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ABSTRACT

The basic concepts of the theory of intuitionistic fuzzy topological spaces have been defined
by some workers. In this paper, the product and mappings of T,, T, and T,-spaces have been
studied.
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INTRODUCTION

After the introduction of fuzzy sets by Zadeh (1965), mathematicians introduced
generalizations of the notion of fuzzy set. Among others, Atanassov (1984, 1986)
introduced the notion of intuitionistic fuzzy set. Chang (1968) used fuzzy sets to
introduce the concept of a fuzzy topology. Later this concept was extended to
intuitionistic fuzzy spaces by Coker (1997). In this paper, we investigate the properties
and features of Ty, T, and T,-spaces.

Definition 1.1. Let X be a non-empty set and | be the unit interval [0, 1]. An
intuitionistic fuzzy set A (IFS, in short) in X is an object having the form A = { (X, pa(X),
va(X)), X € X}, where ps : X — | and va : X — | denote the degree of membership and
the degree of non-membership, respectively and pa (X) + va(X) < 1.

Let 1(X) denote the set of al intuitionistic fuzzy setsin X. Obviously every fuzzy set
ua in X isanintuitionistic fuzzy set of the form (pa, — pa)-

Throughout this paper, the authros used the simpler notation A = (u,, va) instead of
A ={(X, pa (X), va(x)), X € X} (Atanassov 1986).

Definition 1.2. Let o, B € [0, 1] and o + B < 1. Anintuitionistic fuzzy point (IFP in
short) of X isan IFS of X defined by

[0 if y=x
X‘“vf"(y)_{(o, 1 if yx
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In this case, x is called the support of X, g and o. and B are called the value and
non-value of X, g, respectively. An IFP X, p) is said to belong to an IFS A = (ua, va) of
X, denoted by X, p) € A, if o< pa(X), B = va(x) (Lee 2004)

Definition 1.3. Let A = (ua, va) and B = (ug, vg) beintuitionistic fuzzy setsin X.
Then

(1) AcBifandonlyif pa<pgandva<ve.

(2) A®=(va, pa).

(3) AN B =(uan Haj va U Va).

(4) AUB= (1Al pa; va N va).

(5) 0.=(07,1N) and 1. =(1", 07) (Atanassov 1986).

Definition 1.4 Let {A; : i € J} be an arbitrary family of IFSsin X. Then
(@ N A= (" paz U vay).

(b) U A = (U paz, M va1) (Coker 1997)

Definition 1.5. An intuitionistic fuzzy topology (IFT in short) on X is a family t of
IFS’s in X which satisfies the following axioms:

(1) 0.=1 et.
(2) if A As et then AiNnAset.
(3) if Aj etforeachi,then UA; et.

The pair (X, t) is called an intuitionistic fuzzy topological space (IFTS, in short), Let
(X, t) bean IFTS. Then any member of t is called an intuitionistic fuzzy open set (IFOS,
in short) in X. The complement of an IFOS in X is called an intuitionistic fuzzy closed
set (IFCS, in short) in X.

Let | (X) denote the set of all intuitionistic fuzzy setsin X. Obvioudly every fuzzy set
ua in X isan intuitionistic fuzzy set of the form (ua, 1 — (1a).

Throughout this paper, the authors used the simpler notation A = (pa, va) instead of
A ={(x pa(x), va(x)) | x € X} (Coker 1997)

Definition 1.6. Let X and Y be two nonempty sets and f : X — Y be a function
B = {(y, us(y), va(y)) |y € Y} isan IFSin Y, then the pre-image of B under f, denoted
by f* (B) isthe IFSin X defined by ™ (B) = {(x, f(ug) (X), f*(vs) (X)) | x € X} and
the image of A under f, denoted by f(A) = {(y, f(ua), f(va) |y € Y}, isan IFS of Y, for
eachy e Y.
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sup . _
XEffl%/uA(X) if £75(y)#¢

otherwise

Flua)(y) =

X ef-l?va(x) it £ 2(y) = o,

otherwise

f(va)(y) = (Atanassov 1986).

Definition 1.7. Let A = (X, pa, Va) and B = (Y, ug, Vg) be IFS of X and Y
respectively. Then the product of intuitionistic fuzzy sets A and B denoted by A x B is
definedby AxB={X x Y, pa x ug, Va x Vg}, where (ua x pg) (X, y) = min (ua(x),
ps(y)) and (Va x V) (X, ¥) = max (Va(x), ve(y)) for al (x,y) € X x Y. Obviously, 0 < pp
X g+ Vaxvg<l

This definition can be extended to an arbitrary family of IFS as follows:

If Ai = ((ua1, var), i € J)isafamily of IFSin X; then their product is defined as the
IFSinTIX; given by TTA; = (ITpaz1, [Tvag) Where Iuas(X) = inf pai(x;), foral x = T1X; €
X and ITva1(X) = sup vai(X), for al x = IIX; e X (Bayhan 1996).

Definition 1.8. Let (X;, t;), i =1, 2 betwo IFTSs, and then the product t; x t, on X3 x
X, isdefined asthe IFT generated by pi_l (U):Ujet,i=1 2}, wherep;: X1 x X; >
X, i =1, 2 are the projection maps and the IFTS (X1 x X,, t; x t,) is called product IFTS
(Bayhan 1996).

2. Intuitionistic fuzzy To-spaces

Definition 2.1. An intuitionistic fuzzy topological space (X, t) iscalled

(1) [IF-To(i) if for adl x,y € X, x #y there exists A = (ua, Va) € t such that pa(x) =
1, va(X) = 0; pa(y) =0, Va(y) = 1 or pa(y) =1, va(y) = 0; pa(x) =0, va(x) = 1.

(2) IF-To(ii) if foral x,y € X, x #y there exists A = (ua, Va) € t such that pa(X) =
1, Va(X) = 0; pa(y) = 0, va(y) > 1 or pa(y) =1, Va(y) = 0; pa(x) =0, va(x) > 0.

() IF-Tq(iii) if for al x,y € X, x #y there exists A = (ua, Va) € t such that pa(x) =
0, Va(X) = 0; pa(y) =0, Va(y) =1 0r pa(y) >0, Va(y) = 0; pa(x) =0, va(x) = 1.

(4) IF-To(iv)ifforal x,y e X, x =y thereexists A = (ua, Va) € t such that pa(x) =
0, Va(x) = 0; pa(y) =0, va(y) > 0 or pa(y) >0, Va(y) = 0; pa(x) =0, va(x) =0
(Ahmed 2014).

Definition 2.2. Let a. € (0, 1). Anintuitionistic fuzzy topological space (X, t) iscalled

@ o-IF-Toi)if for al x,y € X, x=ythereexists A = (ua, va) € tsuchthat pa(x) =
1, va(X) = 0; pa(y) =0, va(y) 2 aor pa(y) =1, va(y) =0; ua(x) =0, va(x) > o
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(b) o-IF-Toii) if for Al x,y € X, x#ythereexists A = (ua, va) € t such that pa(x)
> a, va(X) = 0; pa(y) = 0, va(y) = a.or pa(y) = o, va(y) = 0; pa(X) =0, va(x) = o

() oa-IF-To(iii) if for al x,y € X, x =y thereexists A = (ua, va) € t such that

Ha(X) > 0, va(x) = 0; pa(y) = 0, va(y) = o or pa(y) >0, va(y) = 0; pa(x) =0,
va(X) > o (Ahmed 2014).

Theorem 2.3. Let (X, t) and (Y, s) be two intuitionistic fuzzy topological space and
f: X — Y be one-one, onto, continuous open mapping, then

Q) (X, ) isIF-To(i) < (Y, 9 is IF-Toi).
) (X, 1) isIF-Tqii) < (Y, 9) isIF-Tqii).

(3) (X, 1) isIF-Tqiii) < (Y, 9) is IF-Toiii).

@) (X, 1) isIF-To(iv) < (Y, 9) isIF-Tq(iv).

5) (X, 1) isa-lF-To() < (Y, 9) is a-IF-Tq(i).
6) (X, 1) isa-lF-To(i) < (Y, 9 is a-l F-Tfii).
@) (X, 1) isa-lF-Tiii) < (Y, 9 is a-l F-Toiii).

Proof (1). Suppose the IFTS (X, t) is IF-Ty(i). The authors shall show that the IFTS
(Y, ) isIF-Tyi). Lety1, > € Y, y1 # Y. Since f is onto, then there exists x;, X, € X such
that f(x1) = y1 and f(x,) = y,. Again, sincey; # y,, then f(y,) # f(y,) asf is one-one and
onto. Hence y; # y,. Therefore, since (X, t) is IF-Tyf(i), then there exists A = (ua, va) €' t
such that {pa(X1) = 1, va(X1) = 0; pa(X2) = 0, va(X2) = 1} or {pa(x2) = 1, va(xz) = 0;
Ha(X1) = 0, va(x1) = 1}. Suppose {pa(X1) = 1, va(X1) = 0; pa(Xz) = 0, va(x2) = 0. Now
{(f(1a)) (YD) = pa(f (YD) = ma(x2) = L, {(fF(va)) () = va(f(yD) = va(xa) = O}:{{ (F(1a))
(V2) = pa(f(y2) = pax2) = 0, {(f(va)) (y2) = va(f(y2)) = valx2) = 1}. Since f is IF-
continuous, then (f(ua), (f(va) € swith (f(ua)) (y1) = 1, (f(ua)) (o) = 0; (F(ka)) (y) =0,
(f(na)) (y1) = 1. Therefore, the IFTS (Y, S) isIF-Tofi).

Conversely, suppose the IFTS (Y, S) isIF-T(i). The authors shall show that the IFTS
(X, 1) isIF-To(i). Let x4, X, € X with y; # y,. Since f isone-one, then there exists y,, v €
Y such that f(x;) = y; and f(xp) =y, and f(xy) = f(X,). That is, y; # y,. Again, since (Y, 9)
isIF-Tof(i), then there exists B = (g, vg) € ssuch that { ug(y1) = 1, ve(ys) = 0; us(y2) =0,
ve(y2) = 1} or {us(y2) = 1, ve(y2) = 0; pa(y1) =0, va(ys) = 1}

Suppose {pus(yr) = 1, va(y1) = 0; ps(y2) = 0, va(y2) = 1. Now, {(f™(us) (x:) =
ue(f(x1) = ps(xy) = 1, {(f_l(VB) (x1) = va(f(x1)) = nalys) = 0}; {(f_l(MB) (x2) = ue(f(x2)) =
pe(X2) = 0, {(F (up) (X2) = pa(f(x2)) = pe(x2) = 1}. Since f is IF-continuous, then
(FH(us), (FX(vs) € t with f(ug) (x1) = 1, F(ve) (X2) = 0, F(vg) (X2) = 1. Therefore, the
IFTS (X, t) isIF-Tq(i).

(2), (3), (4), (5), (6), (7) can be proved in the similar way.
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Theorem 2.4. Let { (X, ty) : m € J} be afamily of intuitionistic fuzzy topological
spaces and let (X, t) be their product IFTS. Then the product IFTS (ITXy, ITt,,) is 1F-T(i)
if each (X, ty) iS1F-Tofi).

Proof: Suppose (X, tm) is IF-To(i) for all m € J. The authors shall show that the
product space (X, t) is IF-Ty(i). Choose x, y € X, X # VY. Let x = [IXy,, y = Iy, Then
there exists j = J such that x; # y;. Now, since (X|, t;) is IF-To(i), then there exists Aj (pj,
v4) € tsuch that { paj(x)) = 1, v4(X) = 0; paj(y;) = 0, v4(x) = 1} or {paj(y;) = 1, v4(y) =
0; maj(y)) = 0, v4(y;) = 1}. Suppose paj(x)) = 1, v4(X)) = 0; paj(ys) = 0, v4(x;) = 1.

Now consider the basic IFOSs ITA e ITt, where A, = (17, 0") fork € J, k # j and

inf s
A= A; when k =j. Then TIA(X) = [keJuAk(xk)j, kepJvA X)) =@ 0); TIAWY) =
k

(kmef‘]pAk (yk)j, ks‘ép\]vA (v)) =(0, 1. Hence (X, t) iSIF-Tyfi).

Theorem 2.5. Let {(Xm, Try) : m € J} beafamily of IFTS and (X, t) be their product
IFTS. Then the product IFTS (ITXy, ITt) is IF-To(n) if each (X, Tr) iS1F-To(n), n =i,
iii, iv.

Proof: The above theorem can be proved in the similar way.

Theorem 2.6. Let {(Xm, Ty) : m € J} be a family of IFTS and let (X, t) be their
product. Then the product IFTS (ITXy,, [1ty) is a-IF-To(n) if each IFTS (X, Tr) iS o-1F-
To(n), n=1i,ii, iii.

Proof: The above theorem can be proved in the similar way.

3. Intuitionistic fuzzy Ti-spaces

Definition 3.1. An intuitionistic fuzzy topological space (X, t) iscalled

(1) 1F-T4(i) if for al x, y € X, x #y there exists A = (ua, va), B = (ug, vg) € t such
that pa(x) = 1, va(x) = 0; pa(y) = 1, va(y) = Land ps(y) = 1, ve(y) = 0; ps(x) =0, vg(x) = 1.

(2) IF-Ty(ii) if for al x,y € X, x #y there exists A = (pa, va), B = (us, vg) €' t
such that pa(X) = 1, va(x) = 0; pa(y) = 0, valy) > 0 and ps(y) = 1, ve(y) = 0; ps(x) =0,
VB(X) >0.

(3) IE-Ty(iii) if foralx,y € X, x = y there exists A = (s, va), B = (ug, ve) € t
such that pa(x) > 0, va(x) = 0; pa(y) = 0, va(y) = 1 and pg(y) > 0, va(y) = 0; pg(x) = 0,
VB(X) =1

(@) IETyiV) if foral x,y e X, x =y there exists A = (s, va), B = (ig, v) € t
such that pa(x) > 0, va(x) = 0; pa(y) = 0, va(y) > 0 and us(y) > 0, ve(y) = 0; ps(x) =0,
vg(x) > 0 (Ahmed 2014).
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Definition 3.2. Let a € (0, 1). An intuitionistic fuzzy topological space (X, t) is
caled

(@ a-IF-T.i)if forall x,y e X, x =y thereexists A = (ua, va), B = (ug, vg) €'t
such that pa(X) = 1, va(x) = 0; pa(y) = 0, va(y) = a and pg(y) = 1, ve(y) = 0;
MB(X) =0, VB(X) > Q.

(b) o-IF-Ty(ii) if foral x,y e X, x#y there exists A = (ua, va), B = (us, vg) € t
such that pa(x) = o, va(x) = 0; pa(y) = 0, va(y) = a.and pg(y) = o, ve(y) = 0;
pus(X) =0, vg(x) > a.

(© a-IF-Ty(iii) if for all X, y € X, x # y there exists A = (1ia, va), B = (uig, ve) € t
such that pa(x) > 0, va(X) = 0; pa(y) =0, va(y) > a and ug(y) = 0, ve(y) =0;
ps(X) =0, vg(X) = o (Ahmed 2014).

Theorem 3.3. Let (X, t) and (Y, s) be two intuitionistic fuzzy topological space and
f: X —> Y be one-one, onto, continuous open mapping, then

1) (X, t)isIF-Ty(i) < (Y, 9)is IF-Ty().

@) (X, 1) isIF-Ty(ii) < (Y, 9 is IF-Tqii).

3) (X, t)isIF-Ty(iii) < (Y, 9 is IF-Tqiii).

4) (X, 1) isIF-Ty(iv) < (Y, 9) is IF-Ty(iv).

(5) (X, 1) iso-IF-Ty(i) < (Y, 9 isa-IF-Ty().
6) (X, 1) iso-IF-Ty(i) < (Y, 8) is o-lF-Tyii).
(7) (X, 1) iso-IF-Toii) < (Y, 8) is ol F-ToGii).

Theorem 3.4. Let {(Xi, T : M e J} be afamily of IFTS and let (X, t) be their
product IFTS. Then the product IFTS (ITX, ITt,,) isIF-T(i) if each (X, Tr) iSIF-T4(i).

Proof: Suppose (X, Tr) isIF-Ty(i) for all m e J. The authors shall show that the
product space (X, t) isIF-T(i). Choose, y € X, X # Y. Let X = I1Xy, Yy = I1y,,), then there
existsj e Jsuch that x; # y;. Now, since (X, tj) is IF-T(i), then there exists A; = (ij, VAj)'
B; = (ks v8) €t suchthat (ua, (%) = 1, va(X) = 0; 1a, (i) = 0, va(y)) = 1 and pg (y)) = 0,
ij(y,-) =0 ij(xj) =0, ij(xj) > o). Now consider the basic IFOSs ITA and T1By where
Ac=(1,07,Bc=(17,0) fork € J k=] and A, = A}, B, = B whenk =j. Then

(TTA() = (K Iy, (%), Kedv, (%)) =(L 0); TTB,(x) = (K & I, (¥).
Ke Ive, () =(0, D} and {T1B, (y) = (K € Jpg, (x,), Ke v, (%) =(L O);

{T1B, (x) = (k & Jpg, (%), ksépJka (v,)) =(0, D}. Hence (X, t) isIF-T4(i).
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Theorem 3.5. Let {(Xm, tm) : M € J} be afamily of IFTS and (X, t) be their product
IFTS. Then the product IFTS (ITX,,, Xty) is IF-T4(n) if each (X, ty) isIF-T4(n), n =i,
iil, iv.

Proof: The above theorem can be proved in the similar way.

Theorem 3.6. Let {(Xm, tm) : m e Jb be afamily of IFTSs and let (X, t) be their
product IFTS. Then the product IFTS (ITXy,, Xty) is a-1F-T1(n) if each (Xp, ty) is a-1F-
Ta(n), n= i, ii, iii.

Proof: The above theorem can be proved in the similar way.

4. Intuitionistic fuzzy T,-spaces
Definition 4.1. An intuitionistic fuzzy topological space (X, t) iscalled

(1) IF-Ty(i) if foral x,y e X, x =y there exists A = (ua, va), B = (ug, vg) €' t
such that (ua(x) =1, va(x) = 0; ua(y) =0, vg(y) =0and A U B =0..

(2) IF-Tyii) if foral x,y e X, x =y there exists A = (ua, va), B = (ug, vg) € t
such that (ua(X) =1, va(x) = 0; pa(y) > 0, ve(y) =0and A U B = (07, y) where
v € (0, 1].

(3) IF-Ty(iii) if foral x,y € X, x#y there exists A = (pa, va), B = (ug, vg) €'t
such that (na(X) > 0, va(x) = 0; pg(y) = 1, vg(y) =0 and A U B = (07, y") where
v € (0, 1].

(4) IF-Ty(iv) if foral x,y € X, x =y thereexists A = (ua, va), B = (ug, va) €'t
such that (ua(x) >0, va(X) = 0; us(y) >0, veg(y) =0and A U B = (07, y") where
v € (0, 1] (Ahmed 2014).

Definition 4.2. Let o e (0, 1). An intuitionistic fuzzy topological space (X, t) is
caled

(@ oa-IF-Ty(i)if foral x,y e X, x =y there exists A = (ua, va), B = (ug, vg) €'t
such that (pa(X) = 1, va(X) = 0; us(y) =2 o, vg(y) =0and A U B = 0..

(b) a-IF-Ty(ii)if foral x,y e X, x =y thereexists A = (ua, va), B = (us, vg) €'t
such that (ua(X) = a, va(x) = 0; ps(y) =2 o, veg(y) =0and A U B = (07, y") where
v € (0, 1].

(©) a-IF-Tyii) if for al x,y e X, x#ythereexists A = (ua, va), B = (us, vg) € t
such that (pa(x) > 0, va(x) = 0; us(y) 2 a, vg(y) =0and A U B = (07, y") where
y € (0, 1] (Ahmed 2014).

Theorem 4.3. Let (X, t) and (Y, S) be two intuitionistic fuzzy topological space and
f: X — Y be one-one, onto, continuous open mapping, then
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() (X, 1) isIF-Tai) < (Y, ) isIF-Ti).

(2) (X, 1) isIF-Tyii) < (Y, 9) isIF-Tyii).

(3 (X, 1) isIF-Tyiii) < (Y, 5) isIF-Tiii).

(4) (X, 1) isIF-Tyiv) < (Y, ) isIF-Tyiv).

(5) (X,t)isa-IF-Ty(i) < (Y, 9) isa-1F-Ty(i).

(6) (X, 1) iso-IF-Tyii) < (Y, s) isa-IF-Tyii).

(7) (X, 1) isa-IF-Tyiii) < (Y, ) is a-IF-Tyiii).

Proof: The above theorem can be proved as the theorem 2.3.

Theorem 4.4. Let {(Xi, tn) : m € J} be afamily of IFTS and let (X, t) be their
product IFTS. Thenthe IFTS (ITX, Ity isIF-To(i) if each (X, tm) iSIF-Ta(i).

Proof: Suppose (Xm, tm) is IF-Ty(i) for dl m e J. The authors shall show that the
product space (X, t) is IF-T,(i). Choose, y € X, x #y. Let x = TIxy,, y = [1y, then there
existsj e Jsuch that x; # y;. Now, since (X;, t;) isIF-T(i), then there exists A; = (uAj, vAj),
B = (s, vs,) € t Such that (s (x) = 1, va (%) = 0; ua (¥)) = 1, va(¥) = 0and Aj N Bj =
0.. Now consider the basic IFOSsTTA and I'1B, where A, = (17, 07), By = (17, 0") fork e

inf
J k=] and Ax = Aj, Bk = B when k = j. Then {[TA,(x)=(keIu,, (Xy),

sup inf sup
kedv, (X)) =@ 0); [I1B(x) =(k € Iug (V) kedvg (V)= 0}and {ITAx N
{TIB = 0. becauseforj € J, Aj N B;=0.. Hence (X, t) isIF-T.(i).

Theorem 4.5. Let {(X, tn) : m € J} be a family of IFTSs and (X, t) be ther
product IFTS. Then the product IFTS (TTX,, ITty,) isIF-To(n) if each (X, ty) isIF-Ta(n),
n=ii, iii, iv.

Proof: The above theorem can be proved in the similar way.

Theorem 4.6. Let { (X, t) : m € J} be afamily of intuitionistic fuzzy topological
space and let (X, t) be their product IFTS. Then the product IFTS IFTS (ITX,,, It,,) is a-
IF-T,(n) if each (X, tm) isa—IF=T5(n), n =i, i, iii.

Proof: The above theorem can be proved in the similar way.
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