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ABSTRACT

The basic concepts of the theory of intuitionistic fuzzy topological spaces have been defined

by some workers. In this paper, the product and mappings of T0, T1 and T2-spaces have been

studied.
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INTRODUCTION

After the introduction of fuzzy sets by Zadeh (1965), mathematicians introduced

generalizations of the notion of fuzzy set. Among others, Atanassov (1984, 1986)

introduced the notion of intuitionistic fuzzy set. Chang (1968) used fuzzy sets to

introduce the concept of a fuzzy topology. Later this concept was extended to

intuitionistic fuzzy spaces by Coker (1997). In this paper, we investigate the properties

and features of T0, T1 and T2-spaces.

Definition 1.1. Let X be a non-empty set and I be the unit interval [0, 1]. An

intuitionistic fuzzy set A (IFS, in short) in X is an object having the form A = {(x, A(x),

A(x)), x  X}, where A : X  I and A : X  I denote the degree of membership and

the degree of non-membership, respectively and A (X) + A(x)  1.

Let I(X) denote the set of all intuitionistic fuzzy sets in X. Obviously every fuzzy set

A in X  is an intuitionistic fuzzy set of the form (A, – A).

Throughout this paper, the authros used the simpler notation A = (A, A) instead of

A = {(x, A (x), A(x)), x  X} (Atanassov 1986).

Definition 1.2. Let ,   [0, 1] and  +   1. An intuitionistic fuzzy point (IFP in

short) of X is an IFS of X defined by


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


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In this case, x is called the support of x(, ) and  and   are called the value and

non-value of x(, ), respectively. An IFP x(, ) is said to belong to an IFS A = (A, A) of

X, denoted by x(, )  A, if   A(x),   A(x) (Lee 2004)

Definition 1.3. Let A = (A, A) and B = (B, B) be intuitionistic fuzzy sets in X.

Then

(1) A  B if and only if A  B and A  B.

(2) Ac = (A, A).

(3) A  B = (A A; A  vA).

(4) A  B = (A  A; A  A).

(5) 0 = (0, 1) and 1 = (1, 0) (Atanassov 1986).

Definition 1.4 Let {Ai : i  J} be an arbitrary family of IFSs in X. Then

(a)  Ai = ( A1,  A1).

(b)  Ai = ( A1,  A1) (Coker 1997)

Definition 1.5. An intuitionistic fuzzy topology (IFT in short) on X is a family t of

IFS’s in  X which satisfies the following axioms:

(1) 0 = 1  t.

(2) if A1, A2  t, then A1  A2  t.

(3) if Ai  t for each i, then  Ai  t.

The pair (X, t) is called an intuitionistic fuzzy topological space (IFTS, in short), Let

(X, t) be an IFTS.  Then any member of t is called an intuitionistic fuzzy open set (IFOS,

in short) in X. The complement of an IFOS in X is called an intuitionistic fuzzy closed

set (IFCS, in short) in X.

Let I (X) denote the set of all intuitionistic fuzzy sets in X. Obviously every fuzzy set

A in X is an intuitionistic fuzzy set of the form (A, 1 – (A).

Throughout this paper, the authors used the simpler notation A = (A, A) instead of

A = {(x, A(x), A(x)) | x  X} (Coker 1997)

Definition 1.6. Let X and Y be two nonempty sets and f : X  Y be a function

B = {(y, B(y), B(y)) | y  Y} is an IFS in Y, then the pre-image of B under f, denoted

by f–1 (B)  is the IFS in X defined by f–1 (B) = {(x, f–1(B) (x), f–1(B) (x)) | x  X} and

the image of A under f, denoted by f(A) = {(y, f(A), f(A) | y  Y}, is an IFS of Y, for

each y  Y.
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Definition 1.7. Let A = (X, A, vA) and B = (Y, B, vB) be IFS of X and Y

respectively. Then the product of intuitionistic fuzzy sets A and B denoted by A  B is

defined by A  B = {X  Y,  A  B, vA  vB}, where (A  B) (x, y) = min (A(x),

B(y)) and (vA  vB) (x, y) = max (vA(x), vB(y)) for all (x, y)  X  Y. Obviously, 0  A

 B + vA  B  1.

This definition can be extended to an arbitrary family of IFS as follows:

If Ai = ((A1, A1), i  J) is a family of IFS in Xi then their product is defined as the

IFS in Xi given by Ai = (A1, A1) where A1(x) = inf A1(xi),  for all x = Xi 
X and A1(x) = sup Ai(xi),  for all x = Xi  X (Bayhan 1996).

Definition 1.8. Let (Xi, ti), i = 1, 2 be two IFTSs, and then the product t1  t2 on X1 
X2 is defined  as the  IFT generated  by i

–1 (Ui) : Ui  ti, i = 1, 2}, where i : X1  X2
Xi, i = 1, 2 are the projection maps and the IFTS (X1  X2, t1  t2) is called product IFTS

(Bayhan 1996).

2. Intuitionistic fuzzy T0-spaces

Definition 2.1. An intuitionistic fuzzy topological space (X, t) is called

(1) IF-T0(i) if for all x, y  X, x  y there exists A = (A, vA)  t such that A(x) =

1, vA(x) = 0; A(y) = 0, vA(y) = 1 or A(y) = 1, vA(y) = 0; A(x) = 0, vA(x) = 1.

(2) IF-T0(ii) if for all x, y  X, x  y there exists A = (A, vA)  t such that A(x) =

1, vA(x) = 0; A(y) = 0, vA(y) > 1 or A(y) = 1, vA(y) = 0; A(x) = 0, vA(x) > 0.

(3) IF-T0(iii) if for all x, y  X, x  y there exists A = (A, vA)  t such that A(x) =

0, vA(x) = 0; A(y) = 0, vA(y) = 1 or A(y) > 0, vA(y) = 0; A(x) = 0, vA(x) = 1.

(4) IF-T0(iv) if for all x, y  X, x  y there exists A = (A, vA)  t such that A(x) =

0, vA(x) = 0; A(y) = 0, vA(y) > 0 or A(y) > 0, vA(y) = 0; A(x) = 0, vA(x) = 0

(Ahmed 2014).

Definition 2.2. Let   (0, 1). An intuitionistic fuzzy topological space (X, t) is called

(a) -IF-T0(i) if for  all x, y  X, x  y there exists A = (A, A)  t such that A(x) =

1, A(x) = 0; A(y) = 0, A(y)   or A(y) = 1, A(y) = 0; A(x) = 0, A(x)  .
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(b) -IF-T0(ii)  if for  all x, y  X, x  y there exists  A = (A, A)  t such that A(x)

 , A(x) = 0; A(y) = 0, A(y)   or A(y)  , A(y) = 0; A(x) = 0, A(x)  .

(c) -IF-T0(iii)  if for  all x, y  X, x  y there exists  A = (A, A)  t such that

A(x) > 0, A(x) = 0; A(y) = 0, A(y)   or A(y) > 0, A(y) = 0; A(x) = 0,

A(x)   (Ahmed 2014).

Theorem 2.3. Let (X, t) and (Y, s) be two intuitionistic fuzzy topological space and

f : X Y be one-one, onto, continuous open mapping, then

(1) (X, t) is IF-T0(i) (Y, s) is  IF-T0(i).

(2) (X, t) is IF-T0(ii) (Y, s) is IF-T0(ii).

(3) (X, t) is IF-T0(iii) (Y, s) is IF-T0(iii).

(4) (X, t) is IF-T0(iv) (Y, s) is IF-T0(iv).

(5) (X, t) is -IF-T0(i) (Y, s) is -IF-T0(i).

(6) (X, t) is -IF-T0(ii) (Y, s) is -IF-T0(ii).

(7) (X, t) is -IF-T0(iii) (Y, s) is -IF-T0(iii).

Proof (1). Suppose the IFTS (X, t) is IF-T0(i). The authors shall show that the IFTS

(Y, s) is IF-T0(i). Let y1, y2  Y, y1  y2. Since f is onto, then there exists x1, x2  X such

that f(x1) = y1 and f(xx) = y2. Again, since y1  y2, then f–1(y1)  f–1(y2) as f is one-one and

onto. Hence y1  y2. Therefore, since (X, t) is IF-T0(i), then there exists A = (A, A)  t

such that {A(x1) = 1, A(x1) = 0; A(x2) = 0, A(x2) = 1} or {A(x2) = 1, A(x2) = 0;

A(x1) = 0, A(x1) = 1}. Suppose {A(x1) = 1, A(x1) = 0; A(x2) = 0, A(x2) = 0. Now

{(f(A)) (y1) = A(f–1(y1)) = A(x1) = 1, {(f(A)) (y1) = A(f–1(y1)) = A(x1) = 0};{{(f(A))

(y2) = A(f–1(y2)) = A(x2) = 0, {(f(A)) (y2) = A(f–1(y2)) = A(x2) = 1}. Since f is IF-

continuous, then (f(A), (f(A)  s with (f(A)) (y1) = 1, (f(A)) (y1) = 0; (f(A)) (y1) = 0,

(f(A)) (y1) = 1. Therefore, the IFTS (Y, s) is IF-T0(i).

Conversely, suppose the IFTS (Y, s) is IF-T0(i). The authors shall show that the IFTS

(X, t) is IF-T0(i). Let x1, x2  X with y1  y2. Since f is one-one, then there exists y1, y2 
Y such that f(x1) = y1 and f(x2) = y2 and f(x1)  f(x2). That is, y1  y2. Again, since (Y, s)

is IF-T0(i), then there exists B = (B, B)  s such that {B(y1) = 1, B(y1) = 0; B(y2) = 0,

B(y2) = 1} or {B(y2) = 1, B(y2) = 0; B(y1) = 0, B(y1) = 1}

Suppose {B(y1) = 1, B(y1) = 0; B(y2) = 0, B(y2) = 1. Now, {(f–1(B) (x1) =

B(f(x1)) = B(x1) = 1, {(f–1(B) (x1) = B(f(x1)) = B(y1) = 0}; {(f–1(B) (x2) = B(f(x2)) =

B(x2) = 0, {(f–1(B) (x2) = B(f(x2)) = B(x2) = 1}. Since f is IF-continuous, then

(f–1(B), (f–1(B)  t with f–1(B) (x1) = 1, f–1(B) (x2) = 0, f–1(B) (x2) = 1. Therefore, the

IFTS (X, t) is IF-T0(i).

(2), (3), (4), (5), (6), (7) can be proved in the similar way.
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Theorem 2.4. Let {(Xm, tm) : m  J} be a family of intuitionistic fuzzy topological

spaces and let (X, t) be their product IFTS. Then the product IFTS (Xm, tm) is IF-T0(i)

if each (Xm, tm) is IF-T0(i).

Proof: Suppose (Xm, tm) is IF-T0(i) for all m  J. The authors shall show that the

product space (X, t) is IF-T0(i). Choose x, y  X, x  y. Let x = Xm, y = ym. Then

there exists j = J such that xj  yj. Now, since (Xj, tj) is IF-T0(i), then there exists Aj  (Aj,

aj)  t such that {Aj(xj) = 1, aj(xj) = 0; Aj(yj) = 0, aj(xj) = 1} or {Aj(yj) = 1, aj(yj) =

0; Aj(yj) = 0, aj(yj) = 1}. Suppose Aj(xj) = 1, aj(xj) = 0; Aj(yj) = 0, aj(xj) = 1.

Now consider the basic IFOSs Ak  tk where Ak = (1, 0) for k  J, k   j and

Ak = Aj when k = j. Then Ak(x) = )0,1())x(Jk,)x(Jk kA

sup

kA

inf

k
k
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
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

   Hence (X, t) is IF-T0(i).

Theorem 2.5. Let {(Xm, Tm) : m  J} be a family of IFTS and (X, t) be  their product

IFTS. Then the product IFTS (Xm, tm) is IF-T0(n) if each (Xm, Tm) is IF-T0(n), n = ii,

iii, iv.

Proof: The above theorem can be proved in the similar way.

Theorem 2.6. Let {(Xm, Tm) : m  J} be a family of IFTS and let (X, t) be their

product. Then the product IFTS (Xm, tm) is -IF-T0(n) if each IFTS (Xm, Tm) is -IF-

T0(n),  n = i, ii, iii.

Proof: The above theorem can be proved in the similar way.

3. Intuitionistic fuzzy T1-spaces

Definition 3.1. An intuitionistic fuzzy topological space (X, t) is called

(1) IF-T1(i) if for all x, y  X, x  y there exists A = (A, A), B = (B, B)  t such

that A(x) = 1, A(x) = 0; A(y) = 1, A(y) = 1 and B(y) = 1, B(y) = 0; B(x) = 0, B(x) = 1.

(2) IF-T1(ii)  if  for  all x, y  X, x  y there exists A = (A, A), B = (B, B)  t

such that A(x) = 1, A(x) = 0; A(y) = 0, A(y) > 0 and B(y) = 1, B(y) = 0; B(x) = 0,

B(x) > 0.

(3) IF-T1(iii)  if  for all x, y  X, x  y there exists A = (A, A), B = (B, B)  t

such that A(x) > 0, A(x) = 0; A(y) = 0, A(y) = 1 and B(y) > 0, B(y) = 0; B(x) = 0,

B(x) = 1.

(4) IF-T1(iv) if  for all x, y  X, x  y there exists A = (A, A), B = (B, B)  t

such that A(x) > 0, A(x) = 0; A(y) = 0, A(y) > 0 and B(y) > 0, B(y) = 0; B(x) = 0,

B(x) > 0 (Ahmed 2014).
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Definition 3.2. Let   (0, 1). An intuitionistic fuzzy topological space (X, t) is

called

(a) -IF-T1(i) if  for all x, y  X, x  y there exists A = (A, A), B = (B, B)  t

such that A(x) = 1, A(x) = 0; A(y) = 0, A(y)   and B(y) = 1, B(y) = 0;

B(x) = 0, B(x)  .

(b) -IF-T1(ii) if  for all x, y  X, x  y there exists A = (A, A), B = (B, B)  t

such that A(x)  , A(x) = 0; A(y) = 0, A(y)   and B(y)  , B(y) = 0;

B(x) = 0, B(x)  .

(c) -IF-T1(iii) if for all x, y  X, x  y there exists A = (A, A), B = (B, B)  t

such that A(x) > 0, A(x) = 0; A(y) = 0, A(y)   and B(y) = 0, B(y) = 0;

B(x) = 0, vB(x)   (Ahmed 2014).

Theorem 3.3. Let (X, t) and (Y, s) be two intuitionistic fuzzy topological space and

f : X Y be one-one, onto, continuous open mapping, then

(1) (X, t) is IF-T1(i)  (Y, s) is  IF-T1(i).

(2) (X, t) is IF-T1(ii) (Y, s) is  IF-T1(ii).

(3) (X, t) is IF-T1(iii) (Y, s) is  IF-T1(iii).

(4) (X, t) is IF-T1(iv) (Y, s) is  IF-T1(iv).

(5) (X, t) is -IF-T1(i) (Y, s) is -IF-T1(i).

(6) (X, t) is -IF-T1(ii) (Y, s) is -IF-T1(ii).

(7) (X, t) is -IF-T1(iii) (Y, s) is -IF-T1(iii).

Theorem 3.4. Let {(Xm, Tm) : m  J} be a family of IFTS and let (X, t) be their

product IFTS. Then the product IFTS (Xm, tm) is IF-T1(i) if each (Xm, Tm) is IF-T1(i).

Proof: Suppose (Xm, Tm) is IF-T1(i) for all m  J. The authors shall show that the

product space (X, t) is IF-T1(i). Choose, y  X, x  y. Let x = xm, y = ym), then there

exists j  J such that xj  yj. Now, since (Xj, tj) is IF-T1(i), then there exists Aj = (Aj
, Aj

),

Bj = (Bj
, Bj

)  tj such that (Aj
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Bj
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(xj)  ). Now consider the basic IFOSs Ak and Bk where

Ak = (1, 0), Bk = (1, 0) for k  J, k  j and Ak = Aj, Bk = Bj when k = j. Then
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 Hence (X, t) is IF-T1(i).
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Theorem 3.5. Let {(Xm, tm) : m  J} be a family of IFTS and (X, t) be their product

IFTS. Then the product IFTS (Xm, Xtm) is IF-T1(n) if each (Xm, tm) is IF-T1(n), n = ii,

iii, iv.

Proof: The above theorem can be proved in the similar way.

Theorem 3.6. Let {(Xm, tm) : m  J} be a family of IFTSs and let (X, t) be their

product IFTS. Then the product IFTS (Xm, Xtm) is -IF-T1(n) if each (Xm, tm) is -IF-

T1(n), n =  i, ii, iii.

Proof: The above theorem can be proved in the similar way.

4. Intuitionistic fuzzy T2-spaces

Definition 4.1. An intuitionistic fuzzy topological space (X, t) is called

(1) IF-T2(i)  if for all x, y  X, x  y there exists A = (A, A), B = (B, B)  t

such that (A(x) = 1, A(x) = 0; B(y) = 0, B(y) = 0 and A  B = 0.

(2) IF-T2(ii)  if for all x, y  X, x  y there exists A = (A, A), B = (B, B)  t

such that (A(x) = 1, A(x) = 0; B(y) > 0, B(y) = 0 and A  B = (0, y) where

  (0, 1].

(3) IF-T2(iii)  if for all x, y  X, x  y there exists A = (A, A), B = (B, B)  t

such that (A(x) > 0, A(x) = 0; B(y) = 1, B(y) = 0 and A  B = (0, y) where

  (0, 1].

(4) IF-T2(iv)  if for all x, y  X, x  y there exists A = (A, A), B = (B, B)  t

such that (A(x) > 0, A(x) = 0; B(y) > 0, B(y) = 0 and A  B = (0, y) where

  (0, 1] (Ahmed 2014).

Definition 4.2. Let   (0, 1). An intuitionistic fuzzy topological space (X, t) is

called

(a) -IF-T2(i) if  for all x, y  X, x  y there exists A = (A, A), B = (B, B)  t

such that (A(x) = 1, A(x) = 0; B(y)  , B(y) = 0 and A  B = 0.

(b) -IF-T2(ii) if for all x, y  X, x  y there exists A = (A, A), B = (B, B)  t

such that (A(x)  , A(x) = 0; B(y)  , B(y) = 0 and A  B = (0, y) where

  (0, 1].

(c) -IF-T2(iii) if for all x, y  X, x  y there exists A = (A, A), B = (B, B)  t

such that (A(x) > 0, A(x) = 0; B(y)  , B(y) = 0 and A  B = (0, y) where

  (0, 1] (Ahmed 2014).

Theorem 4.3. Let (X, t) and (Y, s) be two intuitionistic fuzzy topological space and

f : X Y be one-one, onto, continuous open mapping, then
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(1) (X, t) is IF-T2(i) (Y, s) is IF-T2(i).

(2) (X, t) is IF-T2(ii) (Y, s) is IF-T2(ii).

(3) (X, t) is IF-T2(iii) (Y, s) is IF-T2(iii).

(4) (X, t) is IF-T2(iv) (Y, s) is IF-T2(iv).

(5) (X, t) is -IF-T2(i) (Y, s) is -IF-T2(i).

(6) (X, t) is -IF-T2(ii) (Y, s) is -IF-T2(ii).

(7) (X, t) is -IF-T2(iii) (Y, s) is -IF-T2(iii).

Proof: The above theorem can be proved as the theorem 2.3.

Theorem 4.4. Let {(Xm, tm) : m  J} be a family of IFTS and let (X, t) be their

product IFTS. Then the IFTS (Xm, tm) is IF-T2(i) if each (Xm, tm) is IF-T2(i).

Proof: Suppose (Xm, tm) is IF-T2(i) for all m  J. The authors shall show that the
product space (X, t) is  IF-T2(i). Choose, y  X, x  y. Let x = xm, y = ym, then there
exists j  J such that xj  yj. Now, since (Xj, tj) is IF-T2(i), then there exists Aj = (Aj

, vAj
),

Bj = (Bj
, Bj

)  tj such that (Aj
(xj) = 1, Aj

(xj) = 0; Aj
(yj) = 1, Aj

(yj) = 0 and Aj  Bj =

0. Now consider the basic IFOSs Ak and Bk where Ak = (1, 0), Bk = (1, 0) for k 

J, k  j and Ak = Aj, Bk = Bj when k = j. Then ),x(Jk()x(A{ kA

inf

k k


);0,1())x(Jk kA

sup

k
 ),y(Jk()x(B kB

inf

k k
 )}0,1())y(Jk kB

sup

k
 and {Ak 

{Bk = 0 because for j  J, Aj  Bj = 0. Hence (X, t) is IF-T1(i).

Theorem 4.5. Let {(Xm, tm) : m  J} be a family of IFTSs and (X, t) be  their

product IFTS.  Then the product IFTS (Xm, tm) is IF-T2(n) if each (Xm, tm) is IF-T2(n),

n = ii, iii, iv.

Proof: The above theorem can be proved in the similar way.

Theorem 4.6. Let {(Xm, tm) : m  J} be a family of intuitionistic fuzzy topological

space and let (X, t) be their product IFTS.  Then the product IFTS IFTS (Xm, tm) is -

IF-T2(n) if each (Xm, tm) is –IF–T2(n), n = i, ii, iii.

Proof: The above theorem can be proved in the similar way.
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