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ABSTRACT 

In this paper several features of fuzzy compactness to established fuzzy analogues of well-
known theorems on (usual) compact topological spaces have been described. 
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INTRODUCTION 

The concept of a fuzzy set was first introduced by Zadeh (1965) to provide a natural 
frame work for generalizing many of the concepts of general topology which has useful 
applications in various areas in mathematics. Chang (1968) developed the theory of fuzzy 
topological spaces and fuzzy compactness. The purpose of this paper was to study this 
concept in more detail and to obtain several other features.    

Definition: Let X be a non-empty set and I is the closed unit interval [0, 1]. A fuzzy 
set in X is a function IX:u  which assigns to every element Xx  . u(x) denotes a 
degree or the grade of membership of x. The set of all fuzzy sets in X is denoted by XI . 
A member of XI  may also be a called fuzzy subset of X (Zadeh 1965). 

Definition: The union and intersection of fuzzy sets are denoted by the symbols 
 and  , respectively and defined by 

}XxandJi:(x)u{max(x)u ii   

}XxandJi:(x){umin(x)u ii  , where J is an index set (Zadeh 1965). 

Definition: Let X be a non-empty set and XA  . Then the characteristic function 

}1{0,X:(x)1A   defined by 








Axif0
Axif1

(x)1A  

Thus the workers can consider any subset of a set X as a fuzzy set whose range is  
{0, 1} (Zadeh 1965). 

Definition: Let u and v be two fuzzy sets in X. Then we define 
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Xxallfor(x)v(x)uiffvu) i (   

Xxallfor(x)v(x)uiffvu) ii (   

Xxallfor](x)v(x),u[max(x))vu((x)λiffvuλ) iii (   

Xxallfor](x)v(x),[umin(x)v)(u(x)µiffvuµ) iv (   

Xxallfor(x)u1(x)γiffuγ)  v( c  (Chang 1968).  

Definition: Let YX:f  be a mapping and u be a fuzzy set in X. Then the image 
of u, written (u)f , is a fuzzy set in Y whose membership function is given by 




















(y)fif0
(y)fif}(y)fx:(x){usup

(y)(u)f
1

11

   (Chang 1968). 

Definition: Let YX:f   be a mapping and v be a fuzzy set in Y. Then the inverse 
of v, written (v)f 1 , is a fuzzy set in X whose membership function is given by 
   (x)fv(x)(v)f 1   (Chang 1968). 

De-Morgan’s laws: De-Morgan’s laws valid for fuzzy sets in X  i.e. if u and v are 
any fuzzy sets in X, then       

)v1()u(1)vu(1) i (    

)v1()u1()vu(1) ii (   

For any fuzzy set in u in X, )u1(u   need not be zero and )u1(u  need not be 
one (Zadeh 1965). 

Definition: Let X be a non-empty set and XIt   i.e. t is a collection of fuzzy sets in 
X. Then t is called a fuzzy topology on X if  

t1,0) i (   

tuthen,Jieachfortu if) ii (
i

ii    

tvuthen,tv,uif) iii (   

The pair  t,X  is called a fuzzy topological space fts in short. Every member of t is 
called a t-open fuzzy set. A fuzzy set is t-closed iff its complements is t-open. In the 
sequel, when no confusion is likely to arise, the authors shall call a t-open (t-closed) 
fuzzy set simply an open  closed) fuzzy set (Chang 1968).   

Definition: Let  t,X  and  s,Y  be fuzzy topological spaces. A mapping 
   s,Yt,X:f  is called an F- continuous iff the inverse of each s-open fuzzy set is  

t-open (Chang 1968). 

Definition: Let  t,X  be an fts and XA  . Then the collection 
}tu:Au{}tu:|u{t AA   is fuzzy topology on A, called the subspace fuzzy 
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topology on A and the pair  AtA,  is referred to as a fuzzy subspace of  t,X  (Mira 
1981). 

Definition: An fts  t,X  is said to be fuzzy Hausdorff or fuzzy- 2T  iff for all 
yx,Xyx,  , there exist tv,u   such that 0vuand1(y)v,1(x)u   

(Gantner et al. 1978).    

Distributive laws : Distributive laws remain valid for fuzzy sets in X i.e. if u, v and w 
are fuzzy sets in X, then 

)wu()vu()wv(u) i (   

)wu()vu()wv(u) ii (   (Zadeh 1965). 

Definition: A family F of fuzzy sets is a cover of a fuzzy set u iff 
}Fu:u{u ii   . It is an open cover iff each member of F is an open fuzzy set. A 

subcover of F is a subfamily of F which also is a cover (Chang 1968). 

Definition: An fts  t,X  is compact iff each open cover has a finite subcover 
(Chang 1968). 

The ideas of the following theorems are taken from (Lipschutz 1965, Murdeshwar 
1983 and Gaal 1964). 

Theorem: Let F be a closed subset of a compact fts  t,X . Then F1  is compact. 

Proof: Let }Ji:u{M i   be an open cover of F1  i.e. 
i

iF u1  . Then 

cFi
i 1u1 





   that is    *M  = }1{}u{ cFi   is an open cover of 1. But cF

1  is open, since 

F1  is closed. So *M  is an open cover of 1.  As   t,X  is compact; hence *M  has  a 
finite subcover of 1, say 

n21 iii u...uu1   ;  )nk1(Mu
ki

 . But F1  and cF
1  

are disjoint; hence 
n21 iiiF u...uu1   ;  )nk1(Mu

ki
 . The authors have just 

shown that any open cover }u{M i  of F1  contains a finite subcover i.e. F1  is compact.  

Theorem: For a fts  t,X , the following statements are equivalent : 

(i)   t,X  is compact. 

(ii)  For each }F{ i  of closed subsets of  t,X ;  01
i

Fi
  implies }F{ i  contains a 

finite subfamily }F,...,F,F{
n21 iii  with 01...11

ni2i1i FFF  .     

Proof: (i)   (ii) : Suppose 01
i

Fi
 . Then by De-Morgan’s law, 1   c0    

c

i
Fi

1 





    

i Fc
i

1 . So  c
iF

1  is an open cover of  t,X , since each iF  is closed. As 
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 t,X  is compact, hence there exist c
1i

F
1 , c

2i
F

1 ,…, c
ni

F
1   c

iF
1  such that 

c
ni

c
2i

c
1i

FFF
1...111  . Thus by De-Morgan’s law, 0    c1  = c

FFF n
ni

c
2i

c
1i

1...11 





   = 

1iF1   
2iF1    …  

niF1 and the authors have shown that (i)   (ii). 

(ii)  (i) : Let }u{ i  be an open cover of  t,X  i.e. 
i

iu1  . By De-Morgan’s law, 

0 = 
c

i
iu 





  = 

i

c
iu .Since each iu  is open, then }u{ c

i  is a family of closed fuzzy sets 

and hence by above has a empty intersection. 

Hence by hypothesis, there exist c
i1u , c

i2
u , …, c

in
u   }u{ c

i  such that c
i1u    c

i2
u    

… c
in

u  = 0. Thus by De-Morgan’s law, 1 = c0  =   cc
i

c
i

c
i n21

u...uu   = 
1i

u   
2iu    

…   
ni

u .  

Accordingly,   t,X  is compact and so (ii)    (i). 

Theorem: Let A be a subset of an fts  t,X . Then the following statements are 
equivalent : 

(i) A1   is compact with respect to t. 

(ii)  A1  is compact with respect to the subspace fuzzy topology 
A1t . 

Proof : (i)   (ii) : Let }Ji:u{ i   be a 
A1t - open cover of A1 . Then by definition 

of subspsce fuzzy topology, there exists tvi   such that iiAi vv1u  . Hence 

i

i
i

iA vu1   and hence }v{ i  is t-open cover of A1 . By (i), A1  is compact, so }v{ i  

contains a finite subcover, say )nk1(}v{v iik
  such that 

21 iiA vv1   

niv...  . 

But, then 

)v...vv(11
n21 iiiAA  = )v1(...)v1()v1(

n21 iAiAiA  =  

n21 iii u...uu  . Thus }u{ i  contains a finite subcover }u,...,u,u{
n21 iii  and 

)t,1(
A1A  is compact. 

(ii)    (i)  : Let }Ji:v{ i   be a t – open cover of A1 . Set iAi v1u  , then 


i

iA v1   implies that 




 

i
iAA v11  =  

i
iA v1   = 

i
iu . But 

A1i tu  , so }u{ i  is 

A1t - open cover of A1 . As A1  is 
A1t - compact, thus }u{ i  contains a finite subcover 

}u,...,u,u{
n21 iii .  
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Accordingly, 
n21 iiiA u...uu1   = )v1(...)v1()v1(

n21 iAiAiA   = 
)v...vv(1

n21 iiiA    
n21 iii v...vv  . Thus }v{ i  contains a finite subcover 

}v...,,v,v{
n21 iii  and therefore A1  is compact with respect to t. 

Theorem: Let  tX,  and  sY,  be two fts and    sY,t,X:f   be an onto, 
continuous function. Then  t,X  is compact iff  s,Y  is compact. 

The necessary part of this theorem has already been proved by (Chang 1968). 

Proof: Suppose   t,X  is compact. Let M =  }Ji:u{ i   be an open cover of 

 s,Y  with 1u
Ji

i 

 . Since f is continuous, so t)(uf i

1  . As  t,X  is compact, the 

authors have for each Xx  , 

 1(x))(uf i
Ji

1 



 . Thus it was seen that H = }Ji:)(u{f i

1   is an open cover of 

 t,X . Hence there exists Mu
ki   such that 1)(uf

ki
Ji

1 



 . Again, let u be any fuzzy 

set in Y. Since f is onto, then for any Yy , the authors have   (y)(u)ff 1  = 

   (y)f,(y)fz:(z)(u)fsup 111  =   }y(z)f:(z)fu{sup   = sup{u(y)} = u(y) 

i.e.   u(u)ff 1  . This is true for any fuzzy set in Y. Hence 1 = f(1) = 












Ji
i

1 )(uff
k

 = 

 
Ji

i
1 )(uf(f

k


  = )(u
Ji

ik



. Thus  sY,  is compact. 

Conversely, suppose  s,Y  is compact. Let W = }Jj:v{ j   be an open cover of 
 t,X  with 1v

Jj
j 


 . Since f is onto, so  Jj:)(vf j   is an open cover of   s,Y . As 

 s,Y  is compact, then for each Yy  , we have 1(y))(vf
Jj

j 

 . Hence, there exists 

}Jj:)(vf{)(vf jjk
  such that 1)(vf

Jj
jk



 . Again, let v be any fuzzy set in X. 

Since f is onto and continuous, then for any Xx , we have    (x)(v)ff 1  f(v) (f (x)) 

=  (x))f(fv 1  = v(x) i.e.   v(v)ff 1  . This is true for any fuzzy set in X. 

 Hence )1(f 1  =  












Jj
j

1 )(vff
k

 =  
Jj

j
1 )(vf(f

k


  = )(v
Jj

jk


. Thus  t,X  is 

compact.     

Theorem: Let  t,X  be an fts and X}Y{ S  , where }Y{ s  be a finite family. If 
each sY  is compact, then  sY  is a compact subspace of  t,X . 

Proof : Let }Ji:u{ i   be an open cover of  sY . Then }Ji:u{ i  is an open 
cover of sY for each Ss . Since sY  is compact, then }Ji:u{ i   contains a finite 
subcover, say )nk1(}Ji:u{ kik

  which is a cover of sY . The union of these 
families is a finite subcover of  sY . Thus  sY  is compact. 
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Theorem: Let  t,X  be a fuzzy Hausdorff space and A be a compact subset of 

 t,X . Suppose cAx  , then there exist tv,u   such that 1(x)u  , ]1,0(vA 1  
and 0vu  . 

Proof: Let Ay . Since )Ax(Ax c , then clearly yx  . As  t,X  is fuzzy 
Hausdorff, then there exist tv,u yy   such that 1x)(u y  , 1)y(vy   and 0vu yy  . 
Hence }Ay:v{A y    i.e. }Ay:v{ y   is an open cover of A. Since A is compact, 
then there exist }v{v,...,v,v yyyy n21

 such that .v...vvA
n21 yyy   Now, let 

n21 yyy v...vvv   and .u...uuu
n21 yyy   Thus see that v and u are open 

fuzzy sets, as they are the union and finite intersection of open fuzzy sets respectively i.e. 
tv,u  . Furthermore, ]1,0(vA 1  and 1(x)u  , since each 1)x(u

iy  individually. 

Finally, the authors claim that 0vu  . We observe that 0vu
ii yy   implies that 

0vu
iy  , by distributive law, the authors observed that vu = 

)v...vv(u
n21 yyy  = )vu(...)vu()v(u

n21 yyy   = 0.        

Theorem: Let  t,X  be a fuzzy Hausdorff space and A, B be disjoint  compact 

subsets of  t,X . Then there exist tv,u   such that ]1,0(uA 1  ,  ]1,0(vB 1  
and 0vu  . 

Proof: Let Ay . Then By , as A and B are disjoint. Since B is compact, then by 

previous theorem, there exist tv,u yy   such that 1y)(u y  , ]1,0(vB 1
y
  and 

0vu yy  . Since 1y)(u y  , then we see that }Ay:u{ y   is an open cover of A. As 
A is compact, then there exist }u{u,...,u,u yyyy n21

  such that 

n21 yyy u...uuA  . Furthermore, 
n21 yyy v...vvB  , as 

iyvB   for each i. 
Now, let 

n21 yyy u...uuu   and 
n21 yyy v...vvv  . Thus the authors noted 

that ]1,0(uA 1  and ]1,0(1 vB . Hence u and v are open fuzzy sets, as they are 
the union and finite intersection of open fuzzy sets respectively i.e. tv,u  . 

Finally, the authors had to show that 0vu  . First, they observe that 0vu
ii yy   

for each i, implies that 

0vu
iy  , by distributive law, it is seen that vu = v)u...uu(

n21 yyy    

= )vu(...)vu()vu(
n21 yyy   = 0. 

Theorem: Let A be a compact subset of a fuzzy Hausdorff space  t,X . Then A is 
closed.  

Proof: Let cAx  . The authors have to show that there exists tu  such that 

1)x(u   and pAu  , where pA  is the characteristic function of cA . Now, let Ay , 
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then there exist tv,u yy   such that 1x)(u y  , 1)y(vy   and 0vu yy  . Thus it is 
seen that }Ay:v{A y    i.e. }Ay:v{ y   is an open cover of A. Since A is compact, 
so it has a finite subcover, say }{,...,,

21 yyyy vvvv
n
  such that 

nyv ...  

21 yy vvA  . Again, let 
n21 yyy u...uuu  and 

n21 yyy v...vvv  . Hence 
the authors observed that u(x) = 1, as 1)( xu

ky  for each k and 

)v...vv(u
n21 yyy  = 0. For each Az  , it is clear that )nk1(1(z)}v{

ky  . 

Thus 0)z(u   and hence  pAu  . Therefore, cA  is open and so A is closed.    
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