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ABSTRACT

In this paper several features of fuzzy compactness to established fuzzy analogues of well-
known theorems on (usual) compact topological spaces have been described.
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INTRODUCTION

The concept of a fuzzy set was first introduced by Zadeh (1965) to provide a natural
frame work for generalizing many of the concepts of general topology which has useful
applications in various areas in mathematics. Chang (1968) developed the theory of fuzzy
topological spaces and fuzzy compactness. The purpose of this paper was to study this
concept in more detail and to obtain several other features.

Definition: Let X be a non-empty set and 1 is the closed unit interval [0, 1]. A fuzzy
set in X is a function u: X — | which assigns to every element x e X. u(x) denotes a
degree or the grade of membership of x. The set of all fuzzy sets in X is denoted by 1*.
A member of 1* may also be a called fuzzy subset of X (Zadeh 1965).

Definition: The union and intersection of fuzzy sets are denoted by the symbols
v and M, respectively and defined by

U, (X) =max{u,(x):ieJand x € X}
AU, (x) =min{u; (x) :i e Jand x € X}, where J is an index set (Zadeh 1965).

Definition: Let X be a non-empty set and A < X. Then the characteristic function
lifxeA

1, (x) : X = {0,1} defined by 1,(x)=
200X —{0,13 defined by 1,0 {OWX%A

Thus the workers can consider any subset of a set X as a fuzzy set whose range is
{0, 1} (Zadeh 1965).

Definition: Let u and v be two fuzzy sets in X. Then we define
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(Nu=viffu(x) =v(x) for all x e X

(i)ucviff u(x) <v(x)forall x e X

(i) X =uvviff A(x) = (uuVv)(x) = max[u(x), v(x)] for all x e X
(iv) p=unviff p(x) = unv)(x) =min[u(x), v(x)] for all x € X
(v)y=u®iff y(x) =1-u(x) for all x € X (Chang 1968).

Definition: Let f:X — Y be a mapping and u be a fuzzy set in X. Then the image
of u, written f (u), is a fuzzy set in Y whose membership function is given by

sup{u(¥) : x e F (W) }if F(y) = ¢

Chang 1968).
0 if f(y)=¢ . )

fu) ) ={

Definition: Let f: X — Y be a mapping and v be a fuzzy set in Y. Then the inverse
of v, written f™(v), is a fuzzy set in X whose membership function is given by
()09 = v(f () (Chang 1968).

De-Morgan’s laws: De-Morgan’s laws valid for fuzzy sets in X i.e. if u and v are
any fuzzy sets in X, then

(N1-(uuv)=(1-u)n(l-vVv)
(i1-(unv)=(1-u)ul-v)

For any fuzzy setinuin X, un(1—u) need not be zero and uw(1— u) need not be
one (Zadeh 1965).

Definition: Let X be a non-empty set and t — I* i.e. t is a collection of fuzzy sets in
X. Then tis called a fuzzy topology on X if

(i)0,1et
(i) if u;etforeachiel, then Yu; et
(iii)ifu,vet,thenunvet

The pair (X,t ) is called a fuzzy topological space fts in short. Every member of t is
called a t-open fuzzy set. A fuzzy set is t-closed iff its complements is t-open. In the
sequel, when no confusion is likely to arise, the authors shall call a t-open (t-closed)
fuzzy set simply an open closed) fuzzy set (Chang 1968).

Definition: Let (X,t) and (Y,s) be fuzzy topological spaces. A mapping
f:(X,t)—>(Y,s)is called an F- continuous iff the inverse of each s-open fuzzy set is
t-open (Chang 1968).

Definition: Let (X,t) be an fts and AcX. Then the collection
t,={uly:uet}={unA:uet} is fuzzy topology on A, called the subspace fuzzy



SOME FEATURES OF FUZZY COMPACTNESS 113

topology on A and the pair (A,t,) is referred to as a fuzzy subspace of (X,t) (Mira
1981).

Definition: An fts (X,t) is said to be fuzzy Hausdorff or fuzzy-T, iff for all
X, yeX, x=zy, there exist u,vet such that u(x)=1,v(y)=1andunv=0
(Gantner et al. 1978).

Distributive laws : Distributive laws remain valid for fuzzy sets in Xi.e. ifu, vand w
are fuzzy sets in X, then

(NHuu(vnw) = (uuv)N(uuw)
(i) un(vuw) = (unv)u(unw) (Zadeh 1965).

Definition: A family F of fuzzy sets is a cover of a fuzzy set u iff
uc U{u, :u; e F}. Itis an open cover iff each member of F is an open fuzzy set. A
subcover of F is a subfamily of F which also is a cover (Chang 1968).

Definition: An fts (X,t) is compact iff each open cover has a finite subcover
(Chang 1968).

The ideas of the following theorems are taken from (Lipschutz 1965, Murdeshwar
1983 and Gaal 1964).

Theorem: Let F be a closed subset of a compact fts (X,t). Then 1, is compact.

Proof: Let M={u;:ieJ} be an open cover of 1. ie 1. cUu;. Then

1= (Uui) Ul thatis M~ = {ui}u{ch} is an open cover of 1. But 1. is open, since
i

1. is closed. So M” is an open cover of 1. As (X,t) is compact; hence M” has a
finite subcover of 1, say 1=u; wu;, U..ou; 5 U, eM(l<k<n).But 1. and 1.
are disjoint; hence 1. c u, vu;, U..UU; ; U, €M (1<k<n). The authors have just
shown that any open cover M ={u;} of 1. contains a finite subcover i.e. 1. is compact.

Theorem: For a fts (X,t ) the following statements are equivalent :

(i) (X,t) is compact.

(if) For each {R} of closed subsets of (X,t); N1 =0 implies {F} contains a
finite subfamily {Fil, Fiz s Fin} with 1F|1 s 1F.2 N..nl =0.

Proof: (i) = (ii) : Suppose 1. =0. Then by De-Morgan’s law, 1 = 0° =

(ﬂ 15) = U 1pc . So ichf is an open cover of (X,t), since each F, is closed. As
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(X,t) is compact, hence there existl,, 1 oL eich} such that

oo
iy i2

1=1,U1, u..Ul, . Thus by De-Morgan’s law, 0 =1-= (1Fc vl vVl )“ =
i i in il i2 in

1F,1 8 1F|2 NN lF.n and the authors have shown that (i) = (ii).
(if) = (i) : Let {u;} be an open cover of (X,t) i.e. 1= u;. By De-Morgan’s law,

0= (U ui) = N u; .Since each u; is open, then {u7} is a family of closed fuzzy sets
and hence by above has a empty intersection.

Hence by hypothesis, there exist uy, uf , ..., ui e {u’} suchthat u; N uj N
1 2 n 1 2

... uj =0. Thus by De-Morgan’s law, 1 = 0° = (uiC AU NLaNUf )° UV v
n 1 2 n 1 2

SURTHS
Accordingly, (X,t) is compact and so (ii) = (i).

Theorem: Let A be a subset of an fts (X,t). Then the following statements are
equivalent :

(i) 1, is compact with respect to t.

(i) 1, is compact with respect to the subspace fuzzy topology t,, .

Proof : (i) = (ii) : Let {u;:ieJ} bea t, - open cover of 1,. Then by definition
of subspsce fuzzy topology, there exists v, et such that u, =1,nv; cv,. Hence
1, cUu; cUv; and hence {v;} is t-open cover of 1,. By (i), 1, is compact, so {v;}
contains a finite subcover, say v; e{v;}(1<k<n) such that 1, cv, vy,

U UV,
n

But, then

Lo cLin(viyuv, U oV ) =10V Ul Ny, o (L Ny, )=

u; wu, uU..uu, . Thus {u;} contains a finite subcover {u, ,u,,..,u; } and
1 2 n 1 n

ip iy
(1o, t,) is compact.
(i) = (i) :Let {v,:iel} beat- open cover of 1,. Set u, =1, nv,, then
1, cUv, implies that 1, glAm(Uvi) = U@anv;) = Uu; . But u;et, , so {u}is
i i i i
t,, - open cover of 1,. As 1, is t; - compact, thus {u;} contains a finite subcover

{uil U, e Uy
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Accordingly, 1, cu; wu, v..ou =10V )u(linv ) ol Ny ) =
L (v, v, v oy ) c vy, UL wy, L Thus {v;} contains a finite subcover

{vi » Vi, , ... v; } and therefore 1, is compact with respect to t.

2

Theorem: Let (X,t) and (Y,s) betwo ftsand f:(X,t)—(Y,s) bean onto,
continuous function. Then (X,t) is compact iff (Y,s) is compact.

The necessary part of this theorem has already been proved by (Chang 1968).

Proof: Suppose (X,t) is compact. Let M = {u,:ieJ} be an open cover of
(Y,s) with ,UJUi=1- Since f is continuous, so ™ (u;) et. As (X,t) is compact, the

authors have for each x € X,
Uf*(u,)(x) =1. Thus it was seen that H = {f*(u,):ieJ} is an open cover of
iel
(X,t). Hence there exists u; €M such that Uf‘l(uik) =1. Again, let u be any fuzzy
iel

set in Y. Since f is onto, then for any yeY, the authors have f(f‘l(u))(y) =
sup{f W@ :zef(y) F1y) =4} = sup{u(f@): T @)=y} = sup{u)} = u(y)

i.e. f(f‘l(u)): u . This is true for any fuzzy setin Y. Hence 1 = f(1) = f( Uf? (uik)) =
iel

U (f(f‘l(uik)) = U (u;). Thus (Y, s) is compact.

iel

Conversely, suppose (Y,s) is compact. Let W = {v;:jeJ} be an open cover of
(X,t) with U v, =1. Since fisonto, so {f(v,):jeJ | isan open cover of (Y,s). As

jel
(Y,s) is compact, then for each y € Y, we have U f(v;)(y) =1. Hence, there exists
jeld

f(v,)e{f(v;):jed} such that U f(v;)=1. Again, let v be any fuzzy set in X.
jel

Since f is onto and continuous, then for any x e X, we have f‘l(f (v))(x) = f(v) (f (X))
= v(f (f (x))) = v(x) i.e. f(f(v))=v. Thisistrue for any fuzzy setin X.

Hence f(1) = f‘l[U f(vjk)j = U(F*(fv,)) = U (v,). Thus (X,t) is
jeld jeld jel
compact.

Theorem: Let (X,t) be an fts and {Y,}< X, where {Y,} be a finite family. If
each Y, is compact, then |J Y, is a compact subspace of (X,t).

Proof : Let {u;:ieJ} be an open cover of JY,. Then {u,:ieJ}is an open
cover of Y, for each seS. Since Y, is compact, then {u,:ieJ} contains a finite
subcover, say {u; :i,€J} (1<k<n) which is a cover of Y. The union of these
families is a finite subcover of U Y, . Thus U Y, is compact.
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Theorem: Let (X,t) be a fuzzy Hausdorff space and A be a compact subset of

(X,t). Suppose x e A®, then there exist u, v et such that u(x)=1, A< v™*(0,1]
and unv=0.

Proof: Let yeA. Since x ¢ A (x e A%), then clearly x =y . As (X,t) is fuzzy
Hausdorff, then there exist u,, v, et suchthat u,(x) =1, v, (y)=1and u,nv,=0.
Hence AcU{v,:yeA} ie {v,:ye A} isan open cover of A. Since A is compact,

then there exist Y vy e{vy}such that A c Vy, UV, UL UV Now, let

vy
v=v,uv, u..uv, and u=u, "u,N..Nu, . Thus see that v and u are open
1 Y2 Yn Y1 Y2 Yn

fuzzy sets, as they are the union and finite intersection of open fuzzy sets respectively i.e.
u,vet.Furthermore, Ac v'(0,1] andu(x) =1, since each uy, (x) =lindividually.

Finally, the authors claim that unv = 0 . We observe that u,, v, =0 implies that

unv,, =0, by (distributive law, the authors observed that unv=
un(vy, Lv, U..uv, )= (Unv, Ju (unv, Ju..(unv, ) =0.

Theorem: Let (X,t) be a fuzzy Hausdorff space and A, B be disjoint compact
subsets of (X,t). Then there exist u, v et such that Acu™(0,1], Bcv?(0,1]
and unv=0.

Proof: Let y e A. Then y ¢ B, as A and B are disjoint. Since B is compact, then by
previous theorem, there exist u,,v, et such that u,(y)=1, B¢ v;l(o ,1] and
u,Nv, =0. Since u,(y) =1, then we see that {u, :y € A} is an open cover of A. As
A is compact, then there exist Uy Uy, Uy € {uy} such  that
Acu,uu, .. uu . Furthermore, Bc v, nv, Nn...NnVv, ,as Bcv, foreachi.

1 Y2 Yn Y1 Y2 Yn Yi
Now, let u = u, VU, Y. uu and v=Vv,6 NV, N..NV, . Thus the authors noted
1 Y2 Yn Y1 Y2 Yn
that Acu™(0,1] and Bcv*(0,1]. Hence u and v are open fuzzy sets, as they are
the union and finite intersection of open fuzzy sets respectivelyi.e. u,vet.

Finally, the authors had to show that u~v = 0 . First, they observe that U, NV, = 0
for each i, implies that

Uy, NV = 0, by distributive law, it is seen that unv = (uyluuyz U.uuy )NV
= (u, nv)u(u, nv)u..u(u, Nv) =0.

Theorem: Let A be a compact subset of a fuzzy Hausdorff space (X,t ) Then A is
closed.

Proof: Let x € A°. The authors have to show that there exists U € tsuch that

u(x)=1 and u c A, where AP is the characteristic function of A°. Now, let ye A,
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then there exist u,, v, et such that u, (x) =1, v, (y)=1 and u,nv, =0. Thus it is
seenthat A c U{v, :y e A} i.e. {v, iy € A} isan open cover of A. Since A is compact,
so it has a finite subcover, say Vy o Vi, s ey Yy e{vy} such that U ... uv,
Ac v, LV, Again, let u = Uy, MUy, NNl and v = vy, UV, UL UYL Hence
the authors observed that u(x) = 1, a wu, (x)=1 for each k and
un(vy, vv,, w..uv, )=0.ForeachzeA,itis clear that U{v,, }(z) =1 (1<k <n).

Thus u(z)=0 and hence u < AP. Therefore, A® is open and so A is closed.
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