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AN APPROXIMATE ANALYTICAL TECHNIQUE FOR SOLVING SECOND
ORDER STRONGLY NONLINEAR GENERALIZED DUFFING EQUATION
WITH SMALL DAMPING
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ABSTRACT

In this paper, He’s homotopy perturbation method has been extended for obtaining the
analytical approximate solution of second order strongly nonlinear generalized duffing oscillators
with damping based on the extended form of the Krylov-Bogoliubov-Mitropolskii (KBM) method.
Accuracy and validity of the solutions obtained by the presented method are compared with the
corresponding numerical solutions obtained by the well-known fourth order Rangue-Kutta method.
The method has been illustrated by examples.
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INTRODUCTION

The study of nonlinear problems in all areas of applied mathematics, physics,
engineering, medical science, economics and other disciplines is of crucial importance,
since most of the phenomena in the real world are essentially nonlinear and described by
the nonlinear differential systems with small damping. It is difficult to handle nonlinear
problems and in general, it is often very difficult to get an approximate analytical solution
for strongly nonlinear generalized differential systems with damping than a numerical
one. The most well-known common methods for constructing the approximate analytical
solutions to the nonlinear oscillators are the perturbation techniques. Among of these
techniques are the Krylov-Bogoliubov-Mitropolskii (KBM) (Krylov 1947, Bogoliubov
and Mitropolskii 1961, Mitropolskii 1964) method, the Lindstedt-Poincare (LP) method
(Nayfeh 1981, Murdock 1991), and the method of multiple time scales (Nayfeh 1981).
Perturbation methods are based on an assumption that small parameters must exist in the
equations, which is too strict to find wide application of the classical perturbation
techniques. It determines not only the accuracy of the perturbation approximations, but
also the validity of the perturbation methods itself. However, in science and engineering,
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there exist many nonlinear oscillatory problems which do not contain any small
parameter, especially those appear in nature with strong nonlinearities. Therefore, many
new techniques have been proposed to eliminate the “small parameter” assumption.
Among them, the homotopy perturbation method (HPM) is a popular one. Recently He
(1998) obtained the approximate solution of nonlinear differential equation with
convolution product nonlinearities. He (1999) also developed some new approaches to
Duffing equation with strongly and high order nonlinearity and presented a new
interpretation of homotopy perturbation method (He 2006). Belendez et al. (2007)
presented the application of He’s homotopy perturbation method to Duffing harmonic
oscillator. Lim et al. (2003) also presented a new analytical approach to the Duffing-
harmonic oscillator. Alam et al. (2006) presented a general Struble’s technique for
solving an nth order weakly nonlinear differential systems with damping. Azad et al.
(2006) presented KBM asymptotic method for over-damped processes in biological and
biochemical systems. Uddin et al. (2011) developed an approximate technique for
solving strongly cubic nonlinear differential systems with damping effects. Uddin and
Sattar (2011) also presented an approximate technique to Duffing equation with small
damping and dowly varying coefficients. Uddin (2011) applied He’s homotopy
perturbation method to Duffing equation with small damping and high order strongly
nonlinearities. Recently Uddin et al. (2012) developed an approximate analytical
technique for solving certain type of fourth order strongly nonlinear oscillatory
differential systems with small damping and cubic nonlinearity. Younesian et al. (2010)
described frequency analysis of strongly nonlinear generalized Duffing oscillators using
He’s frequency- amplitude formulation and He’s energy balance method. In present study
it has been seen that the most of the authors (He 1998, 1999, 2006, Belendez et al. 2007,
Younesian et al. 2010) studied nonlinear differential systems without considering any
damping effects. Most of the physical and engineering problems occur in nature as
nonlinear differential systems with small damping. The aim of this work was to develop
an analytical approximate technique by coupling the homotopy perturbation and the
extended form of the KBM methods for solving the second order strongly nonlinear
generalized Duffing equation with small damping.

MATERIALS AND METHOD

The authors were interested to consider the strongly nonlinear generalized Duffing
oscillator with small damping modeling in the following form

X+ 2KX+U’x=—e(@, fy(x, X)+a,f(x, X)+a, f,(x, X)+---+a, f, (X X)), Q)
under theinitial conditions

x(0) = by, %(0) =0, @
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where over dots denote differentiations with respect to time t, u isacongtant, € is

aparameter not necessarily small, 2K isthe linear damping coefficient, a, are constants

by is an initid amplitude, and f;(X, X), i1 =3,5,7---n are given nonlinear functions
which satisfies the following condition

fi (_X!_X) == fi (X, X) (3)
To solve the Eq. (1), the present workers assumed the following transformation

x=y(t)e . (%)

Now differentiating Eq. (4) twice with respect to time t and substituting X, X
together with X into Eq. (1), we obtain

j+ U’ -K)y=—ee*Ta, f(ye*, (y-ky)e*!). ©)
According to the homotopy ;;;rturbmion method, Eq. (5) can be re-written as
jrwly=1y—ee*'Ta, f(ye*!, (y-ky)e*) (6)
where -
w2 =u?-k?+1. (7)

Herein w is a constant for undamped nonlinear oscillators and known as the
frequency of the nonlinear systems and | is an unknown function which can be
determined by eliminating the secular terms. But for the damped nonlinear differential
systems o is atime dependent function and it varies slowly with time t. To handle this
situation, the authors used the extended form of the KBM (Krylov 1947, Bogoliubov and
Mitropolskii 1961, Mitropolskii 1964) method. According to this method. They chose the
solution of Eg. (6) in the following form

y =bcosy , (8

where b andy vary dowly with time t. In literature, b and y are known as the
amplitude and phase variables respectively and they keep an important role to nonlinear
physical systems. The amplitude b and phase y satisfy the following first order
ordinary differential equations

b=eB,(bt)+e?B,(bt)+--,

9
y =w(t)+eC(bt)+e’Cy(bt)+--, ©

where e is asmall positive parameter and t =et isthe slowly varying time. Now
differentiating Eq. (8) twice with respect to time t, utilizing the relations Eq. (9) and
substituting Y, y into Eqg. (6) and then equating the coefficients of sinj and cosj , the
authors obtained
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B, = -w'b/(2w), C, =0, (10)

where prime denotes differentiation with respect to dowly varying time t . Now
putting Eq. (8) into Eq. (4) and Eq. (10) into Eq. (9), the authors obtained the following
equations

x=be ™' cogy , (12)
b =—kw'b/(2w), (12)
y =w(t).

Thus, the first order analytical approximate solution of Eq. (1) is given by the
presented coupling technique by Eq. (11) with the help of Eqs (7) and (12). Usually the
integration of Eq. (12) is computed by well-known techniques of calculus (Nayfeh 1981,
Murdock 1991), but often these are calculated by a numerical procedure (Alam et al.
2006, Arya and Bojadziev 1981, Bojadziev 1983, Uddin et al. 2011).

Examples: 3.1 To apply the above procedure for the practical problems, one may
consider the strongly nonlinear generalized Duffing equation with a linear damping
effects for n=3,5 (He 1998, 1999, 2006, Y ounesian et al. 2010, Uddin et al. 2012) in
the following form

%+ 2kx+U’x = —e(@x* +ax), (13

where f5(X, X) = X3, fs(X, X) = x°. Now using the transformation Eg. (4) into Eq. (13)
and then simplifying them, one obtains

3,2kt

y+ WU’ -k)y=-e(@,y’e” +a, ye™"). (14)

According to the homotopy perturbation technique, Eq. (14) can be written as

3,2kt
e

y+wly=1y-e(@,y +ag y°e), (15)

where w is given by Eq. (7). According to the extended form of the KBM (Krylov

1947, Bogoliubov and Mitropolskii 1961, Mitropolskii 1964) method, the solution of Eq.
(15) is obtained from Eq. (8).

The requirement of no secular termsin particular solution of Eg. (15) implies that the
coefficients of the cosj termsare zero. Setting these termsto zero, one may obtain
~ %a3b3e_2kt ~ Se 35 b5e—4kt

b =0, 16
4 16 (16)

which leads to

_ 3ea,b’e? . Sea b'e
4 16

| (17
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Putting the value of | from Eq. (17) into Eq. (6), then it leads to

%a3b2e72kt %a5b4e74kt
+ + .
4 16

w2 =u? _ K2

(18)

From Eqg. (18) it is clear that, the frequency of the damped nonlinear differential
systems depends on both amplitude b and timet. When t — O then Eq. (18) yields

. 3ea, b? . Sea by .
4 16

w, =w(0) = \/u 'S (19)

By integrating Eq. (12), one can get

b:bo‘/%, P =] 0+iw(t ), (20)

where by, and j , are constants of integration and is known as the initial amplitude
and phase of the systems. Now putting Eg. (20) into Eg. (18), one may obtain a

biquadratic algebraic equationin @ in the following form
w* + pw?+qw+r =0, (21)

where

2 -2kt 2y 4 4kt
p:kz—uz,q:—sea3wzb°e = 5ea5W106boe _ 22)

The solution of Eg. (21) is computed by using the well-known Newton-Raphson
method. Thus, the first order analytical approximate solution of Eq (13) is given by

x=be™* cosy , (23)
W, ot
b:bo\/%, i =] 0+£W(t )dt (24)

where w, is obtained by Eq. (19), w is calculated from Eq. (21), b and y are
carried out by Eq. (24).

3.2 As a second example, one may consider the strongly nonlinear generalized
Duffing oscillator with a linear damping effects (He 1998, 1999, 2006, Y ounesian €t al.
2010, Uddin et al. 2012) modeling in the following form

X+2kx+u’x=—e(@, x> +a,x’+a, x'). (25)

Now by using the transformation Eqg. (4) into Eq. (25) and then simplifying them,
one may obtain

Y+Uui-k?)y=—e(@,y’e® " +a, ye* " +a, y'e®™". (26)
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According to the homotopy perturbation method, Eq. (26) yields
yrwly=ly-e(@,y’e™ +asye™ +a,y'e™), (27)

where w is obtained by Eq. (7). According to the extended form of the KBM
(Krylov 1947, Bogoliubov and Mitropolskii 1961, Mitropolskii 1964) method, the
solution of Eq. (27) is performed by Eq. (8).

From the trigonometric identity, one can obtain
cos’j =(cos7] +7cos5 +21cos3 +35cosj )/64. (28)

The requirement of no secular termsin particular solution of Eq. (27) implies that the
coefficients of the COS¢ terms are zero. Setting these terms to zero, one may obtain

3ea,b’e ' 5ea.b’e™' 35ea,b’e’

I b y 16 o =0, (29)
which leadsto
| - 3ea,b’e?! | 5eag bfe ! . 35ea; be°k! . (30)
4 16 64
Putting the value of | from Eq. (30) into Eq. (7), yields
2 -2kt 4 -4kt 6 -6kt
W2=u2_k2+3ea3be +5ea5be +35ea7be . (31)
4 16 64
From Eqg. (31), one may obtain (as t — 0)
2 4 6
w, =w(0) = \/u 2 K2y 38""43 % SGiébO + 356;7 b (32)

By integrating Eq. (12) and using it into Eq. (31), one can obtain a fifth degree
algebraic equation in w in the following form

w® + pw® + gqw? +rw+s=0, (33)
where
D=K2 U, q= 3ea,w, b e
et s win e ()
__5eazWw, by e __35ea,w, b, e
16 ’ 64

The solution of Eq. (33) is obtained by using the well-known Newton-Raphson
method.

Thus, the first order analytical approximate solution of Eq (25) is given by
x=be™*'cosy , (35)
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b:bm/%, P =] 0+iw(t ), (36)

where w, is obtained by Eq. (32), ® is calculated from Eq. (33), b andy are
given by Eq. (36).

RESULTS AND DISCUSSION

In this paper, the authors have extended He’s homotopy perturbation method to solve
second order strongly nonlinear generalized Duffing oscillators (He 1998, 1999, 2006,
Younesian et al. 2010, Uddin et al. 2012) with small damping. It is too much difficult to
solve the strongly nonlinear generalized Duffing type problems, especially with small
damping and high order nonlinearities by the classical perturbation methods (Krylov
1947, Bogoliubov and Mitropolskii 1961, Mitropolskii 1964, Nayfeh 1981, Murdock
1991, Alam et al. 2006, Arya and Bojadziev 1981, Bojadziev 1983). But the suggested
method has been successfully applied to solve second order strongly nonlinear
generalized differential systems with small damping and high order nonlinearities. The
first order approximate solutions of Eg. (13) and Eg. (25) are computed with small
damping and high order nonlinearities by Egs. (23) and (35), respectively and the
corresponding numerical solutions are obtained by using fourth order Runge-Kutta
method. The variational equations of the amplitude and phase variables are appeared in a
set of first order ordinary differential equations. The integration of these variational
equations is carried out by the well-known techniques of calculus (Nayfeh 1981,
Murdock 1991). In alack of analytical solutions, these are solved by numerical procedure
(Lim and Wu 2003, Alam et al. 2006, Arya and Bojadziev 1981, Bojadziev 1983, Uddin
et al. 2011, Uddin and Sattar 2011, Uddin 2011, Uddin et al. 2012). The amplitude and
phase variables change slowly with time t. The behavior of amplitude and phase
variables characterizes the oscillating processes and amplitude tends to zero in presence
of small damping for large time t (i.e,t — o). On the other hand, the proposed
technique can take full advantage of the classical perturbation methods. The solutions
obtained by the presented method show a good agreement with those obtained by the
numerical procedure with several damping effects. It is also noticed that the presented
method is also capable to handle the second order weakly nonlinear generalized Duffing
oscillators with damping effects and high order nonlinearities while the classical
perturbation methods are unable to handle such situations. Comparisons are made
between the solutions obtained by the presented technique and those obtained by the
numerical procedure in Figs 1 - 2 for both strongly (e =1.0) and weakly (e =0.1)
nonlinear generalized differential systems with small damping effects in graphically.
Also the solution of the Duffing equation for cubic nonlinearity is obtained from Eq. (13)
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and Eq. (25) by setting a, =0,a, =0 with small damping (Figs 3) which agrees to the
previous results (Uddin et al. 2011).

05 ---»--- Seriesl
— Series2
0.25 7
x 0 -/\ - /\WA
5 15 20
-0.25 1
-05°
t

Fig. 1 (). First approximate solution of Eq. (13) is denoted by —e— (dashed lines) by
the presented analytical technique with the initial conditions by = 0.5, Yo =0 or
[x(0) = 0.5, X(0) =-0.07194] withk=0.15,e=1.0, a3=1.0, as=1.0and f; =
X3, = x. Corresponding numerical solution is denoted by - (solid line).
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Fig. 1 (b). First approximate solution of Eq. (13) is denoted by —e— (dashed lines) by the
presented analytical technique with the initial conditions by = 0.5, Y, = 0 or [x(0)
=0.5, X(0) =-0.07466] withk=0.15,¢ =0.1, a3 =1.0, as=1.0and f3 = 3, fs
= x°. Corresponding numerical solution is denoted by - (solid line).
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Fig. 2 (). First approximate solution of EqQ. (25) is denoted by —e— (dashed lines) by
the presented analytical technique with the initial conditions by = 0.5, Yo=0or
[x(0) = 0.5, X(0) =-0.013401] withk=0.3,e=1.0,a;=1.0, a5 =10, oy =
1.0andf; = %, fs =, f; = X'. Corresponding numerical solution is denoted by -

(solid line).
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Fig. 2 (b). First approximate solution of Eq. (25) is denoted by —e— (dashed lines) by the
presented analytical technique with the initial conditions by = 0.5, Y, = 0 or [x(0)
=0.5, X(0) =-0.14781] withk=0.3,e=0.1,a3=1.0, as=1.0, a;=1.0andfs
= x% fs =%, f; = X. Corresponding numerical solution is denoted by - (solid
line).
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Fig. 3 (a). First approximate solution of Eq. (13) is denoted by --- (dashed lines) by the
presented analytical technique with the initial conditions by = 0.5, Y 3 = 0 or [x(0)
= 0.5, X(0) =-0.07281] with k = 0.3, e=1.0, a3 = 1.0, a5 = 0.0, and f; = .
Corresponding numerical solution is denoted by - (solid line).
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Fig. 3 (b). First approximate solution of Eq. (13) is denoted by --- (dashed lines) by the
presented analytical technique with theinitial conditions by = 0.5, Y 3 = 0 or [x(0)
= 0.5, X(0) = -0.07476] with k=0.15,e=0.1, a3 = 1.0, a5=0.0,and f; = .
Corresponding numerical solution is denoted by - (solid line).

CONCLUSION

The presented method has been successfully implemented to illustrate the
effectiveness and convenience of the suggested procedure and it is noticed that the first
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order analytical approximate solutions show a good agreement with those obtained by the
numerical procedure for second order strongly and weakly nonlinear generalized Duffing
oscillator with damping while the classical perturbation methods are unable to handle
such systems.
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