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amplitude. However, when the wave amplitude becomes larger,
the linear approximation breaks down and nonlinear effects
must be taken into account.

A DQP system is considered containing non-inertial DES
[5] represented by the subscript e, and inertial LNS (which can
be 4

2He or [4, 8] or 12
6C or 16

8O [4, 6]) represented by the
subscript l, and the HNS (which can be 56

26Fe, 85
37Rb or 96

42Mo
[14, 15]) represented by the subscript h. Thus, at equilibrium
we have ne0 = Zlnl0 + Zhnh0, where ne0 (nl0) nh0 is the
number density of the DES (LNS) HNS e (l) h, and Zl (Zh)
is the charge state of the NLNS (SHNS).The dynamics of the
DES is describe by the balance between the electrostatic force
(nee∂φ/∂x) and the degenerate pressure force (∂P/∂x). Thus,
substituting (1) into nee∂φ/∂x = ∂P/∂x, the number density
ne of the DES can be expressed as

ne = ne0

[
1 +

(
γ − 1

γ

)
eφ

Ee0

] 1
γ−1

, (5)

where Ee0 = Knγ−1
e0 is the energy associated with the elec-

tron degenerate pressure; φ is the electrostatic wave potential;
x (t) is the space (time) variable; e is the charge of a proton.
We note that (5) is valid for the DPDMNA waves, whose phase
speed is much smaller than Ce [where Ce = (Ee0/me)

1/2]

II. MATHEMATICAL MODEL

The dynamics of these DPDMNA waves is described by

∂nl

∂t
+

∂

∂x
(nlul) = 0, (6)

∂ul

∂t
+ ul

∂ul

∂x
= −Zle

ml

∂φ

∂x
+ ηl

∂2ul

∂x2
, (7)

∂2φ

∂x2
= 4πe (ne − Zlnl − Zhnh0) , (8)

where nl (ul) is the number density (fluid sped) of the cold
inertial LNS l and ηl is the co-efficient of the viscous fluid of
light nuclei. It may be noted here that (i) the effect of the self-
gravitational field is neglected since it is inherently small in
comparison with the electric field in the DQP systems under
consideration; (ii) the effect of the degeneracy of the cold
LNS is neglected since the DPDMNA wave phase speed is
much larger than Cl [where Cl = (El0/ml)

1/2 and El0 =
Kln

γ−1
l0 ], El0 is the degenerate energy of the cold LNS, Kl =

3Λclh̄c/5ml, and Λcl = πh̄/mlc; (iii) the consideration of
stationary HNS is valid as long as ωph � ω [where ωph =
(4πnh0Z

2
he

2/mh)
1/2 is the heavy nucleus plasma frequency,

ω is the frequency of the DPDMNA waves, and mh is the
mass of the HNS].

To find the linear dispersion relation for the DPDMNA
waves, (6)−(8) are linearized to reduce them to a set of linear
equations:

Fig. 1: The dispersion curve of the DPDMNA waves for α =
0.9, γ = 4/3 and η = 0.

Fig. 2: The dispersion curves of the DPDMNA waves for α =
0.9, γ = 4/3 and η = 0.1 (dashed curve); γ = 5/3 and
η = 0.2 (solid curve); γ = 5/3 and η = 0.3 (dotted curve).

∂ñl

∂t
+

∂

∂x
(nl0ũl) = 0, (9)

∂ũl

∂t
= −Zle

ml

∂φ̃

∂x
+ ηl

∂2ũl

∂x2
, (10)

∂2φ̃

∂x2
= 4πe

[(
ne0

γ

)
eφ̃

Ee0
− Zlñl

]
, (11)

where ñl, ũl, and φ̃ are the perturbed parts of the quan-
tities involved. It is now assumed that all of these perturbed
quantities are directly proportional to exp(−iωt+ ikx), where
k is the propagation constant of the DPDMNA waves. This
assumption reduces (9)−(11) to the linear dispersion relation
for the DPDMNA waves:

ω̃2(1 + αγk̃2) + iω̃η̃(1 + αγk̃2)− k̃2αγ = 0, (12)

where α = Zlnl0/ne0 with µ = 1 − α. Here, ω, k
and ηl are normalized by ωpl, L

−1
q and ωplL

2
q respectively,
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Fig. 3: The dispersion curves of the DPDMNA waves for γ =
5/3, α = 0.9 and η = 0.1 (dashed curve), η = 0.2 (solid
curve) and η = 0.3 (dotted curve).

where Lq = (Ee0/4πZlnl0)
1/2 is the modified DQP screening

length; ωpl = (4πnl0Z
2
[ nl0/ml)

1/2 is the light nucleus plasma
frequency.

III. RESULTS & DISCUSSIONS

It is obvious that (i) in the DPDMNA waves the inertia
is provided by the mass density of the LNS, while the
restoring force is provided by the degenerate pressure of the
DES; (ii) the presence of positive HNS significantly modifies
the dispersion properties of the DPDMNA waves; (iii) The
phase speed Vp of the DPNA decreases with the rise of
the charge number density of the stationary HNS in both
non-relativistically and ultra-relativistically DES. This is due
to the fact that as the charge number density of the stationary
HNS increases, the repulsive force (acting between positive
LNS and HNS) reduces the frequency of compression and
rarefaction of the LNS.

When we apply that η = 0, the result becomes exactly equal
to the outcome of [8] as shown in fig 1, in his paper which
ensures our accuracy of this coreresponding report.

The numerical results are depicted in figures 2 and 3, which
indicate that (i) the nature of the dispersion curves for the
new DPDMNA waves is similar to that for the well known
ion-acoustic (IA) waves; (ii) the UR DES and HNS have
insignificant effect on the dispersion curves for both short and
long wavelength limits (kLq � 1 and kLq � 1), but they
have significant effects on the dispersion curves in between
these two limits.

To conclude, the new results, which have been found from
this investigation, can be pinpointed as follows:

(i) The existence of a new kind of nucleus-acoustic waves
(named here DPDMNA waves) with viscous force propagating
in DQP systems is predicted for the first time. (ii) The
DPDMNA waves are new not only from the view of the
restoring force (which is essential for the existence of any

TABLE I: The basic differences between the new DPDMNA
waves and the well-known IA waves.

Properties DPDMNA Waves IA Waves
Restoring force Degenerate pressure Thermal pressure

Phase speed
√

Ee0
ml

√
kBTe
ml

Existence at Te = 0 Possible Not possible

Length scale
√

Ee0
4πne0e2

√
kBTe

4πne0e2

kind of waves), but also from the view of their phase speed
and length scale as shown in Table I.

(iii) The DPDMNA waves completely disappear if the
degenerate pressure associated with DES is neglected.

(iv) The phase speed Vp of the DPDMNA waves decreases
with the rise of the charge number density of the stationary
HNS in both non-relativistic and ultra-relativistic situations of
DES. This is due to the fact as the charge number density
of the stationary HNS increases, the repulsive force (acting
between positive LNS and HNS) reduces frequency of the
compression and rarefaction of the LNS. We finally hope
that the DPDMNA waves and their dispersion properties with
viscous force (identified here for the first time) should be
useful in understanding the basic features of the electro-
static perturbation mode in space [3, 4, 5, 6] and laboratory
[9, 10, 11] DQP systems.
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