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ABSTRACT

The authors extend and generalize some results of previous workersto s -primeI'-ring. For a
S -sguare closed Lie ideal U of a 2-torsion free s -prime I'-ring M, let d: M — M be an additive
mapping satisfying d(ugu)=d(u)g u + ugd(u) for al u € U and g e T'. The present authors proved
that d(ugv) = d(u)gv + ugd(v) for al u, v e U and ge I', and consequently, every Jordan
derivation of a2-torsion free s -primeT'-ring M is aderivation of M.
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INTRODUCTION

Oukhtite and Salhi (2008) worked on left derivations of s -prime rings and proved
that, if U is a nonzero ¢ -square closed Lie ideal of aring R then U < Z(R), centre of R
or d(U) = 0. They described additive mappings d : R — R such that d(u?) = 2u d(u)Vu e
U, where U isanonzero s -square closed Lieideal of a2-torsion free ¢ -prime ring R and
proved that d(uv’ = ud(v) + vd(u) Vu, v e U. Oukhtite et al. (2007) also studied Jordan
generalized derivations of s -prime rings and proved that every Jordan generalized
derivations on U of R is a generalized derivations on U of R, where U is a ¢ -square
closed Lieidea of a2-torsion free s -primering R. Some significant results developed on
Lieideas and generalized derivationsin s -prime rings by Khan and Khan (2012). Some
characterizations of centralizing automorphisms on a s -square closed Lie ideals of s -
prime I'-rings have been developed by Dey et al. (2015). They studied Jordan left
derivations on a o -square closed Lie ideals and proved that such type of Jordan
derivationsisaderivation on as -square closed Lieideals of as -primeI"-ring. Paul and
Chakraborty (2015) studied s -prime I'-rings and proved that if a derivation d acting as
homomorphism and an anti-homomorphism in ac -Lie ideal U of a ¢ -prime I'-ring M,
thend = 0 or U < Z(M). An example of an involution and an example of a s -prime I'-
ring which is not a prime T'-ring appeared in Dey and Paul (2015). On the other hand,
various remarkable characterizations of s -prime rings on o -square closed Lie ideds
have been studied by many authors viz. Bergun (1981), Herstein (1969), Khan et al.
(2010), Oukhtite and Salhi (2006), Paul and Rahman (2015).
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The authors proved that if d : M — M is an additive mapping satisfying d(ugu) =
d(u)gu + ugd(u) for all u e Uand g e T then d(ugv) = d(u)gv + ugd(v) foral u,ve U
andg e I', where U isas -square closed Lie ideal of a2-torsion frees -primeT"-ring M,
and hence every Jordan derivationson as -primeI’-ring M isaderivation on M.

Throughout this paper, the authors consider M an associative I'-ring with centre
Z(M). Define [x, ylg = xgy — ygx which is known as the commutator of x and y with
respect to g. The authors assume the condition (*) xaybz=xbyazV x,y,ze Mand ab €
I'. Using this condition the basic commutator identities become [xby, xZl4 = [X, Z4b y +
Xb [y, 44 and [x, ybZg = [X, Ylgbz + yb [X, Zg for @l x,y,ze Mandb,g €T. An
additive subgroup U of aI'-ring M is called a Lie idea if [U, M]; < U. An additive
mappingd : M — M s called a derivation if d(agb) = d(a)gb + agd(b)vg,b € M, g €
I' and d isa Jordan derivation if d(aga) = d(a)ga + agd(a)V a € M, g € I'. Clearly every
derivation is a Jordan derivation but the converse is not true in general. A T'-ring M is
primeif allMI'b = O impliesthat a=0or b =0 for every a, b € M. An additive mapping
f: M > Miscalled a generalized derivation with the associated derivationd : M — M if
f(agb) =f(a)ga + agd(a)v a € M, g € T', and it is called a Jordan generalized derivation
with the associated derivation d of M if f(aga) = f(a) gb + agd(b) for al a, b € M,
gerl.

DERIVATIONSON LIE IDEALSOF s -PRIME I'-RINGS

Let M be aTl-ring. A mapping s : M — M is caled an involution if o (a + b) =
s (@) +o(b),c%a)=aandc (agh) = o (b)go (a) forala,be Mandg e I'. A Lie
ideal U of aT-ring M is called a ¢ -Lie ideal if o (U) = U and it is called a ¢ -square
closed Lieideal if itisas -Lieideal andforal ue Ug e I', ugu € U. A T'-ring M with
involution c issaid to beac -primeT-ring if alMI'b = al'MI's = {0} impliesthat a=0
or b = 0. It is worthwhile to note that every prime I'-ring having an involution s iss -
prime but the converse is not true in general. We definethe set S, (M) ={x=M: o (X)
=+ x} which isknown as the set of symmetric and skew symmetric elements of M. Let U
bealLieidea of aI'-ring M. The present authors define centralizer of U with respect to M
by Cu(U)={meM:mgu=ugmVv ue U,g eI}.

Lemma 2.1. [(Rahman and Paul 2013), Lemma 2.5] Let M beal-ringand U bea
Lieideal of M suchthat uaueU forall ueU and a T . If d isa Jordan derivation
on U of M, thenfor al a,b,ceU and a,b I, the following statements hold:

(i) d(aab+ baa)=d(a)ab + d(b)aa + aad(b) + bad(a)

(i) d(aabba + abbaa) = d(a)abba + d(a)bbaa + aad(b)ba + abd(b)aa +
aabbd(a) + abbba(a)
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In particular, if M is 2-torsion free and satisfies the condition (*), then

(iii) d(aabba) = d(a)abba + aad(b)ba + aabbd(a)

(iv) d(aabbc + cabba) = d(a)abbc + d(c)aba + aad(b)bc + cad(b)ba + aabbd(c)
+ cabbb(a)

Lemma 2.2. [(Rahman and Paul 2013), Lemma 2.8] Let M be a 2-torsion free I'-
ring satisfying the condition (*) and U be a Lie ideal of M. If d is a Jordan derivation on
U of M then for al u,v,weU and a,b,geT,ja (u, vibwg [u, vVl + [u, V]s bwgj 4
(u,v) =0.

Lemma 2.3. [(Rahman and Paul 2013), Lemma 2.11] Let M be a 2-torsion free
prime -ring and U be an admissible Lieideal of M. If a, b e Mora € M, b € U such
that aaxbb + baxba= 0foral xe Uand a,b eI" thenaaxbb + baxba= 0.

Lemma 2.4. Let M be a 2-torsion free ¢ -primeI'-ring and U be ac -Lie ideal of M.
Letul U such that [u,[u,x]a]a =0 foral xeMand a T, then[u, x], =0.

Proof. Since [u,[u,x],], =0 for al xeMand a el'. Le¢ yeM andg eI be
arbitrary elements.

Replacing X by XgVy, we obtain

0 =[uuxgy,l,
=[u,xglu, yl, +[u,x], v,
=[uxglu, yla Ja +[u.[u, X, oyl
=xg[u[u, Yl Ta +[u X, ofu, yla +[usu, X, 1. gy +[u, ], 9[u, Y,
= 2[u,x], 9[u, Y], -

Since M is 2-torsion free, so [u, X], g[u, y], = 0. For every z ¢ M we have zgx € M.
Putting zg x for y, we have [u,X], g[u, zgX], = 0. Therefore,

=[u, ], gzg[u, X], +[u, x], 9[u, Z], ox
=[u,x], gzgu, X], -

Therefore, [u, ], yMy[u,X], =0. Sincec (U)=U, we have s (u)=u, for all u € U.
Letx e S (M). Theno (X)= £ x. If o (U)=uand o (X)= - X, then
S ([u,x], ) =s (uax—xau) =s (uax) —s (xau)

=s (x)as (u)-s (u)as (x) = —xau+uax=[u,x],

Hence [u,x], oMg[u,x], =[u,x],oMgs ([u,x],) =0. By the c-primeness of M,
[u,x], =0.
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Lemma 2.5. Let M be a 2-torsion free ¢ -prime I'-ring and U be a nonzero o -Lie
ideal and a's -sub I'-ring of M. Then either U < Z(M) or U contains a nonzero ¢ -ideal of
M.

Proof. First let it be assumed that, U asas - I'-ring which is not commutative. Then
for someu, v e U, [u, V], # 0 and [u, V], € U. Therefore, the ideal S of M generated by
[u, V]; is nonzero, Sc U and s (S = S. On the other hand, let it be assumed that U is
commutative. Then for every u € U [u,[u,Xx],], =0 for all xe M and a T". Hence by
Lemma24, [u,x], =0 foral xeM and a eT'. Thisshowsthat U c Z(M).

Lemma 26 IfU ¢ Z(M)isas -Lieideal of as -prime I'-ring M, then Cy(U) <
Z(M).

Proof. Cy(U) isboth as -sub T'-ring and a s -Lieideal of M and Cy(U) contains no
nonzero s -ideal of M. Inview of Lemma 2.5, Cy(U) < Z(M). Therefore, Cy(U) = Z(M).

Lemma 2.7. Let U be a s -Lie ideal of a s -prime I'-ring M and a € M. If [a,
[U, Ulr]r =0then[U, Ul =0, that is, Cu([U, U]) = Cu(V).

Proof. If [U, U] ¢ Z(M), then by Lemma 2.6, a € Z(M), so a centralizes U.
On the contrary, let [U, U] < Z(M), then [u, [u, X]g]l¢ =0Vue U,xe Mand g e T.

In view of Lemma 2.4, [u, X]g = 0. Thisyields that U — Z(M). For both the cases
a e CM(U)

This givesthat Cy ([U, U] = Cy (V).

Lemma 28. Let U ¢ Z (M) be a s -square closed Lie idea of a 2-torsion free
s -primeT'-ring M and d : M — M be an additive mapping satisfying d(ugu)=d(u) gu +
ugd(u) foralue Uandg e T.If j 5 (u, V) =d(ugv) - d(uygv — ugd(v) for al u,ve U
and e T', then j 5 (u, v)gwg [u, v]g =O0fordlwe U.

Proof. SinceU ¢ Z(M) isas -square closed Lie ideal of a 2-torsion free s -prime
Ir-ringMandd: M — M isan additive mapping satisfying d(ug u)= d(u)gu + ugd(u) for
dl ueUandg eTI.Soby Lemma2.2,j,(u v)gwg [u, V] + [u, VIgwgj a (U, v) =0
foral u,v,weU and a,gel . Q)

Applying Lemma2.3, foreveryw e U, (1) impliesthat j , (u, v)Jgwg[u, vlg = 0.

Lemma 2.9. Let U beas -square closed Lieideal of a2-torsion free s -prime I'-ring
M and a, b € M such that abUgb =abUgs (b) =0, thena=0or b= 0.

Proof. Suppose U contains an element ug in S;5 (M) such that Mb ug € U. Leta = 0,
there are two several cases. First consider U, € Z(M). If m € M and aambuggb
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= aambuygs (b) =0 then aaMbuygb = aaMbuygs (b) =aaMb (u,gb) =0
= Uogb =0.
Since upe Z(M), then ugbMgb = s (up) bMgh=0=b=0.

Next, consider up € Z(M). Suppose aa [t, ugJg =0V t € M, then aa [tbm, ug]g =
aatb [m, ug]lg =0.

So aaMb [m, uglg = 0 = aaMb ([m, u]g) = [M, ug]Jg = 0 Ym € M which
contradicts the assumption ug € Z(M).

Thusthere existst € M such that aa [t, ug]g = 0.

From aa [t, ugJgmbb = aa [t, ugJjgmbs (b) = 0 it follows that aa [t, u)JgMbb =
aa [t, ugJgMbs (b) = 0 and by the s -primeness of M, b =0.

Similarly, if b= 0thena=0.

Theorem 2.10. Let U beas -squareclosed Lieidea of a2-torsion frees -primeI’-
ring M and d: M — M be an additive mapping satisfying d(ugu)=d(u)gu + ugd(u) for
alue Uandg eI then d(ugv) = du)gv + ugd(v) foral u,ve Uandg eT.

Proof. If Uisanon-commutative Lieideal of M, then U = Z (M).
By Lemma2.38, j ,(a b)bwg[a b],=0foralla,b,we Uanda,b,g eT.

Leta,be Un S, (M). Sinces (U)=U,sos [a bla=[a bl.,as[a b], € U. If
s (b)=-bands (a) =-a, then

s ([a,b],) =s (aab-baa)=s (b)as (a)-s (a)as (b) =-baa+aab=[a, b]..
Also,ifs (b)=bands (a) =—a,thens ([a, b],) =[a, b],. Therefore,

j a(a b)bwg[a, bla =] a(a, b)bwys [a, b]s) = 0.

Applying Lemma 2.9 in the above relation,

ja(@ab)y=0or[a, bl,=0,forala beUn S, (M).

Letl,={beU:j,(ab)=0and J,={be U:[a bl,=0}. Thenl, and J, are
additive subgroups of U such that 1, U J, = U. Then by Brauer'strick [,=U or J,=U.

Using thesimilar argument, U={ac U:U=I1}or U={ae U:U=Jg}.

IfU={aeU:U=J} then]a, b], = 0which yieldsthat U < Z (M), by Lemma
2.5. Which is a contradiction to the fact that U ¢ Z(M). So U={ae U:U= 1.} and
hencej . (a, b) =0, foral a,b e U S,z (M). Thisimpliesthat

d(aab) =d(a)ab + aab(b), Va,be Un S, (M). )]
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Now let u,v e U. Define uy=u+s (U),u=u-s (U),vi=v+s (V),V,
=v-s (V).

Then uy, Uy, Vi, Vo N S;a (M) and 2u = up + Uy, 2v=v; + Vs

Therefore, in view of (2)

d(2ug»v) = d(usg vy + U1 Vo + U2gVy + Uxg Vo)

= d(uggvi + g (v) + d(u)gve + ugd(vy) + d(ugv: + ugd(vy) +
d(u)g vz + ugd(vy)

= (d(uy) +d(uz))gVvs + (s + Up)gd(va) + (d(ug) + d(Uz))g Ve + (us + Uz)gd(vz)
=d(uy + ux)gvy + 2ugd(vy) + d(uy + Ux)g Vv, + 2ugd(vy)
=d(2u)gv; + 2ugd(vy) + d(2u)g Vv, + 2ug d(v»)
=2d(u)g (vy + Vo) +2ugd(vy + Vo)
=2d(u)g 2v + 2ugd(2v)
=4d(u)gVv + 4ugd(v).
Thus 4d(ug V) = 4(d(u)gVv + ug d(v)).
Since M is 2-torsion free, so d(ugVv) = d(u)gv + ugd(v).
If Uisacommutatives -Lieideal of M, then by Lemma 2.5, U c Z(M).
Therefore, using 2-torsion freeness of M and in view of the Lemma 2.1(i)
d(ugv) =d(u)gv+ugd(v) Vu ve Uand g eT.
The following corollary is an immediate consequence of the above theorem.

Corollary 2.11. If M isa2-torsion free s -prime I"-ring, then every Jordan derivation
of M isaderivation of M.
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