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ABSTRACT

We deal with fuzzy topology. In this paper, we introduce the concept of mixed fuzzy
topology which is constructed from two fuzzy topologies on the same fuzzy set X and
study several features of this mixed fuzzy topology.
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1. INTRODUCTION

The origin of mixed topology lies on the work of Alexiewicz and
Z.Semadeni ®, when they introduced two norm spaces around the middle
of the last century. Separation axioms in fuzzy setting have been studied
by several researchers from the early eighties. WUYTS AND LOWEN ®®
have been studied separation properties of fuzzy topological spaces, fuzzy
neighbourhood and fuzzy uniform space. AHMED ® has introduced some
fuzzy separation axioms to study their hereditary and productive
properties. We consider the study of mixed fuzzy topology as a new field
of research, which has already been introduced by Das and Baishya in
their paper ®. In this paper, we explore the impact of structural properties
of the original fuzzy topologies on the mixed fuzzy topology and study
separation axioms in mixed fuzzy topological spaces in more detail.
2. PRELIMINARIES

We briefly touch upon the terminological concepts, definitions and some results,

which are needed in the sequel. The following are essential in our study and can be found
in the paper referred to.

2.1 Definition ®. Let | =[0,1]and X be a non-empty set. We denote the
set of all fuzzy setsin X by I * . A fuzzy topology on a set X is a family t
of fuzzy sets in X satisfying the following conditions:

(i) 10Tt

(i) if a,bTt,then aC b Ttand

(iii) if{a, :i T 1}is a family of fuzzy sets in T, then Ua Tt

iml
Then the pair (X,t)is called a fuzzy topological space (in short fts) and

the members of t are called the t-open fuzzy sets and their complements
are called the t-closed fuzzy sets.
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2.2 Definition Y. A fuzzy point in X is a fuzzy set in X which is zero
everywhere except at one point, say X, where it takes value, say r with
rT(0l)ie. 0<r<1. We denote it by x and we call the point x its
support and r its value.

2.3 Definition Y. A fuzzy point x, is said to belong to a fuzzy set a

in X, denoted x, Taifand only ifr < a(x) . Evidently, a fuzzy set a

in X is the union of all its fuzzy points.

2.4 Definition Y. Let X, be a fuzzy point in an fts (X,t). A fuzzy set a
is a neighborhood (in short nhd) of x, if and only if there exist an open
fuzzy set b suchthat x. T & T a. Anhd a is an open nhd if and only if
a isopen; anhd a is closed nhd if and only if a is closed.

2.5 Definition. A fuzzy singleton in X is a fuzzy set in X which is zero
everywhere except at one point, say x, where it takes value, say r with
rT(01]i.e. 0<r£1. We denote it by x, . Also, x, Taifand only

ifr £a(x).

2.6 Definition. A fuzzy singleton x, in X is said to be quasi-coincident (in
short g-coincident) with a fuzzy set @ in X, denoted by x,qa if and only
ifr+a(x)>1.

2.7 Definition. A fuzzy set a in X is called g-coincident with a fuzzy set
b in X , denoted a qb if and only ifa(x) + b(x) >1, for some x T X . It is
clear that if x ga, thenr + a(x) £1, foreveryx I X and ifa gb,

thena(x) + b(x) £1, for every x T X .

2.8 Definition. A fuzzy set a in an fts (X,t)is called a g-nhd of a fuzzy

singleton x.in X if and only if there exist A/ Ttsuch thatx gb
andb T a.

2.9 Definition. Let (X,t) be an fts and x,be a fuzzy point in X . Then the
family N, consisting of all the g-nhds of X, is called the system of g-nhds
of x,.

2.10 Proposition Y. Let (X,t)be an fts. Then for each
x,in X', N, satisfies the followings:

(i) x, isaquasi-coincident witha , for every,a T N . -

(i) ifa,b TN, ,thenaChHTN, .
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(i) ifaTN, and a 1 b, then, b TN, .

Conversely, for each fuzzy point x,in X, if N, is the family of fuzzy
setsin X satisfying the conditions (i), (ii) and (iii), then the family t of all
fuzzy sets a such that a’I\NXr whenever x.qais a fuzzy topology for X .

2.11 Definition. Let a be a fuzzy set in an fts (X,t). Then the closure of
a is denoted by & and defined as the intersection of all closed supersets of
aiea=C{b:bEa,blt}.

2.12 Definition. Let / be a fuzzy set in an fts(X,t). Then the interior of
/ is denoted by £ and defined as the union of all open subsets of 7
ie. P =E{m:m1 I,mTt}.

2.13 Definition. A fuzzy topological space (X,t)is called a fuzzy T,-
space if and only if for any pair of fuzzy singletonsx,,y, (x ty) inX,
there exists u I tsuchthat x, Tu ory, Tu.

2.14 Definition. A fuzzy topological space (X,t) is called a fuzzy T,-
space if and only if for any pair of fuzzy singletonsx,,y, (x *y) inX,
there exists u,v I'tsuch that x, Tu T comy.andy, Tv T comx,.

2.15 Definition ™. A fuzzy topological space (X,t) is called a fuzzy
hausdorff or T,-space if and only if for any pair of fuzzy singletons

X, Y, (x1y)inX,there exists u,v I tsuchthatx, Tu,y, Tvand
uCv=0.

2.16 Definition. A fuzzy topological space (X,t) is called a fuzzy regular
if and only if for all x T X and closed fuzzy set u withx, Tu, there exist
v,w I tsuch that x. Tv,u T wandv T'1-w.

2.17 Proposition @. A fuzzy topological space (X,t) is fuzzy regular if
and only if for allx T X, rT(0)and a I twithr <a(x), there exists
bTtsuchthat r< p(x) andb T a.

2.18 Definition. A fuzzy topological space (X,t) is called fuzzy normal if
and only if for each closed fuzzy set m and open fuzzy set u with m I u,
there exist v I'tsuchthat m Tv® TV T u.
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2.19 Definition V. A family t of fuzzy sets is a cover of fuzzy set a if
and only if aTE{a, :a Tt}. It is called an open cover if each

member &, is an open fuzzy set. A subcover of ¢ is a subfamily of ¢ which
is also a cover ofa .

2.20 Definition ©. A fuzzy topological space (X,t)is compact if and only
if every open cover has a finite subcover.

2.21 Definition Y. A fuzzy set ain a fuzzy topological space (X,t)is
said to be disconnected if and only if there exist two non-empty fuzzy sets
a,and a,such that a,anda,are Q-separated and a =a, Ea,. A fuzzy
set is called connected if and only if it is not disconnected.

3. SEPARATION AXIOMS IN MIXED FUZZY TOPOLOGICAL
SPACES
Now we come to our main discussion.

3.1 Definition. Let (X,t,)and (X,t,)be two fuzzy topological spaces. We
define t,(t,)={aT1” :for everyx qa, there exists a t,-quasi-

neighborhood b of x such thatt,-closure, b T a}. Then t,(t,)is fuzzy
topology on X . This fuzzy topology is called a mixed fuzzy topology and
the pair (X t (tz))is called a mixed fuzzy topological space.

3.2 Theorem ®. Let (X,t,)and (X ,t, )be two fuzzy topological spaces and
let t,(t,) ={a T 1" :for everyx ga, there exists a t,-quasi-neighborhood
b of x, such thatt, -closure, & T a}. Then t,(t,) is fuzzy topology on X .

3.3 Lemma®. Let t,andt, be two fuzzy topologies on a set X . If everyt, -
quasi-nhd of x,is t,-quasi-nhd of x, for all fuzzy singletons x,, then t, is
coarser thent,, in symbolt, T t,.

3.4 Theorem ®. Let t,andt, be two fuzzy topologies on a set X . Then the
mixed fuzzy topology t, (t,) is coarser thant, , in symbolt, (t,) Tt,.

3.5 Theorem. Let (X,t,)and(X,t,)be two fuzzy topological spaces.
If (X ,t,)is fuzzy T,-space andt, T t,, then (X,t,(t,))is a fuzzyT,-space.

Proof. Letx,,y, Tt,,x 2 y.Since (X,t,) is a fuzzyT,-space, then there
exists u, Tt, suchthatx, Tu,ory, Tu,.Let u be the t, -quasi-nhd of
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x ory,. Then foru, Tt, we have x_qu,ory.qu,andu, T u.So,
r+u,(x)>1or s+u,(y)>land0<r£10<s£1 Thisimplies
that, r +u(x) >1or s+u(y) >1P x quory.qu. Since t, T t,andu, Tt,,

then u,is a t,-quasi-nhd of x._ ory andu, T u.Thuswe haveu Tt,(t,).
Also, x, Tu, Tuor y, Tu, Tub x, Tuory, Tu. This shows that
(X t (tz))is a fuzzyT,-space. This completes the proof of the theorem.

3.6 Theorem. Let  (X,t,)and(X,t,)be fuzzy topological spaces.
If (X ,t,)is fuzzy T,-space andt, T t,, then (X,t,(t,))is a fuzzyT, -space.
Proof. Letx ,y, Tt,,x 2 y.Since (X,t,) is a fuzzyT, -space, then there
exist u,,v, Tt, such thatx, Tu, T comy.andy, Tv, T comx,.Let u and
v be the t, -quasi-nhds of x_and y, respectively. Then foru,,v, Tt, we
have x,qu,and y.qu,andu, T u,v, Tv.So,r+u,(x)>1ands+v,(y)>1
and0o<r£1,0<s£1. Thisimplies that r +u(x) >1

ands+v(y)>1P x,quandy.qv. Since t, T t,andu,,v, Tt,, then u,and
v, are t,-quasi-nhds of x, and y, respectively andT, T u, v, T v. Thus we
haveu,v Tt,(t,). Also,

x, Tu, Tuandy, Tv, TvPx TuTcomy.andy, Tv I comx,. This
shows that (X t (tz))is a fuzzyT, -space. This completes the proof of the
theorem.

3.7 Theorem. A fts (X 't (tz))is a fuzzyT, -space if and only if every fuzzy
singleton set in X is closed.

Proof. Suppose (X,t,(t,))is a fuzzyT,-space. We show that{x}*is open.
Let x, andy, be two fuzzy singletons,x 1 y. Letx, T{x}°. Then there
exists a fuzzy open set uTt,(t,) such thatx, Tubuty Tu. Thus we

havex, Tu T{x}’and hence{x} = E{u:x, T{x}'}. Accordingly{x},
being a union of fuzzy open sets, is fuzzy open and {x}is closed.
Conversely, let{x}be closed for everyx T X . Let x, andy, be two
fuzzy singletons, x * y. Now, x 1y Py, T{x}°, hence{x}cis an open set
containing y, but not containing x, . Similarly, {y}C is an open set
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containing x, but not containing y, . Thus {x}’,{y}’ Tt,(t,) and (X, t,(t,))is
a fuzzyT, -space.

3.8 Example. Lett, (t,) ={0,{x},Jand X ={x,y}. Then 1 is the only
fuzzy open set containing y but it also contains x . Hence (X,tl(tz))is not
a fuzzyT,-space. In this case the fuzzy singleton set {x}is not closed

because{x}° = {y}is not open.

3.9 Theorem. Let(X,t,)and(X,t,)be fuzzy topological spaces. If (X,t, )is
fuzzy T,-space andt, T t,, then (X,t,(t,))is a fuzzyT,-space.

Proof. Letx ,y, Tt,,x 1 y.Since (X,t,) is afuzzyT,-space, then there
existu,,v, Tt, suchthatx, Tu,, y, Tv,andu, Cv, =0. Let u and v be
t, -quasi-nhds of x and y, respectively. Then foru,,v, Tt, we have x_qu,,
y.qu,andu, Tu,v, Tv.So r+u,(x)>1,s+v,(y)>1lando<r£10<s£L
This implies that r +u(x) >1 ,s+v(y)>1P x.qu,y.qv. Since

t, Tt,andu,,v, Tt,, then u,and v, are the t,-quasi-nhds of x_ and

y, respectively and T, T u,v, T v. Thus we haveu,v Tt,(t,).

Also,x, Tu, Tu, y, Tv, Tvandu, Cv, =0 Px, Tu,y, Tv and

uCv =0. This shows that (X,t,(t,))is a fuzzyT,-space. This completes
the proof of the theorem.

310 Theorem. Let (X,t)and(X,t,)be fuzzy topological spaces.
If(X,t,)is fuzzy regular space andt, Tt,, then (X, t,(t,))is a fuzzy
regular space.

Proof. Letu Tt,(t,). Then for every fuzzy singleton x_, we have x, qu and
there exist u, Tt is a t,-quasi-nhd of x, such thatt,-closure, T, T u.
Also,x,.qu P r+u(x)>1.Putl-r=s,then0<s£1. So, s <u(x).
Since (X ,tl) is fuzzy regular space, then by proposition (2.18) for

xT X ,0<s£landu, Tt,withs <u,(x)there existsv, Tt,such that
s<v,(x) and vV, T u,. Now, s<u,(x) P r+u,(x)>1and

sincet, T t,thenv,is a t,-quasi-nhd of x, . This implies thatu, Tt,(t,).
Therefore we have forx T X, 0<s£1and uTt,(t,) withs < u(x) there
existsu, Tt,(t,)such thats <u,(x) and T, T u > By the Proposition
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(2.18) (X 't (tz))is a fuzzy regular space. This completes the proof of the
theorem.

3.11 Example. Let X ={x, y}.t, =t, ={0,x,.1}, where x,is a fuzzy
singleton and t,(t,) ={0.1}. Here t, 11t,

and1 Tt (t,) P 0.4+1(x) >1 P 0.4 <1(x). But there exists

0Tt (t,) P04+0(x)>1 P 0.4<0(x)and0 T 1. So(X,t(t,))is not a
fuzzy regular space.

312 Theorem. Let (X,t)and(X,t,)be fuzzy topological spaces.
If (X ,t,)is a fuzzy normal space, then the mixed fuzzy topological space
(X,t,(t,))is a fuzzy normal space.

Proof. Let wT(t,(t,))°and uTt(t,)withw 1 u. Let mTtiand u, Tt,
with m Tu, . Then there exists vTt,such thatm Tv® TV Tu,. By
theorem  (34) we  haveuTt,, vTt(t,)and  therefore
mIve TV IuNow, wil((t,))’ Pl-wTtt)pP 1-wTt, P
wltS. Thus w il m and hencew Tv® TV Tu. This implies that the
mixed fuzzy topological space (X,tl(tz))is a fuzzy normal space. This
completes the proof of the theorem.

3.13 Theorem. A mixed fuzzy topological space (X,tl(tz)) is fuzzy
normal if and only if for any two closed fuzzy sets m and nin X
withm 1 1-n, there exist u,vBt(t,)such thatmBlu,nlv
ando T1-V.

Proof. Suppose that (X,t,(t,)) is fuzzy normal. Then for any fuzzy closed
set mT (t,(t,))° and fuzzy open set u Tt,(t,)withm 1 u, there
existsv Tt (t,) suchthat m Tv® TV Tu. Let nT (t,(t,))®be such

thatn =1-u.Thenm T1-nand v T 1-n. Now,
VvIil-nbnT1-vandsinceuTt,(t,),then T T (t,(t,))°. Sowe

havet ITnbP UT1-V.AlsoomIl-nPnil-mIvbnlv.
Conversely, letm,n T (t,(t,))° withm T 1-n. Then there
existsu,v T t,(t,)suchthat m 1 u, n 1 vanda 11-v.Let u=1-n. Then
mIvV Tvi1-tT1-n=ub m Ev® TV Iu . Thisshows that
(X,t,(t,))is fuzzy normal. This completes the proof of the theorem.
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4. COMPACTNESS AND CONNECTEDNESS
In this section we establish some simple results about compactness and
connectedness.

4.1 Theorem. If wa is t,-compact, then ais t,(t,) - compact.

Proof. Suppose ais t,-compact. We have by Theorem (3.4) that if
t,andt,are two fuzzy topologies on a set X, then the mixed fuzzy
topology t, (t,) is coarser thant,, in symbol t,(t,) T t,.Form the definition
of compactness, we can easily show that ais t;(t,)- compact. This
completes the proof of the theorem.

4.2 Theorem. If ais t,-connected, then ais t,(t,) - connected.

Proof: If possible suppose that a is t,(t,) -disconnected. Then there exist
relatively t,(t,)closed fuzzy setsa,and a,such thata, Ca?10,
a,¢ax0, a, Ca,=0and al a Ea,.Sincet,(t,) Tt,, then t(t,)
relatively closed fuzzy setsa,and a,are a,-relatively closed fuzzy sets.
Therefore ais t,-disconnected, which contradicts the fact thatais t,-
connected. Hence the proof of the theorem is complete.
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