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ABSTRACT

The purpose of this paper was to construct seven concepts of T,-space in L-topological spaces.
After giving the fundamenta definitions, the authors established some relations among them.
Further, the authors proved that all these definitions satisfy ‘good extension” property. Finally, it is
shown that these definitions are hereditary, productive and projective.
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INTRODUCTION

American mathematician Zadeh (1965) for the first time in 1965 introduced the
concept of fuzzy sets. Chang (1968) and Lowen (1976) developed the theory of fuzzy
topological space by using fuzzy sets. Separation axioms in fuzzy topological spaces
have been developed and studied by many researchers from different view points (Jin-
xuan, and Ren Bai-lin 1998, Kandil and El-Shafee 1991). FP-T, separation axioms have
been introduced earlier by Kandil and El-Shafee (1991) and Nouh (1996). In this paper
the workers defined possible seven definitions of T, space in L-topological space. All
these definitions satisfy ‘good extension’ property and the authors established some
implications among them. Finally it was shown that all these definitions are hereditary,
productive and projective and preserved under one-one, onto and continuous maps.

Definition: Let X be anon-empty set and | =[O, 1]. A fuzzy setin X isafunctionu:
X — | which assign to each element x € X, a degree of membership, u(x) € | (Zadeh
1965). Example: Let X ={a, b, c} and | = [0, 1]. If u(a) = 0.2, u(b) = 0.4, u(c) = 0.5 then
{(a,0.2), (b, 0.4), (c, 0.5)} isafuzzy setin X.

Definition: Let X be a non-empty set and L be a complete distributive lattice with 0
and 1. An L-fuzzy setin Xisafunctiona: X — L which assignto each lement x € X, a
degree of membership, a (x) € L.

Definition: Let a be an L-fuzzy set in X. Then 1 — a = a’ is called the complement
of a in X (Zadeh 1965).

Definition: If r € L and a is an L-fuzzy setsin X defined by a (X) = r" x € X then
we refer to a as a constant L-fuzzy sets and denoted it by r itself.
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In particular, the workers had the constant L-fuzzy sets 0 and 1.

Definition: An L-fuzzy point p in X is a special L-fuzzy sets with membership
function p(x) = r if X =Xo, p(X) = 0 if X = Xo wherer € L (Zadeh 1965).

Definition: An L-fuzzy point p is said to belong to an L-fuzzy set a in X(p € a) if
andonlyif p(x)<a(X)and p(y) <a(y). Thatisx € aimpliesr <a (x).
Definition: Let | = [0, 1], X be a non-empty set and 1* be the collection of all

mappings from X into |, i.e. the class of all fuzzy sets in X. A fuzzy topology on X is
defined as a family t of membersof 1%, satisfying the following conditions:

(i) 1,0 e t (i) if u e tforeachi e Athen U,_,u et (iii)if uy U € tthenu A us € t.

The pair (X, t) is called a fuzzy topologica space (fts, in short) and the members of t are
called t-open (or simply open) fuzzy sets. A fuzzy set v is called a t-closed (or simply
closed) fuzzy set if 1 - v e t (Chang 1968).

Definition: Let X be a non-empty set and L be a complete distributive lattice with
0 and 1. Suppose that t be the sub collection of all mappings from Xto Li.e. t < L*.
Thent iscalled L-topology on X if it satisfies the following conditions:

(0,1 et

(ll) If U, U et then UunNu et

@iii) If uy e t foreachi e Athen Ui\ U; € t.

Then the pair (X, 1) iscalled a L-topological space (Its, for short) and the members of
t arecalled open L-fuzzy sets. An L-fuzzy setsv iscalled aclosed L-fuzzy setif 1-v e
t (Jin-xuan, and Ren Bai-lin 1998) .

Definition: Let | bean L-fuzzy setin 1st (X, t). Then the closure of | is denoted by
| anddefinedas | =~{m:l = met°}.

Theinterior of | written | °isdefinedby | °=u{m: mc |, me 1}.

Definition: If (X, t) isanltsand Ac Xthen ta={u|A: u e t} iscaled the sub
space L-topology on A and (A, t,) isreferred to asan L-sub space of (X, 1).

Definition: Let x, be an L-fuzzy point in an Its (X, t). An L-fuzzy set o in Xiscalled
an L-fuzzy neighborhood (in short, nhd) of x; if and only if there exists an open L-fuzzy
setbinYsuchthat x, € bca.

Definition: An L-fuzzy singleton in X is an L-fuzzy set in X which is zero
everywhere except at one point say x, where it takes a value say r with O <r < 1 and
r e L. Wedenoteit by x;, and x, € a iff r <a (x).
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Definition: An L-fuzzy singleton x; is said to be quasi-coincident (g-coincident, in
short) with an L-fuzzy set a in X, denoted by x.qa iff r +a (x) > 1. Similarly, an L-fuzzy
set a in X is said to be g-coincident with an L-fuzzy set b in X, denoted by agb if and
only if a (X) + b (X) > 1 for some x € X. Thereforeiff a (xX) +b (X) <1 for al x e X,
where denote an L-fuzzy set a in X is said to be not g-coincident with an L-fuzzy set b in
X.

Definition: Let f: X — Y be afunction and u be fuzzy set in X. Then the image f (u)
isafuzzy set in Y which membership function is defined by

(F (U)() = {sup(u(x) |f (x) = y} if Fi(y) =f,x e X
(f (U))(y) = 0if F(y) =f, x € X (Chang 1968).

Definition: Let f be areal-valued function on an L-topological space. If {x:f(X) >
a} isopenfor every rea a, thenf iscalled lower-semi continuous function (Isc, in short)

Definition: Let (X, t) and (Y, s) be two L-topological space and f be a mapping from
X t)into (Y,s)i.e.f: (X, t) > (Y,9).Then fiscaled -

(i) Continuousiff for each open L-fuzzy setu € s= f(u) € t.

(ii) Openiff f(me sfor each open L-fuzzy set me t.

(iii) Closed iff f () iss-closed for each| e t°where t®isclosed L-fuzzy setin X.
(iv) Homeomorphism iff fis bijective and both f and f ™ are continuous.

Definition: Let X be anonempty set and T be atopology on . Lett = w (T) be the set
of all lower semi continuous (Isc) functions from (X, T) to L (with usua topology). Thus
w(M={uel*:u"(a 1] € T} for each a e L. It can be shown that w (T) isa L-
topology on X. Let “P” be the property of a topological space (X, T) and LP be its L-
topological analogue. Then LP is called a “good extension” of P “if the statement (X, T)
has P iff (X, w(T)) has LP” holds good for every topological space (X, T).

Definition: Let {(X;, t;) : i € A} be afamily of L-topological space. Then the space
(ITX;, ;) is called the product Its of the family {(X;, t;) : i € A} where ITt; denote the
usual product L-topologies of the families {t;:i € A} of L-topologieson X.

T, SPACE IN L-TOPOLOGY
We now give the following definitions of T, L-topological spaces.
Definition: Anlts (X, t) iscalled-

@ L-Ty(i)if vx,ye X,x=y,3u,vet suchthat u(x) =1, u(y) =0, v(x) =0, v(y)
=landunv=0.
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(b) L -—Ty(ii) if for any pair of distinct L-fuzzy pointsx;, ys € X, 3u, v € t such that
X €UYsguandx ¢V,yse vandunv=0.

(c) L — Ty(iii) if for al pairs of distinct L-fuzzy singletons x;, ys € S(X) such that
X.qQYys,du,vetsuchthat x, cu,y,quand y,cv,x.qv andunv=0.

(d) L -Ty(iv) if for any pair of distinct L-fuzzy points x,, ys € SX), Ju, v € t such
that x, €u,ugy,and y, e v,vgx,andunv=0.

() L —Tyv) if for any pair of distinct L-fuzzy points X, s € X), 3u, v e t such
that X, € U< coys, Vs € V < COX and u  cov.

() L-=Tyvi) if ¥x,y e X, x=Yy,3u, Vv et such that u(x) > 0, u(y) = 0 and v(x) > 0,
v(y) =0.
(g) L-Tyvii)if ¥x,y e X, x=Y,3u, v et suchthat ux) > u(y) and v(y) > v(X).
Here, the present authors establish a complete comparison of the definitions
L — To(ii), L = Tx(iii), L = Ta(iv), L = Tx(v), L — To(vi) and L — T,(vii) with L — Tx(i).

Theorem: Let (X, 1) be an Its. Then the authors have the following implications:

L — To(iv) L — Taii)

L — To(vii) < L — To(vi) ————— L~ T,(i)

\L—Tz(v)‘/\L—Tz(iii)

Thereverse implications are not true in general, except L — T,(vi) and L — Tx(vii).

Proof: L — Ty(i) = L — Ty(ii), L — Tx(i) = L — Ty(iii) can be proved easily. Now
L-Tyi) = L-Ty(iv) and L — Tx(i) = L - T5(v), since L — Ty(ii) & L - Ty(iv) and
L—Ty(iv) & L—Ty(V). L=Ty(i) = L - Ty(vi); Itisobvious. L — T,(i) = L — Ty(vii), since
= To(vi) = L = Ty(vii).

The reverse implications are not true in general, except L — To(vi) and L — T,(vii), as
can be seen through the following counter-examples:

Example 1: Let X = {Xx, y), t be the L-topology on X generated by{a : a € L} U
{u, v} where u(x) = 0.5, u(y) =0 v(x) =0, v(y) = 0.6, L = {0, 0.05, 0.1, 0.15, ..., 0.95, 1}
andr =0.4,s=0.3.

Example 2: Let X={x,y),t betheL-topology on X generated by {a : a € L} u{u,
v} where u(x) = 0.5, u(y) = 0v(x) =0, v(y) =04, L ={0, 0.05, 0.1, 0.15, ..., 0.95,1} and r
=05,s=04.
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Proof: L-T,(ii) % L-T,(i) : From example-1, we see that the Its (X, t) is clearly
L — Ty(ii) but it is not L — T(i). Since there is no L-fuzzy set in t which grade of
membership is 1.

L -T,(iii) = L—T,(i) : From example-2, we see the Its (X, t) is clearly L — Tyiii)
but it is not L — Ty(ii). Since L-T,(iii)=» L-T,(ii)and L-T,(ii)= L-T,(i)so
L-T,(iii) = L-T,(i) .

L-T, (i) % L-T,(iv) : As for the distinct L-fuzzy singletons xy, y; in t there does
notexistu,v et suchthat x, cu,y,qu and y, < v,xQqv.

L-T,(iv) = L—T,(i) : Thisfollows from the fact that

L-T,(ii) & L-T,(iv) and it has already been shown that L-T,(ii) =% L-T,(i) so
L-T,(iv) = L-T,() .

L-T,(v) = L-T,(i): SinceL-T,(iv) < L-T,(v)and L-T,(iv)= L-T,(i) so
L-T,(v) % L-T,(i). But L-T,(vii)= L-T,(vi) = T,(i) isobvious.

The authors showed that all definitions L — To(i), L — Ta(ii), L — To(iii), L — Tx(iv),
L —Ty(V), L—Ty(vi) and L — T,(vii) are ‘good extensions’ of T, as shown below:

Theorem: Let (X, T) be atopological space. Then (X, T) is T, iff (X, w (T)) is
L — Tx(j), wherej =1, ii, iii, iv, v, Vi, Vii.

Proof: Let (X, T) be T,. Choose x, y € X withx=y. Then3 U, V e T such that x
UyegUadyeV,xg Vand U nV = . Now consider the lower semi continuous

function 1y, 1y. Then 1y, 1y € w(T) suchthat 1, (X) =1, 1y (y) =0and 1, (X) =1, 1,(y) =
1 and so thatl; n 1, = 0. Thusiff (X, w(T))isL - Ty(i).

Conversely, let (X, w (T)) be L — T,(i). To show that (X, T) is T,. Choose x, y € X
withx=y. Then3u, v e w(T) suchthat u(x) =1, u(y) =0,v(x) =0, v(y) =landunv=
0. Let u(y) < u(x) and v(x) < v(y). Choose r such that u(y) <r < u(x) and v(x) <r < v(y)
and consider u™ (r, 1] and v* (r, 1]. Thenu™ (r, 1], v  (r, 1] € Tandisx ¢ u™ (r, 1], y
eut(r, 1, xevi(r,1, yevi(r, Jadvi(r, 1]nvi@r,1] =Fas unv =0.
Hence (X, T) is T..

Similarly the authors can easily show that L — Ta(ii), L — Ty(iii), L — Tx(iv), L — To(V),
L — Ty(vi), L — Ty(vii), are also hold ‘good extension’ property.

Theorem: Let (X, 1) beanlts, Ac Xand ta={u|A:uet},then

(X t)isL=Ty(i) = (A ta) isL—Tx(i)

(X, t)isL = Ty(ii) = (A, tp) isL — Tyfii)

(X, t)isL = To(iii) = (A, ta) isL — Ty(iii)

(X, t)isL=Ty(iv) = (A, ta) isL = Ty(iv)
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(X 1) isL=TyV) = (A ta) isL—TyV)
(X, 1) isL=Tyvi) = (A, tp) isL— Ty(vi)
(X, 1) isL = Tx(vii) = (A, ta) isL — Ty(vii).

Proof: The authors proved only (a). Suppose (X, t) is L-topological space and
L — T(i).

We shall prove (A, ta) isL — Ty(i). Letx,y € Awithx =y, thenx,y € X with x=y
asAc X.Since (X, t )isL—Tx(i),du, v e t suchthat u(x) =1, u(y) =0, v(x) =0, v(y) = 1
andunv=0.For Ac Xwefindu|A v|Aety andu|AX) =1, u|Aly) =0andV |
AX)=0,v|Aly) =1landu|AnVv|A=(unvVv)|A=0asx Yy e A Henceitisclear that
the subspace (A, tp) isL — Ty(i).

Similarly, (b), (c), (d), (e), (), (g) can be proved.

Theorem: Given {(X, t;) : i € A} be a family of L-topologica space. Then the
product of L-topological space (X, It;) isL — T, (j) iff each coordinate space (X;, t;) is
L — Tx(j), where j =1, ii, iii, iv, v, vi, vii.

Proof: Let each coordinate space {(X, t;) : i € A} be L — Ty(i). Then the writers
showed that the product space is L — T,(i). Suppose X, y € X with x # Yy, again suppose
x =TIx, y = ITy, then x; # y; for some j € A. Now consider x;, y; € X;. Since (X;, t;) is
L — To(i), u;, v € tysuchthat u(x) = 1, uj (v) =0, vi(x) =1, vi(y) =1lad yn v, = 0.
Now take u = ITu'j, v =TIV where u’; = u,, v = viand u; = v = L for i #j. Then u, v e ITt;
such that u(x) = 1, u(y) =0, v(x) = 0, v(y) =1 and u n v = 0. Hence the product
L-topological space (ITX;, ITt;) thenisL — T(i).

Conversely, let the product L-topological space (ITX;, It;) is L — Tx(i). Take any
coordinate space (X;, t;), choose x;, y; € X;, X # Y;. Now construct x, y € X such that x =
X', y = I1y’; where X, ' for i # j and X = y'}, y'; = ;. Then x # y and using the product
space L — Ty(i) 3 u, v € ITt; such that u(x) =1, u(y) =0, v(x) =0, v(y) =landunv=0.
Now choose any L-fuzzy point x, in u. Then 3 abasic open L-fuzzy set [Tu; € []r; such
that x e[Juj cu which implies that r <TTuj(x) or that r <inf,uj(x]) and hence
r <ITuj(x))vj e A ... (i) and u(y) = 0 = TTuyi(y) = 0 ... (ii). Similarly, corresponding to a
fuzzy point ys € v there exists a basic fuzzy open set [1v; e [1r; suchthat y, e[1v; cv
which implies that s<vj(j)VjeA .. (i) and [Ivi(y)=0 .. (iv). Further,
[Tuj(y)=0=ui(y;)=0, since for j=#i,x;=y; and hence from (i),
ui(y;) =uj(x;) >r. Similaly, TTv;(x)=0=Vv’(x)=0using (iii). Thus we have
u(x)>r, u(y.)=0andv’(y.) >sVv(x)=0. Now  consider sup, U =u;,
sup, v° =V, e 1, then ui(x) = 1, ui(y;) =0, vi(x) = 0, vi(y;) = 1 and u; » v; = 0 showing that
(X, ) isL = T(i).
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Moreover one can easily verify that
(X, 1),i € AisL = Ty(ii) < (TIX;, IT t;) isL — Tyii).
(X, 1),i € AisL = Ty(iii) & (ITX;, 1 t;) isL — Tuiii).
(X, 1),i € AisL —Ty(iv) < (ITX;, [T t;) isL — Ty(iv).
(X, 1),i € AisL—=Ty(v) < (ITX;, T t;) isL — To(v).
(X, 1),i € AisL = Ty(vi) < (ITX;, [T t;) isL — Ty(vi).
(X, 1),i € AisL = Ty(vii) & (TIX;, IT t;) isL — Ty(vii).
Hence it is seen that
L — Tu(i), L = To(ii), L = To(iii), L — To(iv), L — To(v), L — To(vi), L — T,(vii) properties
are productive and projective.
MAPPING OF L-TOPOLOGICAL SPACES

The workers showed that L — T,(j) property is preserved under one-one, onto and
continuous maps for j =i, ii, iii, iv, v, vi, viii.

Theorem: Let (X, t), and (Y, s) be two L-topological spaceand f : (X, t) — (Y, 9
be one-one, onto and L-open map, then-

@ (Xi, w)isL = Tu(i) = (Y, 9) isL = Ty(i).

(b) (Xi, ) isL = T(ii) = (Y, 9) isL — Tyii).

(©) (Xi, m) isL = Tu(iii) = (Y, 9) isL — Tyiii).

(d) (Xi, 1) isL = Ta(iv) = (Y, 9) isL = Ty(iv).

(€ (Xi, w)isL = Tx(v) = (Y, 9) isL — Ty(V).

(F) (Xi, ij) isL = Tx(vi) = (Y, 5) isL — To(vi).

(9) (Xi, 1) isL = To(vii) = (Y, ) isL — Ty(vii).

Proof: Suppose (X, 1) isL — T,(i). Then the writers shall provethat (Y, s) isL — T(i).
Let yi, Yo € Ywithy; # y,. Sincefisonto, 3x;, X, € X such that f (xy) =y, f (X2) =y, and
X1 # %o asfisone-one. Again since (X, 1) isL — T,(i) Ju, v € t such that u(xy) = 1, u(x,) =
0, V(x1) =1, (%) =1and un v=0. Now

f(u) (yo) ={sup u(xy) : f(x)) =y} =1

f(u) (v2) = {sup u(xo) : f (x) =y2} =0

f(v) (y) = {sup v(xq) : f () =y2} =0

f(v) (v2) ={sup V(%) : f (X)) =yi} =1
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and

funv) (y) ={sup (U V) (x) : f (%)) = yi}

funv) (ya) ={sup (U V) (%) : f (x2) = y2}

Hence f(unv)=0= f(uym f(v)=0

Since fisL-open, f (u), f(v) € s. Now itisclear that 3 f (u), f (V) € ssuch that f (u)
() =1,f(u) (y2) =0, f(V) (y) =0f (V) (y)) =1, and f (U) » f (v) =0. Henceit is clear
that the L-topological space (Y, s) isL — T(i).

Similarly (b), (c), (d), (e), (f), (g) can be easily proved.

Theorem: Let (X, t) and (Y, s) be two L-topological space and f: (X, t) — (Y, s) be
L -continuous and one-one map, then-

@ (Y, 9 isL-Ty(i) = (X, t ) isL - Ty(i).

(b) (Y, 9) isL—Ty(ii) = (X, t ) isL — Ty(ii).

(©) (Y, 9) isL —Ty(iii) = (X, t ) isL — T(iii).

(d) (Y,9) isL-Ty(iv) = (Xt )isL - Ty(iv).

(&) (Y, 9 isL=TyVv) = (X, t) isL = To(v).

() (Y, 9) isL=Tyvi) = (X, t ) isL — T(vi).

(9) (Y,s)isL—Ty(vii) = (X, t ) isL — Ty(vii).

Proof: Suppose (Y, s) isL — T(i). The authors shall prove that (X, t) isL — T,(i). Let
X1, X2 € XWith Xy # X = f (1) = f (Xo) asfisone-one. Since (Y, s)isL—T,(i) Ju,v e s
such that u(f(xy)) = 1, u(f(x2)) = 0, v(f(x1)) = 0 v(f(xp)) =1 and u n v = 0. Thisimplies that
FHU) (xa) = 1, () () = 0, F1(v) (x2) = 0, (V) (%) = Land f(v) (x) = 0= F(u) N f°
Yv) = 0. Hence f*(u), f*(v) et asfisL-continuous and u, v e s. Now it is clear that
f(u), (v) e t such that f(u) (%) = 1, F(U) (%) = 0, F1(v) (%) =0, (V) (%) = 1, and
(u) N f(v) = 0. Hence the L-topological space (X, t ) isL — T(i).

Similarly (b), (c), (d), (e), (f), (g) can be proved.
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