have iy N A, = 1 (X\W) = <.

Also Ay U A, = 1w (X\u) = X. So they form a separation of X, which contradicts the
fact that X isfuzzy connected.

Conversdly, suppose that X is not fuzzy connected. Then there exists two non-
empty open fuzzy setspand L in X suchthatpu A =Xandpun i =<. Herepu®= L so
is a fuzzy clopen set which contradicts the that X has only two fuzzy clopen sets which
are empty set and X itself. Hence, X is connected.

Lemma: Let (X, t) be an fts. Then the following conditions are equivalent:
(i) Xisdisconnected.

(i) There exists a non-empty proper fuzzy subset of X which is both open and
closed.
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Remark: In afuzzy topological space, the number of clopen fuzzy setsis even.

Theorem: If Y isasubspace of fts X, a separation of Y isapair of digoint non-empty
fuzzy sets p and A, whose union is'Y, neither of which contains a limit point of the other.
In other words, p and A, form a separation of Yiff u U A =Yand MmNl =0=mnIl =0.

Proof: Suppose that 1 and A form a separation of Y. Then by definition, i and A are
non-empty open fuzzy setsin Y suchthat pu A =Yand pn A =J. Sincep and A are
complement of each other, so they are both open and closed. We know that, the closure
of a closed set is itself i.ei=p and A =X. Therefore, tNA=pNi=00. Also
pAA=pni=0.

Conversely, Suppose that i and A are digoint non-empty fuzzy sets, whose union is
Y, neither of which contains a limit point of the other. Then, we have nnA =0 and
nnA =0. Now, we have to show that p and 2 are both open and closed. We conclude
that tAA=p and L NY =A. Thisgives that both p and A are closed in Y. Since p = A°
and 2 = p°, so they are both openin Y as well. Hence p and A are both open and closed.

Theorem: Let pu be a connected fuzzy subset of fuzzy topological space X. If
M c A pthen ) isfuzzy connected.

Proof: Let p beaconnected and p < A < . Suppose A is not connected, then there
exists two non-empty open fuzzy sets 1, and A, such that 4, "4, =0and A, "4, =0.

By previous theorem, U lies entirely eitherinA;, or in Ay, i.e., L c AL 0Or h < A,
Consider uc M « 1  A,. Now, pcAc & and i < A, impliesthat
HCACHCAL SACHCA, SACA,.

Since A, N\, =0sothat A N A, = 0. Since A2 = Aand A2 " A = & = A, = &, which
is a contradiction as A, is non-empty open fuzzy subset of A. Hence A isfuzzy connected.

Theorem: Let (X, t) be afts. Then the following conditions are equivalent;
(i) (X, t) isfuzzy connected.

(iHp,ret withpui=XandunA=0implyoneof porXisO.

(i) p, L et®withpui=Xandpu i =0imply oneof porisO.

Proof of (i) b (ii): Suppose (ii) isnottrue. Thatisp=0=AandpUrA =X, PN A=
0. Now, by De Morgan’s rule, (MU L) =XP p°nA’=0 and(un2)°=0"p p°u A’
=X. Now, (W) nAS=p°*nA°=0b (U nA°=0.

Also IS () = N Af=0p PN (A9 =0.

Sincep=0=#iand pUL=X,UNAP p=0=A.
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Hence u° # 0 # A% So that (U™ N A°=0=p°n (L9 gives that p° and A° form a
separation. Hence (X, t) is not fuzzy connected, which is a contradiction.

Proof of (ii) b (iii): The proof is astraight forward application of De Morgan’s rule.

Proof of (iii) b (i): Suppose (i) is not true. Then there exists two non-zero open
fuzzy sets A and p such that ﬁmx=0:pmx. This implies that (iii) is not true as 0 e

{H, AL

Theorem: Let (X, t) be an fts. If the fuzzy setsu and A form a separation of X. Then
for any fuzzy set ain X, a n p and a N A are not fuzzy connected.

Proof: Since 1 and A are separated. Then, i and A are non-zero open fuzzy sets such
that

Hni=0and pnA=0.Now,anpcp=(@NH) < p.Alsoanpci= (an
N c

Now, ()" n(@NA) c pn nA=0.Hence (a ) n (o A) =0. Similarly, we
get

(an ) N (@A) =0.Hence a n pand a n A form a separation. Therefore a n
and o m A are not fuzzy connected.

Theorem: Let (X, t) bean fts, a in X. Then the following conditions are equivalent:
(i) a isfuzzy connected.
(ii) Ay, Ay € tare separated, a c Ay U Ay = 0 Ay OF 0 C Ao
(iii) Ay, Ap e tareseparated, 0 c My U A, > aNn A =00rac A, =0.

Proof of (i) = (iii): Sincea isfuzzy connected and 4, A, € t are separated. Then by
previous theorem, we have a N A, and a N A, are not connected. Since o < A; U A, then
we have,

an (A Ui)=a= (an i) U (an Ay =a. Since a is connected, so that one of o
NAiorani,equa to0. Henceani;=0oran i, =0.

Proof of (iii) = (ii): Supposea N A1 =0.Sinceac AU hrthenan (A U Ay =a
S@NnA)u@ni)=a=0u(@NAi)y=0=0Ni=0=0C A,
Similarly, if a n 2, =0, weget a c A,.

Proof of (ii) = (i): Suppose A, and A, are separated and a is not fuzzy connected. Let
a=Ai Ul By(ii),achorac i lfaci;and XNk, =0=A1 NA,

(as o not connected).
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Now ach ch = ok, Ch N, ChNy,=0=>ank,=0

= A =0 (asa =2y ULy). Similarly, if a < A,, we get A, = 0. Thisis acontradiction
as A; and A, are separated. Hence a is fuzzy connected.

Theorem: Let (X, t) be an fts and p and A are fuzzy connected sets which are not
separated, then u w A is fuzzy connected.

Proof: Suppose a = p U A isnot fuzzy connected. Then there exists two non-zero
open fuzzy sets A, and A®such that 4, "A,= @& = A, NA,. Since (X, t) be an fts, then
A1, A € t are separated and o = A; U A,, then by previous theorem we have o < A, 0r o
M fach=0chc A=0NnhchNnic ANA=0=aN A, =0= 1, =0.

Similarly, if a < A, then we get A, = 0. But A= &, A, # &. This contradiction proves
that a isfuzzy connected.

Remark: Let {l;} be acoallection of fuzzy connected subsets of fts (X, t) such that no
two members are separated. Then pu = n; is fuzzy connected.

Theorem: The image of a fuzzy connected space under a fuzzy continuous map is
fuzzy connected.

Proof: Let f : X — Y be fuzzy continuous map and let X be fuzzy connected
topological space. We have to prove that W = f(X) is fuzzy connected. Suppose W is not
fuzzy connected; then there exists two non-empty open fuzzy sets p and A in W such that
puiA=Wand pu i =d. Since 4 and A are open in W, by definition of fuzzy
continuous, we have () and f(1) are open in W and they are non-empty. Now, (1)
U = o) = W) = X and Fi(w) U ) =i un i) =F1(Q2) = @.

Therefore, f(u) and f().) form a separation of W, which is a contradiction.

Hence W = f(X) is fuzzy connected.
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