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ABSTRACT

In this paper, the authors extend and generalize some results of previous workers to
completely semiprime I'-rings. If U is an admissible Lie ideal of a completely semiprime I"-ring M,
dis a (U, M)-derivation of M and f is a generalized (U, M)-derivation of M then under some
suitable conditions, workers prove that f(uav) = f(u) av + uad(v) holdsfor all u,ve Uanda eT.
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INTRODUCTION

The notions of generalized derivation and Jordan generalized derivation of I'-rings
have been introduced by Ceven and Ozturk (2004). The notions of generalized derivation
in rings was introduced by Hvala (1998) and Bresar (1991). Afterwards, many authors
investigated comparable results on prime and semiprime rings with generalized
derivtions. (U,R)-derivations in rings have been introduced by Fargj, Haetinger and
Majeed (2010) as a generalization of Jordan derivations on a Lie ideal of aring. Rahman
and Paul (2014) introduced (U,M) -derivations in I'-rings as a generalization of Jordan
derivations on Lie ideals of a I'-ring and proved that, d(uav) =d(u)av+uad(v) for
aluveU,a eTwhere U is an admissible Lie ideal of M and d isa (U,M)-
derivation of M . Rahman and Paul (2014) also proved that, if uvaueU foral ueU and
a eI then d(uam) =d(u)am+uad(m) foral ueU,meM and a I . Following the
notion of (U,M) -derivation, Rahman and Paul (2013) introduced the concept of
generalized (U,M) -derivation and proved the analogous results considering generalized
(U,M) -derivations of prime I'-rings corresponding to the results of (U,M) -derivations.
The concept of al-ring was first introduced by Nobusawa (1964) and afterwards it was
generalized by Barnes (1966). Many properties of I'-rings were obtained by Barnes
(1966), Kyuno (1978), Luh (1969) and others.

LetM and I" be additive abelian groups. If there is a mapping M xI'xM —> M
such that the conditions (X + y) az= xaz + yaz, x(a + B)y = xay + xby, xa(y + z) = xay +
xaz and (xay)bz = xa(ybz) are satisfied for dl x,y,zeM and a,b e, then M is
caled a I'-ring. This concept is more general than that of a ring. A T'-ring M is
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semiprime if alMI'a=0 (with aeM ) implies a=0 and completely semiprime if
alra=0 (with aeM) implies a=0. A I'-ring M is 2-torsion free if 2a=0 implies
a=0 (aeM). Forany x,yeM and a eI, the commutator xoy - yax is denoted by
[x, y],. An additive subgroup U ¢ M is said to be a Lie ideal of M if ueU,meM

anda eI’ implies [u,m], €U . If the Lie ideal U satisfies uaueU for al ueU and
a eI then U iscalled square closed. U isan admissible Lie ideal of M if the Lie ideal
U is square closed and U ¢ Z(M), where Z(M) denotes the centre of M. Awtar (1984)
extended a well known result of Herstein (1957) to Lie ideals and proved that
d(uv) = d(u)v+ud(v) foral u,veU, where U(¢ Z) isasguare closed Lie ideal of a 2-
torsion free prime ring R and d:R— R is an additive mapping such that
d(u®) =d(u)u+ud(u) holdsforall ueU. Ashraf and Rehman (2000) studied Lie ideals
and Jordan left derivations of prime rings. Halder and Paul (2012) extended the results of
Ceven (2002) to Lieidedls.

In this paper, the authors generalize some results of Rahman and Paul (2013) for
admissible Lie ideal of a completely semiprime I'-ring M using the new concept of a
generalized (U, M) -derivation of M. The workers require that aabbc = abbac holds for
al a,b,ce M and a,b eI (throughout the paper the authors denoted it by the symbol *)
and assume that U is an admissible Lie ideal of M.

The authors proved that, if f is a generalized (U, M)-derivation of a completely
semiprime I'-ring M with an associated (U, M)-derivation d of M and f (a)ab = f (b)aa
and aod(b) =bad(a) holds for adl a,beU anda T, then f(uav) = f(u)av + uad(v)
holdsfor allu,veU anda T .

Some Consequeces of Generalized (U, M)-Derivations of Completely Semiprime G
Rings:

Rahman and Paul (2013) introduced the concept of generalized (U, M) -derivation
of aI'-ring in the following way:

Definition 1. Let U be a Lie ided of a I'-ring M . An additive mapping
f:M—>M is a generalized (U,M)-derivation of M if there exists a (U,M)-
derivation d of M such that f(uam+sau)= f(u)am+uad(m)+ f(s)au+sad(u) is
satisfied forall ueU;mseM anda el .

The following are examples of (U,M)-derivation and generalized (U,M)-
derivation of aT'-ring.
Examplel. Let R beanassociativeringwith 1, and let U bealieidea of R. Let
nl
M=M,,(Rhand T =4| O |:neZ;, then M isal-ring.
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Let N={(x,xX):xeRlcM, then N is a sub TI-ring of M. Let
U, ={(u,u):ueU}, then U, is aLieided of N. Let f:R— R be a generalized
(U,R) -derivation. Then there exists a (U,R)-derivation d:R— R such that
f(ux+su)=f(u)x+ud(x) +f(su+sd(u)foral ueU,xseR If defined a mapping
D:N— N by D((x,x)) = (d(x),d(x)) , then one gets
D((u, U)[ J(X x)+ (Y, y)( j(u u)) = D((unx,unx) +(ynu, ynu))
= D((unx + ynu,unx + ynu))
= (d(unx + ynu),d(unx + ynu)).

After some straight forward calculation, the authors get

D(uax, + yau,) = D(u,)ax, +uaD(x)+ D(y,)au, + yaD(u,),

where u, =(u,u), a 2(3 X =(x,x) and y, =(y,y). Hence D isa (U,N)-
derivation on N. Let F:N— N be the additive mapping defined by F((x, X)),
=(f(x), f(x))then considering u, =(u,u)eU,, a ={8Jel“ and  x =(xX),
¥, = (y,y) € N, one can have

F(uax, + yau,) = F((unx+ ynu,unx+ ynu))
= (f (unx+ ynu), f (unx+ ynu))
= (f (u)nx+und(x) + f (y)nu+ ynd(u), f (u)nx+und(x) + f (y)nu+ ynd(u))
= (f (u)nx+und(x), f (Unx+und(X)) + (f (Y)nu+ ynd(u), f (y)nu+ ynd(u))
= (f (u)nx, f (U)NX) + (und(x),und(x)) + (f (Y)nu, f (y)nu) + (ynd(u), ynd(u))

=(f(u), f(u))[ J(X X)+(u, U)[ J(d(x) d(x))+(f(y), f(y))( J(U,U)
+(Y, y)( J(d(u) d(u))
=F(u, U))( J(X X+, U)( j(D((X X))+ F((y, y))( ](U u)

n
+(y, y)[O]D((u.u».
= F(uax +yau) = F(u)ax +uabD(x) + F(y)au, + yabD(u,).
Hence F isageneralized (U,,N)—derivationon N .

To generalize some results of Rahman and Paul (2013) in completely semiprime I'-
rings with generalized (U,M)-derivations, the authors developed some important
preparatory results as follows.
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Lemma 2.1 If f isageneralized (U,M)—derivation of M for which d is the
associated (U, M) —derivationof M . Thenfor dl u,veU; meM and a,b €T,

f (uambu) = f (u)ambu + uad(m)bu + uambd(u).

Proof. By the definition of generalized (U,M)-derivation of M , one obtaines
f (uam+sau) = f (u)am+uad(m) + f (s)au+sad(u) for adl ueU;mseM and
ael.

Replacing mand sby (2u)bm+ mb (2u) and letting
w = ua ((2u)bm+ mb (2u)) + ((2u)bm+ mb (2u))au,

on the one hand, one gets
f (w) = 2(f (u)a (ubm+ mbu) + uad(ubm-+ mbu) + f (Ubm-+ mbu)au + (ubm+ mbu)ad(u))
=2(f (uwaubm+ f (u)ambu+uad(u)bm+ uaubd(m) + uad(m)bu+uambd(u)
+f (u)bmau+ubd(m)au + f (m)buau+ mbd(u)au+ubmad(u) + mbuad(u))
=2(f (uwaubm+ f (u)ambu+uad(u)bm+ uaubd(m) + uad(m)bu+uambd(u)
+ f (uambu + uad(m)bu + f (m)aubu + mad(u)bu + uambd(u) + maubd(u)). (1)
On the other hand, one gets

f(w) = f((2uau)bm+ mb (2uau)) + 2f (uambu) + 2f (ubmau)
= 2(f (uyaubm+ uad(u)bm-+uaubd(m) + f (m)buau
+ mbd(u)au + mbuad(u)) + 4 f (uambu) (2
= 2(f (uyaubm+uad(u)bm+ uaubd(m) + f (m)aubu
+mad(u)bu + maubd(u)) + 4 f (uambu)

Comparing (1) and (2), and M is2-torsion free,
f (uambu) = f (U)ambu +uad(m)bu+uambd(u),YyueU;meM;a,b eT.

Definition 2. Let M be a 2-torsion free completely semiprime I'-ring satisfying the
condition (*), and U be aLieideal of M. Let f be a generalized (U, M)-derivation of M

with an associated (U, M)- derivationd of M . Then for al u,veU and a T, oen can
define G, (a,b) = f (aab) - f (a)ab—aad(b) .

Lemma 2.2 Let M be 2-torsion free completely semiprime I'-ring satisfying the
condition (*) ,and U bealLieideal of M . Let f be a generalized (U, M)-derivation of
M with an associated (U, M)-derivation d of M. Then for al a,b,ceU anda,b T, the
following statements hold:

(i) G,(a,b)+G, (b,a) =0;
(i) G, (a+b,c) =G, (a,c)+ G, (b,C);
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(iii) G, (a,b+c)=G, (a,b)+G, (a,c);
(iv) G,., (a,b) =G, (a,b) + G, (a,b).

Lemma 2.3 Let M be a 2-torsion free completely semiprime I"-ring satisfying the
condition (*), and U be alieidea of M. If ueU such that [u,[u,x],], =0 for al
xeM and a €T, then [u,x], =0.

Proof. The authors have [u,[u,x],], =0 forall xeM and a I". Forevery b eI,
replacing x by xbx, one obtains

0 =[u,fu,xbx],]1,
=[u,xb[u,x], +[u,x], bx],
=[u, xb[u, X, 1. +[u,[u, x], bx],
= xb[u,[u, x|, ], +[u,X], b[u, x], +[u,[u, x], ], bx+[u,X], b[u, ],
=2[u,x], b[u,x], .

By the 2-torsion freeness of M, one can obtain [u,x], b[u,x], =0. Since M is
completely semiprime, hence [u,x], =0 foral xeM and a T.

Lemma 2.4 Let M be a 2-torsion free completely semiprime I"-ring satisfying the
condition (*), and U be acommutative Lieideal of M ,then U c Z(M) .

Proof. Since U is commutative, so one can have [u,[u,x],], =0 for dll
ueU,xeMand ael. Then by Lemma 2.3, we get [u,x], =0. This implies
Ucz(M).

Lemma 25 Let M be a 2-torsion free completely semiprime I'-ring satisfying the
condition (*). If U #0 isasub-T'-ring and a Lie ideal of M, then either U < Z(M) or
U contains a non-zero ideal of M.

Proof. If U isacommutative aLieideal of M, then by Lemma24, U cZ(M).
So, let U be a non-commutative Lie ideal of M , then for some u,veM and ael,
one gets [u,v], €U . Hence there exists an ideal | of M generated by [u,v], (#0) and
| cU.

Lemma 2.6 Let M be a 2-torsion free completely semiprime I"-ring satisfying the
condition (*). If Ug Z(M), then Z(U) =Z(M).

Proof. Z(U) is both a sub-I'-ring and a Lie ideal of M such that Z(U) does not
contain non-zero ideal of M. Therefore in view of Lemma 2.5, we obtain that
ZU)c Z(M).Hence ZU) = Z(M).

Lemma 2.7 Let M be a 2-torsion free completely semiprime I'-ring satisfying the
condition (*), and U bealLieideal of M ,then Z([U,U].) =Z(U).
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Proof. Let ae M beany element. If [a,[U,U].]. =0, thenonecan [a,U] =0.

Therefore, Z([U,U].)=ZU). If [U, Ulr « Z(M) then by Lemma 2.6, ac Z(U).
Hence acentralizes U. On the other hand, let [U,U]. < Z(M). Then one can have
[uu,al,], =0 forall ueU,aeM and a eI'. Thusin view of Lemma 2.4, one obtains

[ua], =0 foral ueU,aeM and ael'. Therefore acZ(U).

Lemma 2.8 LetM be 2-torsion free completely semiprime T'-ring satisfying the
condition (*);U beaLieidea of M and f be a generaized (U, M)-derivation of M with
an associated (U, M)-derivationd of M . Then G, (a,b)b[a,b], +[a,b], bG, (a,b)=0
foral abeUand a,bel.

Proof. For any a,beU anda,b €T, letw=2(aabbbaa+baabaab).
Using Definitionl, one gets
f(w) = f((2aab)b(baa)+ (baa)b (2aab))
= 2f (aab)b(baa) + 2(aab)bd(baa) + 2 f (baa)b (aab) + 2(baa)bd(aab).
On the other hand, using Lemma 2.1 one may get

f(w) =2f((aa(bbb)aa)+ (ba(aba)ab))
=2f (a)a (bbb)aa + 2aad(bbb)aa+ 2aa (bbb)ad(a) + 2f (b)a (aba)ab
+ 2bad(aba)ab+ 2ba (aba)ad(b)
=2f (a)abbbaa+ 2aad(b)bbaa+ 2aabbd(b)aa+ 2aabbbad(a)
+ 2f (b)aabaab+ 2bad(a)baab+ 2baabd(a)ab+ 2baabaad(b).

Equating the two expressions for f (w) , one gets

2(f (aab) - f (a)ab—aad(b))bbaa+ 2(f (baa) - f (b)aa—bad(a))baab+
2aabb (d(baa) - f (b)aa—bad(a)) + 2baab (d(aab) — f (a)ab—aad(b)) = 0.

Now, using Definition 2, one obtains
2G, (a,b)bbaa+ 2G, (b,a)baab+ 2aabbG, (b, a) + 2baabG, (a,b) = 0.

Using Lemma 2.2(i), one gets
2G, (a,b)bbaa—2G, (a,b)baab - 2aabbG, (a,b) + 2baabG, (a,b) = 0.
By the 2-torsion freeness of M , one gets

G, (a,b)b[a,b], +[a,b],b G, (a,b) =0 foral a,beU anda,b T.

Lemma 2.9 Let M be a 2-torsion free completely semiprime I'-ring;U be a Lie
ideal of M ; a,beU and a eT . If aab+baa=0 then aab=baa=0.

Proof. Supposethat a,beU and a eI" suchthat aab+baa=0.

Let d eI be any element. Using the relation aab =—-baa repeatedly, one gets
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4(aab)d (aab) =-4(baa)d(aab)=-4(b(aad)a)ab
= 4(a(aad)b)ab = 2aa (2adb)ab
= —2aa (2bda)ab = —4(aab)d (aab).
= 8(aab)d(aab) =0.
SinceM is2-torsion free, so (aab)d (aab) = 0.Hence, (aab)I'(aab) = 0.
By the complete semiprimeness of M, one gets acb = 0. Similarly baa=0.

Corollary 2.1 Let M be a 2-torsion free completely semiprime I'-ring satisfying
the condition (*) ; U bealLieideal of M and f be a generalized (U, M)-derivation of M
with an associated (U, M)- derivation dof M. Then for al abeU and
o,pel (i) G,(ab)b[ab], =0; (i) [a,b], bG, (a,b) = 0.

Proof. Applying the result of Lemma 2.9 in that of Lemma 2.8, one obtains these
results.

Lemma 2.10 Let M be a2-torsion free completely semiprime I'-ring satisfying the
condition (*); U bealLieidea of M andlet f beageneraized (U, M)-derivation of M
with an associated (U, M)- derivation dof M. Then for al a,b,x,yeU
anda,b,gerl:

(i) G, (abblxyl, =0 (i) [xyl.bG,(ab)=0
(i) G,(a,b)b[x,y], =0; (iv) [xYyl;bG,(ab)=0.

Proof. (i) If onesubgtitutes a+ x for a inthe Corollary 2.1 (i), then he gets
G, (a+x,b)b[a+x,b], =0.
By using Lemma 2.2 (ii),
G, (a,b)b[a,b], +G, (a,b)b[x,b], +G, (x,b)b[a,b], +G, (x,b)b[x,b], =0.
Now, by using Corollary 2.1(i), one obtains G, (a,b)b[x,b], + G, (x,b)b[a,b], =0.
That is, G, (a,b)b[x,b], =-G, (x,b)b[a,b],.
Now, (G, (a,b)b[x,b],)b(G, (a,b)b[x,b],) =-G, (a,b)b[x,b], bG, (x,b)b[a,b], =0.
Hence, by the complete semiprimeness of M, G, (a,b)b[x,b], =0.
Similarly, by replacing b+ y for b in thisresult, one gets G, (a,b)b[x, y], =0.

(i) Proceeding in the same way as described above by the similar replacements
successively in Corollary 2.1 (ii), one obtains [X, y], bG, (a,b) =0,vVa,b,x,ye M and
a,berl.

(iii) Replacing a +g for a in (i), one gets G, (a,b)b[x, y],,, = 0.
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By using Lemma2.2(iv), (G, (a,b) + G, (a,b))b ([x, y], +[x,y],) =0.
Thisimplies,

G, (a,b)b[x,y], + G, (a,b)b[X,y], + G, (a,b)b[X,y], +G,(a,b)b[x,y], =0.
Thus by using (i), one gets G, (a,b)b[x, Y], + G, (a,b)b[x, y], =0.

Thatis, G, (a,b)b[x,y], = -G, (a,b)b[x,y],. Thus,

(G, (a,b)b[x, y];)b (G, (a,b)b[x, y],) = -G, (a,b)b[x, y],bG, (a,b)b[x, y], = 0.
Hence, by the compl ete semiprimeness of M, one obtains G, (a,b)b[x, y], = 0.

(iv) By performing the similar replacement in (ii) (as in the proof of (iii)), one gets
this result.
Remark 2.1 If U is a commutative Lie ideal of M, then U < Z(M). So by

Definition 1 and using 2-torsion freeness of M, one gets f (aab) = f (a)ab+aad(b) for
all a,beU and a eI'. Thusfor the next results, it may be assumed that U ¢ Z(M).

Generalized (U, M)-Derivations of Completely Semiprime G-Rings
The authors proved the main results as follows:

Theorem 3.1 LetM be a 2-torsion free completely semiprime I'-ring satisfying the
condition (*), U be an admissible Lieideal of M , and let f be a generalized (U, M)-
derivation of M with an associated (U, M)- derivation d of M . If f(a)ab= f(b)aa and
aad(b) =bad(a) holds for all a,beU and a €T, then f (aab) = f(a)ab+aad(b) for
dla,beU anda eT.

Proof. By Lemma 210 (i), we have G,(ab)b[xy],=0 for
dla,b,x,yeUanda,b,gel’. Also, by Lemma 2.10(iv), [x y]l,bG, (a,b)=0 for
alab,x,yeUand a,b,geT.

Now [G, (a,b).[x Y]], =G, (a.b)b[x Y], -[x, ylyb G, (a,b) = 0.

Thus, G, (a,b)c Z([U,U];)=2ZU)=2(M), by Lemma2.6 and Lemma 2.7
Therefore, G, (a,b) e Z(M). Next, one may obtain

Therefore, one gets 2G, (a,b)bG, (a,b) = G, (a,b)bf ([a,b], ). ©)]
Now, by Definition 1, Lemma 2.10(iii) and 2.10(iv) with the hypothesis,

0 =1(G, (ab)b[x yl, +[x Yl,bG, (a.b))
= (G, (ab)b[x, Y], + G, (ab)bd([x,y]y) + f([x Yl;)bG, (a,b) +[x Y], bd(G, (a,b))
=2f([x Yl,)bG, (a,b) + 2[x, y], bd(G, (a,b)).
Since M is2-torsion free, so f ([, y],)bG, (a,b) +[x, y],bd(G, (a,b)) = 0.
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That is, f ([x, y],)bG, (a,b) =[x, ], bd(G, (a,b)). (4
Then from (3) and (4),

2G, (a,b)bG, (a,b)bG, (a,b) =G, (a,b)bf ([ab], )bG, (a,b)
= _Ga (a1 b)b[a, b]a bd(Ga (a! b))
=0.

That is, 2G, (a,b)bG, (a,b)bG, (a,b) = 0. As M is2-torsion freg, so one can have
G, (a,b)bG, (a,b)bG, (a,b) = 0.

This shows that, G, (a,b) is a nilpotent element of the completely semiprime I'-ring
M , where G, (a,b) € Z(M). Since the centre of a completely semiprime I'-ring does not
contain any nonzero nilpotent element, so one gets G, (a,b)=0 for al a,beU and
a eTI. Therefore, one gets f (aab) = f (a)ab+aad(b) foral a,beU and a eT.
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